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Abstract
Let (M", g) be a compact Riemannian manifold with boundary dM. This
article is concerned with the set of scalar-flat metrics on M which are in the
conformal class of ¢ and have dM as a constant mean curvature hypersur-
face. We construct examples of metrics on the unit ball B”, in dimensions
n > 25, for which this set is noncompact. These manifolds have umbilic
boundary, but they are not conformally equivalent to B".

1 Introduction

Let (M", g) be a compact Riemannian manifold with boundary dM and dimen-
sion n > 3. In 1992, J. Escobar addressed the question of finding a scalar-flat
conformal metric § = = g which has dM as a constant mean curvature hy-
persurface. This problem was studied in [2], [9], [16], [17], [18], [27] and [28].
In analytical terms, it corresponds to the existence of a positive solution to the
equations

{Agu — caRqu = 0, in M, W)

3—2‘ —dykgu + Kuw2 =0, ondM,
for some constant K, where ¢, = 4(”7,__21) and d, = ”T_z Here, A, is the Laplace-
Beltrami operator, R, is the scalar curvature, «, is the mean curvature of M
and 1 is the inward unit normal vector to JM.

Escobar’s question was motivated by the classical Yamabe problem, which
consists of finding a conformal metric of constant scalar curvature on a given
closed Riemannian manifold. This was completely solved after the works of H.
Yamabe ([35]), N. Trudinger ([34]), T. Aubin ([4]) and R. Schoen ([30]). (See [22]
and [32] for nice surveys on the issue.) Conformal metrics of constant scalar
curvature and zero boundary mean curvature on the boundary were studied
in [7], [15] (see also [3] and [20]).

The solutions to the equations (1.1) are the critical points of the functional

fM Idulé + cyReu*dvg + faM dyxguido,

Q(u) - 2(n-1) 2
(gt dorg) ™
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where dv, and do; denote the volume forms of M and dM, respectively. In order
to prove the existence of these solutions, Escobar introduced the conformally
invariant Sobolev quotient

QM, dM) = inf{Q(u); u € C*(M),u % 0 on IM}.

In this work we are interested in the question of whether the full set of
solutions to (1.1) is compact. A necessary condition is that M is not conformally
equivalent to the standard ball B". We point out that if the equations (1.1) have
a solution u > 0 with K positive (resp. zero and negative), then Q(M, M) has
to be positive (resp. zero and negative). If K < 0, the solution to the equations
(1.1) is unique. If K = 0, the equations (1.1) become linear and the solutions are
unique up to a multiplication by a positive constant. Hence, the only interesting
case is the one when K > 0.

The problem of compactness of solutions to the equations (1.1) was studied
by V. Felli and M. Ould Ahmedou in the conformally flat case with umbilic
boundary ([18]) and in the three-dimensional case with umbilic boundary ([19]).
In [1], the author proved compactness for dimensions n > 7 under a generic
condition. Other compactness results for similar equations were obtained by
Z. Djadli, A. Malchiodi and M. Ould Ahmedou in [11, 12], by Z. Han and Y. Li
in [20] and by M. Ould Ahmedou in [29].

In the case of manifolds without boundary, the question of compactness of
the full set of solutions to the Yamabe equation was first raised by R. Schoen
in a topics course at Stanford University in 1988. A necessary condition is that
the manifold M" is not conformally equivalent to the sphere S”. This problem
was studied in [13], [14], [23], [24], [25], [26], [31] and [33] and was completely
solved in a series of three papers: [6], [8] and [21]. In [6], S. Brendle discovered
the first smooth counterexamples for dimensions n > 52 (see [5] for nonsmooth
examples). In [21], M. Khuri, F. Marques and R. Schoen proved compactness
for dimensions 3 < n < 24. Finally, in [8], Brendle and Marques extended the
counterexamples of [6] to the remaining dimensions 25 < n < 51.

Itis expected that, as in the case of manifolds without boundary, there should
be a critical dimension ny such that compactness in the case of manifolds with
boundary holds for n < ny and fails for n > ny. In this work we partially answer
this question by showing that compactness fails for dimensions n > 25. More
precisely we prove:

Main Theorem. Let n > 25. Then there exists a smooth Riemannian metric g on B"
and a sequence of positive smooth functions {v,}” | with the following properties:

(i) g is not conformally flat;

(ii) dB" is umbilic with respect to the induced metric by g;

(iii) for all v, v, is a solution to the equations (1.1) with a constant K > 0 and
M =B";

(iv) Q(vy) < Q(B", dB) for all v;

(v) supp, vy — 0 aAS V — 00,



In order to prove the Main Theorem, we follow the program adopted in
[6] and [8]. In Section 2, we show that the problem can be reduced to finding
critical points of a certain function ¥¢(,€), where & is a vector in R"! and
€ is a positive real number. In Section 3, we show that the function F(¢, €)
can be approximated by an auxiliary function F(E, €). In Section 4, we prove
that the function F(E,€) has a strict local minimum point. The cases n > 53
and 25 < n < 52 are handled separately in Subsections 4.1 and 4.2 respectively.
Finally, in Section 5, we use a perturbation argument to construct critical points
of the function ¥ (¢, €) and prove the non-compactness theorem.

Notation. Throughout this work we will make use of the index notation for
tensors. We will adopt the summation convention whenever confusion is not
possible and use indices 1 <4, 1, j,k,I,m,p,q,r,s <n—-1land1<a,b,c,d <n. We
also define constants ¢, = ﬁ and d, = ”52.

We will denote by A, the Laplace-Beltrami operator. The volume forms of
M and dM will be denoted by dv, and doy, respectively. By n we will denote the
inward unit normal vector to dM. The scalar curvature will be denoted by R, ,
the second fundamental form of JM by 7y and the mean curvature, anltr(T(k,),
by x,.

Bgy R} we will denote the half-space {x = (xq,...,x,) € R"; x, > 0}. If
x € R! we set ¥ = (x,...,x,-1,0) € JR? = R"!. For any xy € R we set
B (x0) = {x € R" ; |x— x| < r}. The n-dimensional sphere of radius r in R"*! will
be denoted by S and o, will denote the area of the n-dimensional unit sphere
St
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2 Lyapunov-Schmidt reduction

Given a pair (&,€) € R"! X (0, c0) we set

n-2
2

€
Uee)X) = , forxeR".
(E,e)( ) ((e T2+ T = &P or "

Observe that 1z ) satisfies

Auge =0, ) inR%, o

S lhee + (n=2ui2 =0, ondRy,
and

2(1-1) B", 9B n-1
f e = (—Q( )) : 2.2)
aRn n—2



Let us define

€ 2?22 —|x - &P
(e+xn) +|x—EP) (e+x,)? +[x—EP

Peem(x) = (

and

_ € P 2e(u - &)
Pleei(®) = ((e +x,)% + % - EI2) (e+x,)>+|x— &P

forx e R} and k =1, ...,n — 1. Observe that

i} 2¢2 9
Peem () - (€ +x) + 1% = EF) = =~ (%),

Peen@ - (e + 02 + 17— &) = 25 L e
(E€,k) n - n—=2 aak (&e) 4
fork=1,..,n—1, and that ||¢(5,5,u)||Lz(n;1) ORY) is independent of (¢, &) € R"! x

(0,00), foranya =1,...,n.
We also set

2(n

L= {w eL#(RY)NL =3 (OR}) N H; (RY); f ldw|? < oo} ,
Rl

Liee = {w €EX; P enw=0,a=1,.., n}

IR

and ||w||z = (f]R" |dw|2)2 for w € X.. Observe that u e € L) for each (,¢) €
R™! x (0, ). By Sobolev’s inequality, there exists K = K(n) > 0 such that

n=2 n=2
om " 20-1) \ "1 )
|ew| -2 + |ew] 2 <K |dw| (2.3)
R IR R"

n
+

forall w € X.

In what follows in this section we are going to find, for each pair (¢, ¢€) €
R*! x (0, ), a function U(e,e) € X which is an approximate weak solution to
a Yamabe-type problem (1.1) on R};. Then we will show that v ) is in fact a
classical solution to this problem whenever (&, €) is a critical point of a certain
energy function defined on R"™! x (0, o).

The following result is Proposition 26 of [6] and will be used throughout
this work:

Lemma 2.1. Suppose that we express the Riemannian metric g as § = exp(h), where
h is a trace-free symmetric two-tensor defined on R" and satisfying |h(x)| < 1 for any
x € R%. Then there exists C = C(n) > 0 such that

< CIh[|0*h] + CIhl|onl* .

Rg - {auabhub - aa(hacabhbc) + %auhacabhbc - iachabachyb}




Notation. In this section we suppose that ¢ is a Riemannian metric on R}
expressed as g = exp(h), where h is a trace-free symmetric two-tensor satisfying
h(x) = 0 for any [x| > 1.

Proposition 2.2. If [h(x)| +|0h(x)| + |0*h(x)| < & < 1 for any x € R, then there exists
C = C(n) > 0 such that

||Agu(5 o) — CnRgue, E)||Ln+2 &) + ”d Kgll(ge) || 21 oy <Ca
for all pairs (,€) € R" x (0, o).
Proof. It follows from the pointwise estimates
|Agtie.e) = cuRgtigeo)| < C{IHIP e el + 1M1 0] + (62H] + ORP)lue o)
and |dn1<gu(g,e)| < CI&hIIu(g,E)I that

2n
Li¥2 (RY)

“Agu@ﬁ) - CnRg”(E,€)|

<C {”h”L‘”(IRD”azu(E,,e)HL%(]RD + ||9h||Ln(1R¢)||9u(z,,e)||L2(1Rg')}

€192 3 gy + 1M gy Dl 2

and

lldnicgtieell 20 < ClOAllp grey Il goll 200

(OR?) 7 (OR")

From this the result follows. m]
Lemma 2.3. Let B" = B} (0, ... ,0,—1) ¢ R" be the ball with radius } and center
o,...,0, —5). Let z1, ..., 2, be the coordinates of B" taken with center (0, ..., 0, —%). For

each pair (§,€) € R" ! x (0, ), the expression

€(x1 = &1, ey X1 — Enm1, Xy + €)
|3_C - E,-|2 + (xn + 6)2

Cieol) = +(0,...,0,-1)

defines a conformal equivalence

Cee) - RY — B"\{(0,...,0,-1)}

that satisfies C ; 0 = (’;’2)6 where 6p» is the Euclidean metric on B" and 6 is the

Euclidean metric on R',. For any smooth function f on R, we have

Apnil Uze) = 1/[(5"5)2 Af (2.4)

and

J e
7 S-ilg,e) = (1= ilee) = U o (2.5)



Do o = (Fy-1 -1
where fig,e) = (ftg,) © C g - Moreover,

€ 4 d 1 -
Zy © C(é/e) = —mu(a’e)%u(gle) = Eu(é,s)z (P(E)/e/n) (26)

and

d

1
2 (55)35 u(ge =— ge)(;[);’ek), k=1,...,1’l—1. (2.7)

2k 0 Cge) =

Proof. These are direct computations. The assertions (2.4) and (2.5) follow
from the following properties of the conformal operators Ly = Ag — ¢,Ry and
B, = % —dpkg:

n+2

L (fu” =wu=L,f and B izg(fu—l)zu—ﬁagf. (2.8)
O

Lemma 2.4. There exists 0 = O(n) > 0 such that

2
|dw|2—2f w2—29( |dw|2+(n—2)f w2)+é(f w) >0
Bn (9” Bn (9" 9 an

for any w € H'(B") such that w Ly2pwy {z1,...,zq}. Here, we are following the
notations of Lemma 2.3.

Proof. Firstwe fix 0 £ w € H'(B") such that w Lr2mn {1, 21, ..., Zu}. Since

{ lej,, P

and this infimum is realized only by the functions z, ..., z,, we see that
f |dw|2—2f w?>0.
Bn aBn

|dw)? — 2 f w* > 29( ldw]? + (n - 2) ) (2.9)
Bn 9 n Bn

holds for any 0 > 0 satisfying

, such that ¢ € H'(B"), ¢ # 00n dB" and ¢ Ly2(5pn 1} =2

Hence,

1 JpldwP =2 [, @
2 Jy el + (1= 2) [, w
and the equality is realized by 6 = 6(w).

We claim that there exists 6y > 0 such that O(w) > 6 for any w € H!(B")
satisfyingw L29pr) {1,21, ..., Zn}. Suppose by contradiction this is not true. Thus

0 < O(w) =




we can choose a sequence {w]} c HY(B") such that wj L2y (1,21, ..., 20} and
O(w;) — 0 as j — co. Hence

fldwjlz—Zf w2=29(wj)(f Idw]|2+(n 2) )
B o oo

holds and we can assume that an ldwj* = 1 for any j. Thus, LB" w? < % for

all j and we can suppose that w; — wy in H'(B") for some wy. Since H'(B") is
compactly imbedded in L?(dB"), we know that wy Loy {1,21, ..., 20}, Let us
first assume that wy # 0. We set

B= |dw0|2—2f wé>0.
B JB"

Since lim inf;_,e j;an ldw;|* > an |dwo[?> and lim;_, e fBB” wi = j:?B" w?, we can as-

sume that
fldwjlz—Zf 2>E forall j.
Bn 19 n ] 2

E{f ldw;[* + (n — 2) w?} <
1’1 Bw aBn ]

since an ldw;* = 1 and faBn ’ < 1. Hence,

29(w]-)(f \dw;? + (n - 2) ]) f |dwj|2—2f w?
aB" B aB"
zﬁ(f ldw;? + (n —2) wz).
n B oB" ]

which implies that 20(w;) > g for all j and contradicts the fact that O(w;) — 0.
Thus we must have wy = 0, which implies that f&B" w? — 0 as j — oo. Then,

ifweset®; = (faB" w?)

On the other hand,

NI

_1
‘w i, wehave®; — @gin H'(B"), for some @y. Moreover,

= lim |dw; > f |dwo|?
Bﬂ

]*)OO

f w"f:l:f @R
]
JB" JB"

From this we conclude that @y = const # 0, which contradicts the fact that
Wy Li2ppry 1. This proves that there exists 6y > 0 such that 6(w) > 6, for any
w € HY(B") satisfying w L2y {1,21,..., 24}, In particular, (2.9) holds, with
0 = Oy, for any w € H'(B") satisfying w L12gps) {1,21, ..., Zu}.

and



Now, let w € H'(B") satisfy w Lr29pr) {21, ..., Zn}. We write w = wy + b where
bis a constant and w; Lj2(9pr) 1. Then we have

2
fldw|2—2f w2—260(f ldwl + (n - 2) w2)+i(f w)
Bn o0B" Bn OB 60 OB

= |dw1|2—2f wi—zeo( ldw: > + (n - 2) w%)
JB" B" oB"

Bﬂ
4 2
—21+n-2)6y) | b+ —(f b)
JB" 60 JB"

> (i —2—2(n—2)60)f b?
60 oBn

Choosing 6y smaller if necessary, we can suppose that 9% -2-2(n-2)6p >0
and the result follows. m]

Proposition 2.5. There exists 6 = 6(n) > 0 such that

2
2 4 n_
|dw|2 _ nf un*Z wz > 26|ZU|§ - = (f u”*z w)
- e ) 0\ o, "0

for all w € Lg ¢y and any pair (€,€) € R x (0, ).

Proof. Letw € X and set @ = (wu!,)) o C,. Using the fact that C3'(IR}) is

dense in © with respect to the norms || - ||z, || - ”L%(IRK) and || - ||L2(y;1:21) Rty it is

easy to see that we can assume that @ € H!(B"). It follows from the expressions

(2.6) and (2.7) that
1
f Wzy = Ef WhEen =0
B IR

n
+

1
f mk:—f W(P(g/e,k)zo, k=1,..,n-1.
B 2 Jorn

Then, according to Lemma 2.4, we have

2
|dw|2—2f w2—29( |dw|2+(n—2)f w2)+£(f w) >0. (2.10)
Bn an Bn an 6 (yn

Hence, using the formulas (2.4) and (2.5), we ealisy see that

2
|dwf*> -2 W’ = ldw|?> — n U w?,
(&e)
Br JB" R IR

|dw|2+(n—2)f w* = ldw)*> and f zD:f u('?e)w.
B B R? B aR:

Now the result follows from substituting these last three equations in (2.10). O

and



Corollary 2.6. Let K be as in (2.3) and O be as in Proposition 2.5. Then there

exists

0 < ap = ag(n) < 1 such that, whenever |h(x)| + [0h(x)| + |0*h(x)| < ap for all x € R,

we have

o

n=2 n=!

o o 2(n-1)
|w|rz—2 + |w| n-2
! IR
forallw € ¥ and
6 1
2 2 2 i 2 2 2
fw (1ol + c,Rgaw )+fa (g = mui2ya?) = ikl - 5AG)
for all w € L ¢y and any pair (€,€) € R"! X (0, ). Here,

A(w) = fRn (Agu(gﬂe) - cnRgu(gle))w + f&Rn (—danu(g”e) + 2uﬁ)w.

Proof. Let us first prove the estimate (2.12). Observe that

IR]

f]Rn (Agu(g,e) - cnRgu(é@)w > - HAgu(é,e) - CnRgu(é,e)“Ln%(]Rn [[ew ”L 2 ®)

+

and
f (—danu(Ele) + 2u£) w
IR}

> — n— n— ﬁ
> ”dnkgu(é,e)”LZ( 1) @R ||ZU||L25’721) R + 2](; ) Ul oW
+

Hence, by Proposition 2.2 and inequality (2.3) we have

A(w) = —Caollwl|z + 2f u(”? w
ory (&)

+

Choosing @ small this implies

2
A(w)? > 4(f -2 w) — 6%||w||?
IR! (E €) z

which, together with Proposition 2.5, gives

f ol - f L = Ol - S A@Y.

On the other hand,

2
(Idwl +c,R w2)+f (d, ng (’gze)wz)
RVZ

n-1
< 2Kf (Idwlz, + cnngz) + 2Kf dyxew

2

(2.11)

(2.12)

(2.13)

:f |dw|2—f nu(’%ze)w +f {(gij—éij)81w3]~w+cnng2}+f danwz.
: IR, R! IR,



The fact that hi(x) = 0 for |x| > 1 and (2.3) imply that
f {(gif — 8"Mdwdw + cnngz} + f dyycg* (2.14)
R" IR

2 2
< CaO”w”Z + CCY()”ZU” 2n_ + CO(()”ZU” 2n-1)
Lu-2(RY) L™ (OR")

< Cap(1 + K)llwll. .

Hence,

2
f]Rn(ldwlé + cnngz) + £ ) (d,ﬂcng - nu(’gze)wz) (2.15)

zf” Idw|2—f nule? w? ~ Cao(1 + Kl
R" OR"

Now the result follows from the inequalities (2.13) and (2.15), choosing @ small.
The estimate (2.11) follows easily from the inequalities (2.3) and (2.14). |

Proposition 2.7. Suppose that |h(x)| + [0h(x) + |0%h(x)| < ap for all x € R, where ag
is the constant obtained in Corollary 2.6. Given any pair (§,€) € R"™ X (0, 00) and

functions f € L2 (R") and fe L*

f1(<dw,d¢ >, +cnng1/J)+[9n (d Kewip — ””("zze) ):Lﬁf¢+£Rﬁf¢

(2.16)

QIR’}r) there exists a unique w € Yz ¢) such that

forall p € L o). Moreover, there exists C = C(n) > 0 such that
llwlls < CIFIL, 2 oy *+ CIAL 2000

L2 (R") (OR™)

Proof. Let us first prove the existence part. Following the notations of Corollary
2.6, we define the funcional

T(w) = f (ldwl? + cuRew?* — 2 fw) + f (drcgw® — U w? — 2fw) + lA(w)2
o 1 o (o) o

for w € L ). Hence

AT, (V) = 2 jl; n (< dw,dy > +c,Rgwyp — fip) +2 f -~ (d Kt = Ze)wlp - ﬁb)

+ %A(w)A(I/J) .

It follows from the identity (2.12) that

0 i
T(w)z§||w||§—2f fw-2| fw
RY

IR
> QI I3 = 211AN, 2 ol = 2[If1l, Ilell,
= 2 w f Li +Z ]Rn w Li 2712 (IR" f 2(11 1) ((9]R" w 2(n (a]R’l)
0 2 2 112
> —||lw|ls — C . -
7 Il (Ilfll 2w IIfIILZ(nn(am)
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where in the last inequality we used the estimate (2.3). So, T is bounded below
and by a standard argument we can find a minimizer wy for T over all functions
in L o). Now, integrating by parts we see that

fR ) (< dueer, dp >g +euRgueer) + fa " (gt ety - (”gi)lP) —A®),

holds forall i € C7(IR}). Since this space is dense in © with respect to the norms

1, 1l - ||L 2 ga) and || - IILz(::zn oRYY’ this identity holds for all ¢ € £. Hence,

the function w = wy — $A(wp) u(e ¢ satisfies (2.16) for all i € L), proving the
existence part.

In order to prove the uniqueness part, suppose that w € X ) satisfies (2.16)
for all Y € L¢ ¢). In particular,

2 2 2 2 g2 2
fn (Idwlg + cnRgw )+L ) (dnxgw LN ) . fw+ fw

AR!

and

—A(w) = jl;n (< dw, du(g,e) > +C,1ngu(5,€)) + L;Rn (danwu(g,E) nu(” 2€)w)

= f fuee + f fuge,
R! IR!

since U ¢) € L(g o). Then (2.12) implies

0, 2 2 2 Z o2, 1 2
Skl < f}R (daf+eiRea)+ | (danw —nu(;s)w)+5A(w)

2
1 _
fw+ fw+5(f f“(a,e)+f fu@,e))
R! IR " IR
2
{n 0l s, gy * Gl 2y ||f||L,gf2(M)}||f||L,;fz(m)

2 ] _
+ w n— + —||u n— n-
{u 2 o + 5 (g,@an(am)||f||Lz<"nwm)}||f||Lz<nn o

1 2 2
S{K2||w||>:+5||u(a,e)|| gy M 25 }nfuuzfz(w

1 2 = —~
+ {KzlleZ + 9”u(E’G)HL%(BIRK)“f”Lz(n;l) (311{3)} ”f”LM(&]RZ) .
Hence,
0 2 K 2 2
1 w S u 11 1
Nl {6 glucoll n}|f||Lz(W>

K 2 2
+ {5 + EHU(E,e)HLz(::zn(a . }Hf” 20-1)

and the result follows. m]

(9RY)

11



Proposition 2.8. Let o be the constant obtained in Corollary 2.6. There is a constant
a1 = a1(n), 0 < g < @, with the following property: if |h(x)| + |9h(x)| + |0*h(x)| < a1
for all x € R, given any pair (,€) € R"™! x (0, c0) there exists a unique v(ze) € T
such that v e) — U(se) € Lg,e) and

2
f ) (< dvgee), dip > +euRevc 09) + fa " (drcgoof = (1= 2o ol oo t) =

forall i € L o). Moreover, there exists C = C(n) > 0 such that

(2.17)

oo — teollz < CllAgtee = caRgtieoll, 2 ) + Clldnigtioll 20 o0

Lt (R™)
In particular, v ¢) Z 0.

Proof. Using Proposition 2.7 we can define

2(n-1)

Q(;wg) . L%(Rn) L™= (8]R") — Z(ge)

by Go(f, f) = w, where w € L ) satisfies (2.16) for all ) € £ . Hence, there
exists C = C(n) such that

1G o (f Allz < CUAN, 24 g, + CUAI 20 200 o) (2.18)

Li+2 (R")

We define a nonlinear mapping @ ¢)(w) : L(z,e) = L(ce) bY

D ,e) (W) = Ge.o)(fieenr fieem)
where
fiee) = Aglh(g.e) = cnRglig )

and
_ 2 i n 2
f(é,e,w) = _danu(é,g) + (7’1 - 2) {Iu(g,e) + w|2 (u(gle) + w) - u(é,ze) o 2 26 w} .

It follows from Proposition 2.2 and the inequality (2.18) that [| D ¢)(0)llx, < Ca;.
Since

2 2 - n =
||u<a,e> + W= (e + W) — e + DI (U + D) = —— (”fe)(w W)|

< C(lwl™ + @7 ) jw — ],
we have

”q)(é,e)(w) - q)(é e)(w)”Z

< C|| (ol + @17 ) @ = @) s

(IRY)

2
{”w“ 21-1) + ”an_zf”_n , }Hw 'CU” 2“ 1) 7 (9R?)

L n—2 (a]R’l) L n—2 ( R™)

12



for all w, @ € L ). Hence, it follows from the estimate (2.3) that
2 2
I9(c.0@) ~ D@l < C(IllF + IDIE7 o - i

for any w, @ € X ). Thus, for a; small, the contraction maximum principle
implies that the mapping @) has a fixed point w ). Now the result follows
from choosing v ¢) = U ) + W(g,¢). Observe that v ) cannot be identically zero
because of (2.17) and Proposition 2.2 with a = a3 small. |

Given a pair (&,€) € R"! X (0, 00) we define

Fe(E €) =j];n(|dv(5,€)|§ + cnRgvé,e)) +f danZJ%E’e) (2.19)

(71 - 2)2 | |2(,,,21) n-—2 2(n—21)
- UEel ™2 — u? .
n— 1 B]R’}‘ (&) n— 1 a]Ri )

Proposition 2.9. Suppose that |h(x)| + |0h(x)| + |0*h(x)| < ay for all x € R, where
aq is the constant obtained in Proposition 2.8. Choosing a1 smaller if necessary, the
function Fy is continuously differentiable and, if (€,€) is a critical point of F, then
U(z ¢ 18 a positive smooth solution of

n 2.20
a%v(;wa —dyKgUee + (1 — 2)0(”*2 0, ondR". (2.20)

&e)

{Agv(é,é) — CuRgV(ge =0, in R%,

In the proof of Proposition 2.9 we will use the following removable singu-
larities theorem, which is a slight modification of Proposition 2.7 of [22]:

Lemma 2.10. Let (M", ) be a Riemannian manifold with boundary M. Let x € M
be a boundary point and U C M an open set containing x. Let u be a weak solution to

Agu+u=0, inU\{x}
%"‘EW:O/ on U N IM\{x},

where ¢ € L2 (U) and ¢ € L"Y(U N IM). Suppose that u € L1(U) N LP(U N IM)
for some q > - and p > “=L. Then u is a weak solution to

Agu+u=0, inU,
%+¢u:0, onUNIM.

Proof of Proposition 2.9. Given a pair (&, €) € R x (0, 00), by the definition of
U(s,e), there exist b,(€,€) € R, a =1, ..., n, such that

2
f (< dvey, dip >g +cuRevc09) + fa (dus0eertp — (n = 2loe.o| = 00 ))
R! R

=Zba(£,e)~ f Peen
a=1 IR}

13



for any i € . Hence, derivating the expression (2.19) and observing the
identity (2.2), we obtain

OF; ! P)
g(& €)=2 ; ba(E, €) - fa " Peeb) 2 (o)

and
oF ‘ d
—(&,6e)=2 b.(&,¢€) - e =—70ce), k=1,.,n-1.
55 &0 Zf e fqumaék o

On the other hand,

f Oeen)(Vee) —Uge) =0, a=1,..,n,
IR"
since U(ge) — Ug,e) € X(g,e). This implies
0 0
0= - 3¢ Peen (Vo) ~ Ueee) + - Peen 52 (0o ~ o)

0 J _
= f 3—¢<«z,e,a>(v(z,s)—u<a,e>)+ f <P<a,e,a>a—v<é,e>+ﬁ(n)5un€ !
oR: O€ IR €
and
J d -1
0= 55 Peen (o ~ o) + Peen 5z Ve — PM)Oake™,
IR" &k IR Ek
where

0 J
n)=—€ —u =€ Sel)=—U >0, k=1,.,n-1.
B(n) fa . Pleem 5 e fa ” ek I8, e

Thus
€ IF; - d
~bu(&, e)p(n) = 55 -(E€) e ; ba(&, €) - fa " 3¢ Peen Ve — Uee)-
Similarly,
€ dFy - d
br(&, €)B(n) = Ea—ék(i, €)+ €; ba(,€) - LIRK a_ékqb(é,e,a)(v(ii,e) — UEe))

for k = 1,..,n — 1. Hence, if (E,€) is a critical point of ¥, then there exists
C = C(n) such that

n n
Z; Iba(€, )1 < Cllog) ~ el 20 e Z; Iba(E, €)1
a= a=

14



By the estimate (2.3) and Propositions 2.2 and 2.8, [z — u(g,é)llL%(am)

CK%al. Thus, choosing @; small, we must have b,(,€) = 0 fora = 1,...,n.
Hence,

fw (< doge), dy > +eaRgoe¥) (2.21)

+

2
+ fa . (durcgvie o — (1 = Dloegl 20 t) = 0

+

for any ¢ € X.
Now we are going to show that vz, > 0 on JR}. To that end, we set
¥ = min{vg ¢, 0} and use the equation (2.21) to conclude that

|dv e o2 + caR 0% (2.22)
jl;in{v@,eKOJ( o T e (E.,e))

2(n-1)

2
+ f danv(E &~ (n- 2)f |U(E,€)| .
IR Nfogg ¢ <0} ’ IR, Nfog <0}

Using (2.11) with w = ¢ we see that

n=2
n-1

ol | <2K dvg o + caRg0?
. o el = , (| V(e,e)lg + Cn gv(g,e))
]R+ﬂ{v(;_,é><0} Rlﬂ{v(5,€)<0}
2
+2Kf&n danU(z/é).
R+ﬂ{v(g,§)<0}

From this, together with (2.22), we deduce that v ;) > 0 almost everywhere on

JR’ or
1
f | |2(n—1) -1 S 1
Vi gl 2 >
IR (foge <0} -9 2K(n - 2)

On the other hand,

n-2 n—2
2= |27 20u-1) | 2001 1
o e 2 < o < CKiay.
IR 0.6, <O} IR?

Hence, choosing a; sufficiently small we have vz s > 0 on JR’. In particular,
the equation (2.21) can be written as

I,

for any ¢ € Z. By a result of Cherrier in [10], v

(< Ao e, dP >¢ +cnRgv(E/€-)1,b) + L}R (dnkgv(g,e-)lp -(n- 2)0(’%?2@)1#) =0

n n
+ +

£ ¢) is smooth.
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The fact that vz ) > 0in IRY} is just a consequence of the maximum principle,
as follows. We set § = iz g, where di(x) = (1 + lez)%”. Observe that ii satisfies

Aii +n(n — 2)12% = 0in R} and we have

n+: n+2

cnRg = =072 Al — i1 2 (Agli — Al — ¢, Rgii)

> n(n - 2) — Cii~ = |16 + RNl + (19%h] + [Pl .

Using the facts that hi(x) = 0 for |x| > 1 and || + |9h| + |0?h| < Ca; we can assume
that Ry > 0, by choosing a; small .

Let S| be a hemisphere of S7,. We will use the well known conformal
equivalence between S \{xo} and R} realized by the stereographic projection,
where xy € dS". Under this equivalence, the standard metric on S% is written
on R} as 726, where 6 is the Euclidean metric on R%. We set 7 = i 'v(g . By
the properties (2.8) of the operators L, = Ag —c,Ry and Bg = 59_71 —dyKkg, we have

and
By(®) + (n — 2)572 = il "2 Bgug ) + (1 — 2)(fl '0g )72 =0, on ISL.

To establish the last two equations, we also used Lemma 2.10.

Since Rg > 0, it follows from the maximum principle in S} and the Hopf
Lemma that if 7 > 0 on dS’} then we have either 7 > 0 or @ = 0 in S%. The latter
contradicts the last assertion of Proposition 2.8. Hence, 7 > 0 on dS’; implies
that 5 > 0 in S'{. Since we have proved that vz ;) > 0 on JR’, we conclude that
Ve > 0in RY. O

3 An estimate for the energy of a bubble

In this section we will show that the energy function ¥, can be approximated
by a certain auxiliary function.

We fix a multi-linear form W : R" XR" xIR" xIR" — IR satisfying the algebraic
properties of the Weyl tensor. We set

n

W2 = Z (Wacbd + Wadnc)?
ab,cd=1

and assume that |W> > 0. Recall that throughout this article we work with
indices1 <i,j,k,l<n-1and1<a,b,cd<nandsetx = (x,.., X,-1,0) € IR
whenever x = (x4, ..., X,-1,X,) € R} . For x € R we set

Hi]‘(x) = Hl‘]‘(J_C) = Wikﬂxkxl and H,;(x) =0

16



and define Hy(x) = f(|1%[*)Ha(x), where

f(s)=) ajs. (3.1)

d
0

]

The integer 0 < d < "T_G and the coefficients ay, ...,a; € R will be chosen later.
Observe that H is symmetric, trace-free, independent of the coordinate x,, and
satisfies

X"Hop(x) = X' Hyp(x) = 0 = 9,H,p(x) = 9;Hy(x), forany x € R”.

We define a Riemannian metric g = exp(h) on R} where / is a trace-free
symmetric two tensor on IR’} satisfying

hap(x) = pA* f(A2|%")Hp(x),  forlxl < p,
hap(x) =0, for|x| > 1.

Here, u <1, A < p < 1 and we suppose that h,,(x) = 0 for any x € R} and

Inhap(x) = 0 for any x € IR”. We also assume that |i| + |0h] + |0*h] < a; where aq
is the constant obtained in Proposition 2.8. Observe that

Xy (x) = X'hip(x) = 0 = hgp(x) = dihp(x), for |x| < p.
and hg(x) = O(u(A + |x[)>**2). The second fundamental form of IR satisfies
|
mij =T = 5 @inj + &jni — Gijn) = 0.
In particular, the mean curvature of JR. is given by kg = -5 ¢"/m;; = 0.

Using Proposition 2.8, for each pair (€, €) € R"™! x (0, 00) we choose v ¢ to
be the unique element of ¥ such that v ) — g ,¢) € L(e ) and

2
f (< dogo, d >¢ +euRev (e o) = (1 = 2) f ol veeo =0
R! IR"
for all I/J S Z(é/e).

Finally, we define Q = {(§,€) e R" 1 x (0,00); [€] < 1, § <e < 2}.

Proposition 3.1. For any pair (§,€) € AQ we have the estimates

n-2
2
HAgu(E,E) — cnRgu(E,€)| n ) < C.UAzd+2 + C(%)

Lie2 (R*

and

n=2

A 2
2 SCy2/\4d*4+C(—) .

”Agu(g,g) — nRelis ) + H)\2df()\’2|3?|2)Hij&iaju(g,e)| L (RY) 0

17



Proof. We just observe that
[Agt(g,e) (%) = cnReg(X)1u(g ) ()| < CUA™Z (A + )22
and
A gt 0)(X)=Cu Ry (X)th(e e (x)+ A% FA2|T) Hi(x)9i0 tt(e. e ()] < CA™T (A+{x])*+4~"

for x| < p. In the last inequality we used the fact that, since d,hi;(x) = 0 for
x| < p, Lemma 2.1 implies that |Rg(x)| < |[9h(x)* + |I(x)||0*h(x)| for |x| < p. ]

Corollary 3.2. For any pair (§,€) € AQ we have the estimate

n-2
A 2
o0 — teeoll, 2 gy + 0e) — ol 2eop o < CuA*™? + C(E) .

Proof. It follows from Proposition 2.8 and the estimate (2.3) that

e = ol 25 oy + 0o — teoll 20 0 < C [Ague) = cuRgutee

2n_
L#+2 (R")

n=2
2

< CuA®*2 4 c(%) ,

where we used Proposition 3.1 in the last inequality. O

In order to refine the estimate of Corollary 3.2, using Proposition 2.7 with
ha, = 0 we choose the function wg ¢) to be the unique element of ¢ ) satisfying

2
f < dwee), dp > — f i W = = f pA* (A2 H;i0:0 ju e )0
R" IR ’ R”

(3.2)
for all € Y. Observe that, since x'Hjj(x) = 0 for any x € R, we have
W,e) = 0.

Proposition 3.3. The function w ¢ is smooth and satisfies, for any pair (€,€) € AQ),
105w o (X)) < CA'T p(A + )25 forallx e R, k=0,1,2.

Proof. First observe that there exist real numbers b,(E,€), 1 < a < n, such that
wW(s,¢) satisfies

.

2
< dZU(g,e), dl[i > - f(;]Rn nu('gi)ZU(g,e)gb (3.3)

= —f yAde(A_z|X|2)Hijaiaju(g,e)l,[} + Z ba(E, €)f D@0t
R! o IR"

for all € X. Hence, it follows from standard elliptic theory that w ) is
smooth.

18



Now we are going to prove the pointwise estimates. Observe that

(A FA2EP H ()00 1 e,) (%), 2 -, < CuA®*2. (3.4)

Ln 2 (RH

Then we apply Proposition 2.7 with h,, = 0 and use the estimates (2.3) and (3.4)
to conclude that

v ell, 2 oy + 0o 200 < Ki[we,olls < CuA?2.

Ln=2 IR" (a n)

Moreover, we can use the equation (3.3) with 1 = ¢ ¢4 to conclude that

Y b€ @)l < Cua®2.
a=0

Hence,
[Aw(e ) (x)] = |[M2df()\_2|3?|2)Hij(x)9z‘9;‘u(a,e)(x)l < PA'E (A + a2

for all x € R}, and

S W, e)(X) + nu 2 w(grg)(x) = |— < MA%(A + |x|)2d+2_n

(&,6) €)¢(a,£,e) (x)

d
Ixy
for all x € JRY.

Clain. sup, g, (A + ) = [tw(e o (X)) < CuA?H+2

We fix xg € R? and set r = (A + |xo|). Then we see that

us 2)(x) <Cr™', forallx € B (xo),

= W) (X) + U Wee(¥)| < CuA2r?27" | for all x € By (xp) N IR

8x (& 5)

and .
|Awe ) (x)] < CuA'T P2 forall x € B (xo).

It follows from standard interior estimates that

n-2
7 lwee (o)l < Cllweell 2, g ) CrE || Aw(e o) llL=(: (o)
2

o 2
+ Cr2 gw55)+nu( oW(Ee)

L=(By (x0)NdRY)
< Cy/\2d+2 + CyATr2d+2+T + C[J)\grzdﬂ—’z—’
< C[l,l/\2d+2 ,

since we are assuming that d < %38, This proves the Claim.
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Since su 0 |x|"74|w o(X)| < oo, for all x = (x1, ..., Xy_1, %) € R” we have
pr]R+ (‘(w ) +

1 -n = -n
Wie,e)(¥) = “ =20 [Rn (lx -y + - yP )Aw(é,e)(y)dl/

1 v
T 1=2)002 fm (b =7 17 = 7)o (),

where ¥ = (x1, ..., X,-1,—x,). Now we use a bootstrap argument to prove the
pointwise estimates. It follows from the last two inequalities that

sup(A + [x)Plwe ¢ (0)] < Csup(A + [x])F*2| Awge ¢ ()]

xR} xR}

+C sup (A + [x[)P*!
xR’

J
o, Vo) (%)

forall 0 < p < n—2. Since

AW ()] < pA'T (A + [x)*2", forallx € RY,

and
0 2 1
‘ I W) ()] < nu(’gi)(x)lw(gre)(x)l + pA2(A + [x[)>**2" | forallx € IR%,
n g
we see that

sup(A + [x)Plwge,e (X)) < CA sup (A + [)f e o (x)] + CuAp+2d+3-3
xeR} x€IR"

forall 0 < p < n—4 - 2d. Interating we obtain

sup(A + [X)" 24w e o ()] < CuA'T .

xeRY
The derivative estimates follow from elliptic theory, finishing the proof. O

Corollary 3.4. For any (&, €) € AQ, the function v ¢) — U(s,e) — Wiz e) Satisfies

oo = tee —Weall 2 gy + e ~ e ~weoll 2p o0

n=2
7
<cuA SR 4 c(ﬁ) .
p
Proof. It follows from the definition of wy ¢) that
2
jﬂ; ) (< dwe,e), dip >¢ +cnng(g,e)1,b) - L - Tlu(gze)W(é,e)lP

= - f {987 = 61w ¥ — cuRweop)

+

- fR uA* fA|TP)H0idjuce o),

n
+
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for any 1 € L(¢ o). Hence we can write w ¢y = —G(s,¢)(B1 + B, 0), where
By =9, ((8" - 6i))diwe.e)) = cnRytwie.
B, = y)\”f()\‘z|X|2)Hij&i8ju(g,€)

and G ¢) is the operator defined in the proof of Proposition 2.8.
On the other hand,

f {< d0 = ue0), dp >¢ +euR (00 — o))
R
Agi
B _f (< due), dp > +euRgue o)
R!
2 2
+ fa {(n = 2ol veol = nicy (Ve = “(a,e))lP}
R

- f (Agiz,e) = cnRgie,e)y

R!

2 = 2 noo2
+(n-2) - [0 =2 0e) = iy — p— zu(éle)(v(gle) — o).

Hence we can write v(g ¢) — U(z,e) = G(z,e)(Bs, (1 — 2)By), where

B3 = Agu(gle) — CnRgu(g,E) ,

i
n-2

By = ([0(c.| 7 0(e.) — U:2) - %”é)(%e) ~Uge)-
Puting this facts together we conclude that
VUge) ~ Uee) ~ Wee) = Giee)(Br + Ba + Bs, (1 = 2)By).
Now we are going to estimate the terms By, B;, B3, B4. Since
|B1(x)| < CO(Ihlldwe,e))(x) + C(PlIH + AP e o)) (x)
<CUEAT (A + )M, forlx| < p,
we have

n-2
A 2
2 44d+4

It follows from Proposition 3.1 that

/\ n=2

T
2 y4d+4
”BZ+B3”L,%(1R3) < Cu“A +C(E) .
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Since [B4(x)| < Cloge)(x) — u(g,e)(x)lﬁ for any x € JR’,, we have

n . d)n A\?
" < < -2 = —
“B4”L2(nl)(8]R$) = C”v(i,e) u(ge)” Z(»;I—])(Q]Rﬁ) = CH AT 4 C(P) ’

where in the last inequality we used Corollary 3.2.
Using the estimates above we see that

n . @de)n A\ 2
[IB1 + By + B3”L 2 (R + ||(1’l - 2)B4”L2("J1) R < C[un—Z/\ 2 4 C(E) .

Hence,

AN
. @d+)n
o —tee=weeoll 2 g e —tea—weell 2 o < CurAT=+C (5) :

Ln-2(R}) 7 (JR")
O
Lemma 3.5. For any (§,€) € AQ we have the estimate
2n-1) 2n— 1)
f (oo™ - M(’QE))M(aeW(ae) —f (ool ™= —ug )
n-1
e ey
p
Proof. 1t follows from the pointwise estimate
2(n-1)

2 2 1 Al 2(”n 3
(Iv(z,e)l”*2 - ”&i))“(a,e)U(a,e) Y (I Vel 2 —u ) ) < Cloee) = el ™2

that

2(n-1) 2(n-1) 1)
'f (I0eel™ _”ae))” £ V(e ~ —f (ool ™= —ug )
2(n-1)

I H 1)” i (M\T)7
< Clloge = ueo| - < CluA*™2 4 (—) ,
(&) ~ Hige) 2( 2 Ry [ o

where in the last inequality we used Corollary 3.2. Now the result follows. O

Proposition 3.6. Let ¥ be the function defined by the formula (2.19). For any pair
(&, €) € AQ we have the estimate

1 c
|7"g(5/ €=3 fB o huhpditieedjihee) + j; o (91l 14

14 P (0)

- f uA* F(A21E) Hijdid e o) wie
Rn

+

52 n-2
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Proof. It follows from the definition of vz ¢) that

f {< Av(e,e), A(V(z,e) — Uz,0) >g HenRgV(e,e)(V(g,e) — M(a@)}
R

n
+

2
-(n-2) fa [z,e) "2 V(z,0)(V(g,e) — Uze) = 0
R!

Thus,
jﬂ;ﬂ {|dv(5,€)|§— < do(g,e), AUse) >4 +CnRg(U(25,,e) - ”(E,e)v(é,e))} (3.5)
201-1) 2
-(n-2) el ™ = el veetee = 0.
IR"
We set
0= f {< due, d@ee — 1) >g +eRgueo (0o — o)) (3.6)
R
- f hijoidjue,e)(Viz,e) — Uig,e) — (M —2) f Ui (Ve — Ue)
R IR}
Thus,

0 :f {—|du(g,€)|§+ < du(g,e), dv(é,e) >g +CnRg(u(g,€)U(g,€) - u(zé,e))}
RTI

n_ 2(n-1)
- f}R higdidjue.e (Ve — te.o) = (1= 2) fa " {u(gi)?f(a,e) — U }

Hence, summing (3.5) and (3.7),

0= f]R ) {|dv(g,e)|§ — |due o} + caRg (v o) —ué/e))} (3.7)

+

- f hijdidjue ) (Vi e) — U(e,e))
R!

Aoy D = 2
—(n-2) fa - {(Iv@,e)l )+ (g — |v<a,e>|”*2)u(a,av(ae)} -
Then

= 2 2 (n- 2)2 2():1:1) n-2 2(:_—21)
0= ju;g {Idv(é,e)|g + cnRgv(a,e)} - j;lRK { p— [0E,e)l 2 + L (3.8)

n—2 wy  (n—2)? Al
Y e L L sy T

2 2 2(::1)
-(n-2) fa " (i — ool ™) teevee + 201 =2) - Ui

— f]l; {|du(‘;ﬂ(,;)|(2g + CnRg”(za,e) + hijaiaiu(g,e)(v(g,e) - u(é,g))} .

n
+
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We set

B = f {|du(g,e)|§ — |d1/l(5/6)|2 + cnRgué,E) + hij&ﬂju(g,e)(v(g,e) - u(glg))}
R}

2(n-1)

2 p— n—.
and observe that flRi ldue el = (n—2) faIRK u(é,:) . Hence,

n-—2 2(n-1) M
Fo(e)-B="12 fa o™ -u )
2 2
-(n-2) \f&]R” (lvge)l™2 = M(";e)) UEe)V(Ee) T 0

@d+H(n-1)  2n-1) A ol
— O /\ n—2 u n-2 4 E + Q

where in the last inequality we used Lemma 3.5.
On the other hand,

1 c
B=37 f hihjidite,e)0 1 g,e) — Zn f (Orhij)u o)
B;(0) B;(0)

+
P

+ f y)\z‘if()\‘z|9?|2)Hij<9,-8ju(gle) WeEe +61+e+e3+eg+es
R%
where

(31=—f
R!

y 1
ey = (gl] - 6,']' + h,-]-)o“?iu(éle)&ju(;e) - f Ehﬂhﬂa,‘u(é’e)&ju(g,g)
R B}(0)

hij8,-u(5,e)8ju(g,e) +Cy f 818]111] M(ZE,G) ,
R

f (8" = 6ij + hij)ith(e,0)9 (e e)
R%\B} (0)

. 1
+ f {gl] - 5,‘]‘ + h,‘]‘ - Ehﬂhﬂ} aiu(gls)aju(gre) ,
B;(0)

Cy f (Rg - 8i8]-hl-]-) uére) +Ccy f
R B(

5
1
=¢y f (Rg - 81'(9]‘]’11‘]‘) u(zérs) +Cy f {Rg + Z(alhij)z} 1/[(2&,6) ,
R?\B; (0) B3(0)

ey = f hij0idjue ) (V(g,e) — Uee) — Wee)) /
R

1 2,2
e =(1hij))u
0 4 b7 T(Ee)

(3.9)

(3.10)

e5 = —f luAMf()L_Z|X|2)Hij8i8ju(gre)w(g,€) + f hij&iz?]-u(é,e) Z{J(g,e) .
RE\B;(0) R’

"\B; (0)
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For the expression of e3 we used the fact that d;h;;(x) = 0 for [x] < p. We are
going to use this same fact in the rest of this proof.

Now we are going to estimate the terms ey, ..., ¢5. First observe that for |x| < p
we have

y 1
87 (x) = i + hij(x) — Ehijhjl(x)

< Clha(x)P < CpP(A + 1)+ (3.11)
< CLB(A + ) 24+
and

Ry(x) + 7 @100 < CHEPIPHC] + RGP (312)

< CEA(A + )% < CuB(A + ) =2

Here, we used Lemma 2.1.
From the identity u(g,e)aiaju(g,e) - ﬁ&iu(éle)aju(g,e) = _anzldu(é,e)lzéij and the
fact that 2}7:_11 hj; = 0 we see that

n
f hijOiti(z )0 e, e) = f hijihe,e)0i0 jUe )
n=2 Jr: R!

=- f dihij U(z,e)9 U .e) — f hijdite )0t (z.c) ,
R! R!

where in the last equality we integrated by parts. Thus,

n-2 5
6= —— dihij Uz )0 iU(,e) + C f didihiiuf, . (3.13)
2(n - 1) RI\BSO) itij (o) Y jH(Ee) T En RIVBLO) T P (E e)

Then we use the identities (3.13), (3.11) and (3.12) to estimate e, e; and e;3
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respectively and conclude that
A n-2
lesl < Cp(=| (3.14)
P
A n-2
lea] < C(—) +C[u3/\%(4d+4),
P
A n-2
les| < Cp? (—) + CpB A+
P
|64| < C |h||92u(g/€)||v(é/e) — ”(rﬁ,e) _ w(é,,é)'

n
IR+

< ClIhd*ue o L2 @ PE0 ~ o) ~ Wl

7 . =
< C }l/\2d+2 + (&) . uﬁA(zi—zz)ﬂ + (&)
P P
n=2 82 n-2
< Cy%/\i‘“ﬁﬁ‘;‘” T A2 (%) ’ + Mﬁ/\% (&) ’ " (&) )

P P

A n-2

|€5| < p2d+2 (_) .
p

Now we are going to estimate p using its definition (equation (3.6)). Inte-
grating by parts and using the second equation of (2.1), we obtain

2n
L2 (R?)

lol < f ’ = Agti(e,0) (V(ce) = Uize) + CnRyli(e,e) (O(ce) = Uiee) (3.15)
R

= hijdid (e )(V(z,e) — U(g )

< ||Aguee = enRgite.0) + hididjuce o, 2 ®&n Pee = teoll 2y g

e W
<C 2A4d+4 + (_) A /\2d+2 + (_)
{y ; ! ;

N a7
< Cy3A6d+6 + CHAZL‘HZ (;) + C(E) )

Here, we used Proposition 3.1 and Corollary 3.2 in the second inequality.
The result now follows from (3.9), (3.10), (3.14) and (3.15). O

4 Finding a critical point of an auxiliary function

Let us follow the notations of the last section. We define

1 S c _ _
F(&e) = 5 HyHjpdite,e0jte,e) — Z" f (O1Hj)ufy o) + f Hijdidjuc.e) Z(c )
R! R! R"
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where z( ¢) is the unique element of L ¢ that satisfies

2 _
f <dzge,dp > - fa - n o Ze ol = = fR Hydidjueay (1)

for any 1 € L(¢ o). The function z ¢) is obtained in Proposition 2.7 with hy, = 0.
In this section we will show that the function F(E, €) has a critical point,
which is a strict local minimum. Recall that throughout this article we use
indices 1 <i,i, j,k,I,m,p,q,1,s <n—-1.
Since H,p(—x) = Hpp(x) for any x € R”, the function F(&, €) satisfies F(&, €) =
F(=&,¢) for all (€,€) € R" x (0, c0). In particular,

? i
95,709 = 558,

F@,e)=0, forall e>0. (4.2)

Proposition 4.1. We have

201"
fsnz(aZHij)z(x)xpxq %(szﬂ + Wzl]p)(wtq]l + Wzl]q)
Gn_27n+2

2 (W + Wan)26
+ (n—l)(n+1)( 1kﬂ+ II]k) Pq

and
20, Tn+4
2 _ 2
fsnz(Hif) ()P xT = (n— 1)(1: +1)(n +3) (Wilﬂ]'l + Wiljp)(wiqjl + Wiqu)
Oy 2rn+4

2(71 —D(n+1)(n+3) (Wikji + Witji)“0pq -

Proof. Observe that
f (alHlj)z(x)xpxq = f (Wzl]r + erjl)( iljm + Wzm]l)xr X" X

and

z(H”) ()aPx = WlkﬂW,”mx Xl xMaPx
si o

Now we just need to apply Corollary A-3 in the Appendix. O
Proposition 4.2. We have

20,12
f;ﬂ 2(8ZH1]) (0P x = = =D +2 D1+ 3) (Wipji + Witjp)(Wigii + Wirjg)

|+ 3F0H + 87 F0A)F (7) + 471 (T

n+2

Op-_2t
(n D(n+1)(n+3)

{0+ 3)F (P + 42 A F () + 2 (PP

(Wikji + Wigje)*0pg
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Proof. Since
OiH;j(x) = f(I%*)IH;j(x) + 2 (1%*)x Hyj(x)
we obtain
@ Hi)*(x) = fUZP)*(H;)*(x) + 4 (%7) £ (1%1*)x' 01 HiiHij(x) + 4z £ (1222 (H;j)?
= f()?(0H:)*(x) + 8 () f/(1%17) (Hij)*(x) + 412 £ (122 (Hij)* (%)
Hence,
[ omyrna = sy [ @yt
si2 si-2
(80P G5P) + 472 PP [ (P

and the result follows from Proposition 4.1. ]

Corollary 4.3. We have

[ @mye-
%(W{kﬂ + Wi]jk)z :(7’[ + 1)f(1’2)2 + 41’2f(7’2)f'(1’2) + 21’4f/(1’2)2} .

Proof. By Proposition 4.2,

n—1
i LI‘Z(&IHij)z(X) = ZLl_Z(alHij)z(x)(xp)z
' p=1">r

3 2O_n_21,n+2
T =D+ 1(n+3)

n+2

(Wi + Wi {1 + 3) f(2)? + 872 F () f () + 4 £ ()

" Op-ot
m-1Dn+1)(n+23)

{0+ 3 FAP + 42D F () + 2 F ()

(Wit + Wi {(n + DF (PP + 42 () f () + 20 F ()}

(n = D)(Wikjt + Waje)*

on_zrn+2

T m-Dn+1)

Proposition 4.4. We have

_ Cn*Op-2
FO.& = - Dm0

: f ) f T {0+ DFE? + 42 A F () + 28 F ()P " 2((e + P + Y "drdt
0 0

(Wikjt + Wije)*
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Proof. It follows from symmetry arguments that zg¢ = 0 and

. H;H j19i1(0,6)0 U (0,¢) (X)
s

(n—2)%"2 _ o
) f  Ger sy B Wag Wi o/ 12" = 0.
Sy n

Hence, we have

F(0,¢€) = —% jﬂ; ) (O1Hi)* (x) gy (%)

- f f f (W) 12, (x) o, (x) i dx,
0 0 Sp-2

The result now follows from Corollary 4.3. O

We write
2d o 00
FO,€) = =B, - Z @y f f r2‘7+”e”_2((e + t)2 + rz)z_”dr dt,
=0 0 Jo

where
Cn* Op-2

o= =D+ 1)

and define the coefficients a; € R by the formula

(Wikjt + Wije)*,

2d
Y s = (1 + 1)) + 45(6)f(5) + 25 /(6% . (4.3)

q=0

Here, d is the integer in the formula (3.1). Changing variables t' = t/e and
" = r/e we obtain

2d id 00 00 r2q+n
= — . q+ -
F(0,€) =~ q;aqe fo fo (T

and, changing variables ' = r/(1 + t),

00 r2q+n

2d 0
1
——B . 2q+4 I -
F(0,€) = B ;:0, aq€ j(; 1+ 52 at o (L+r2)m2 i

Now, we have

f‘” 1 PR
o (L+tn52" " n—6-2g
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and

A = n—-1+2j f
, wem =1l L1n=5-2f a+ﬂw27

where we used Lemma A-1. Hence, we can write

F(0,€) = =B, - I(€?) - f Omdr (4.4)

where
2d

q .
_ oy n—-1+2j 442
I(S)_Zn—6—2q Hn—S—Zj S (45)
q=0 j=0

We will now turn our attention to the second order derivatives of the func-
tion F(E, €).

Proposition 4.5. We have

ko, —22f ¢ _pwA
9Epdey 00 =0=2 r: ((€+x,)2 + |%2)" p(OH;()

(n—2)>2 en-2 -

4 fmg ((€ + xy)? + |x2)" (@1Hij(x))"xP x
(1’[ - 2)2 en—z
8(n—1) re ((€e+ x,)? + |x[2)r1

(91Hij(x))25pq

Proof. The proof is the same of Proposition 21 of [6]. ]

Proposition 4.6. We have
o

I, 05,
21 - 2042

T -+ D)+ 3) (Wwﬂ + Wiip)(Wigjt + Wajg)

f f (erxz+ry rr (Zf(VZ)f'(Vz) + 72f’(r2)2)drdt

Un 2
T 2n- 1)(n +1)(n+ 3)

f f ((e + xn)z I rz)n rr {Zf(rz)f,(”z) + T’Zf'(i’z)z} drdt
(Tl B 2) Op—2
4 -1 +1)

© 0 n-2
€ n+4 7 0.2\2
. L jO‘ ((6 + XH)Z + Tz)i’l—l ¥ ’ f (7’ ) drdt .
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Proof. 1t follows from Corollary A-3 in the Appendix that

f » HPIH'?Z(X) = f ) f(rz)szlqu(x) = f(72)2f , Wipszqulxixkaxm
S S s-

Op—
= 2(11+)(?’1+1)(W1pk1 + Wllkp)( zqkl + Wllkq)rn+2f(]f

Hence,

€ 2H H 1(x) o
pteoq _ n-2
R ((€+ )2+ %2y 2(n—1)(n+ 1)( ikt + Wikp) Wigii + Wing) — (4.7)

e~ 2 n+2
f f (€ + x,)2 + P21 o f () dtdr

It follows from Proposition 4.2 that

f €"72(9,Hij)* (x)xPx (4.8)
R

y (€ +x)* + |xP)
2042
(71 1)(n+1)(n +3)
e -2 n+2
f f Carr oy (P + 82O () + 4 ()} dtdr

On-2 N 2
D+ )+ 3) vt Wik O

f f - +n ~2n+2 {(Tl + 3)f(1,2)2 + 41’2f(1’2)f/(7’2) + 274](,(1’2)2} dtdr .

Xp)? + r2)n

(sz]l + Wzl]p)(wzq]l + Wzl]q)

and from Corollary 4.3 that

€""2(91H;j)* (x)bp Opn-2 )
fw (e +xn)2 + |9?|2)"‘1 - (n )i+ Wii)"0p (4.9)

f f (e +x )2 P2yl {(" + 1) f?)? + 47 f(A) f () + Zr4f’(r2)2}dtdr,

Observe that

et [0+ VIO 42 ) 410)

((€ + x,)? + 12
_ 2(n — 1)7’n+2f(1’2)2 . i { T"+1f(1’2)2 }

((€ + xp)% + 12" (€ + x,)2 + 1)1
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Substituting the equation (4.10) in the equation (4.9) we obtain

f €"72(91H;j)*(x)0pq
R’

1 ((€ +x,)? + |x[2)"1

20” en=2m+2 (1,2)2
- 2 (Wzkjl + Wzl]k g f f ( f ———————dtdr

n+1 € + Xxp)% + 12"

20',, ) en= -2 n+4f’(7’2 2
(n "D+ 1)( ikjt + Wirjk)0pg f f TR -dtdr,

since we are assuming that n > 4d + 6. Now, using the equations (4.7), (4.8) and
(4.11) in Proposition 4.5, we obtain

(4.11)

&2
———F(0,
53 FO
(n- 2)2071—2

= m(wipﬂ + Wiljp)(wiqjl + Witjg)

f f (e +x )2 + r2)n ”+2f(r2)2drdt

(Tl _ 2) On-2
C2n-Dm+ D+ 3)

f f (e +x )2 +12)n re {(n + 3)f(”2)2 + 87’2f(r2)f'(1’2) + 4r4f'(1’2)2} drdt

(7’1 - 2) Op—2
TAn -+ H(n+ 3)

f f (e +x )2 T ) r {(” +3)f () + 47 () f () + 27’4f'(1’2)2} drdt

+ (n— 2)20_1772
4n—-1(n+1)

f f (e + xn)Z + 2y 2 () drdt
(n—2)%0,-2

T in—1)m+ D)

© 0 n-2
€ n+4 cr0.2\2
. L fov ((e + x,)? + ;»2)n—1r T (r*) drdt

and the result follows after we cancel out some terms in the above equation. O

(Wipjl + Wijp) Wigjt + Witjg)

(Wikjl + Witjk)*6pg

(Wikji + Wiljk)Z(Spq

(Wikji + Wijk)*0pq

Let us define constants f3;, for g = 0, ..., 2d — 1, by the following expression:

2d-1

Y BysT = 2f(9)f () +5F/(5)°.
q=0
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Proposition 4.7. We have
f f (e + xn)2 n rz)” P (Zf(”z)f,(rz) + T’Zf'(rz)z) drdt

B ]( 2) f n+2
1+

where

Proof.

f f (e + %, rZ)n rr (zf(fz)f'(rz) + rzf’(rz)z)drdt

2d-1 eh—2 n+4+2q

Zﬁqf f Cermrrm

id 00 1 00 r”+4+2‘7
= et ————dt ———dr
—~ Py j(: (1 + =52 j; (L+72)n

Now we observe that

o (L+Hn520"" " pn—6-2q
and apply Lemma A-1 to see that

0o rn+4+2qd ~ ﬁn+3+2j 0 nt2 p
o @y LTy ) e

4.1 The casen >53

(4.12)

In this case we choose d = 1 in the equation (3.1). Then the coeficients a, in the

equation (4.3) are given by

ap = (n+1)11§, ap=2n+3)apga;, ap= (n+7)a%.
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Thus, derivating I(s) in the expression (4.5) we obtain

2

o v @+ ag | n-142j|
I(S)_Zn—6—2q Hn—5—2j ’

3=0 =0
_ 2mp(n—1) - 3ai(n—-1)(n+1) P4 4a,(n —1)(n+1)(n+3) 3
T (n-6)n->5) n-8m-5mn-7) (n-=10)(n -5)(n-7)(n-9)
_2n+H(n-1) { 1, 3(n +3) toms? + 2(n+3)(n+7) 253}

n-5 -6 =8 n-7) (- 10)(n—7) -9
Now we choose a4; = —1 and define the polynomial p, by

2

p(ac) = nﬂ_o 3(n + 3)ag N 2(n+3)(n+7)

6 m—-8)(n-7 n-10)mn-7)n-9)"

Hence,

ra) =

2(n +nl)(n - 1)Pn(110)-

-5
The discriminant of p, is then given by

. _ (n+3) 8(n —7)(n — 8)2(n +7)
diserim(p) = & =730 — g {9 T+ 3)(n—6)n—9)n— 10)}
_ (n+3y q(n)
C (m=7)2m—-8)2(n+3)n-6)(n-9)(n-10)"
where

q(n) =9(n + 3)(n — 6)(n — 9)(n — 10) — 8(n — 7)(n — 8)2(n+7).
Observe that
q'(n) = 4n> — 210n* + 2082n — 5624
and

q”(n) = 6(2n* — 70n + 347).

Since the roots 22232124 of ¢” are less than 53, we see that q”(n) > 0 for n > 53.
Since g(53) = 105696 and g’(53) = 110340, we conclude that discrim(p,) > 0 for
n > 53. Hence, if we set

o (n+3)n-06) 34 o 8(n—7)(n—8)%2(n+7)
0= 2(n—7)(n—8) n+3)n-6)n-9)mn-10) ("’

then s = 11is critical point of I(s). According to Proposition B-1 in the Appendix,
I"(1) < 0 for n > 53.
Now we will handle J(s), as defined in Proposition 4.7. We have

(n + 3) By s> (n+3)(n+5)p s
(n-6)(n-5 (n-8)m-5)n-7)

J(s) =
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where
ﬁ():Zﬂoﬂl and ‘31=3ﬂ%.

Hence,
3 2q0s> 3 5 3
](S):(n+ Yai (2aps N (n+5)ays .
n—>5 n-6 @m-8)(m-7)
If we set ag and a1 as above we have

n+3
(n—=8)(n-5)(n-7)

8(n—7)(n—8)*(n +7)
- 6—(n+3>\/9‘ (n+3)(n - 6)(1 — 9)(n — 10)

J) =

According to Proposition B-2 in the Appendix, /(1) < 0 for n > 53.
From the equations (4.2), (4.4), (4.6) and (4.12) and the above results we can
conclude the following:

Proposition 4.8. Suppose that n > 53. If we set ay = =1 and

ao

_ (n+3)(n-6) N 8(n—7)(n—8)2(n +7)
T 2(n-7)(n-8) n+3)n-6)n-9mn-10) ("

then I'(1) = 0, I”(1) < 0 and J(1) < 0. In particular, the function F(E,€) has a strict
local minimum at the point (0, 1).

42 Thecase25<n <52

In this case we choose d = 4 in the equation (3.1). The coeficients a; in the
equation (4.3) are then given by

ap = (n+1)aj,

ay =2n+3)apay,

ay =2(m+5)agay + (n+7)a§,

az =2m+11)aja, +2(n +7)apas,
ag=2(n+15)ayaz + (n + 17)a§ +2(n+9agay,
as =2n+23)araz +2(n+19)ajay,

ag = (n+31)a§ +2(n+29)azay,

a7 =2(n+39azay,

ag = (n+49)ai.

Thus, derivating I(s) in the expression (4.5) we obtain

8 9

s (q+2)ay n—1+2j g+l
I(S)_;n—6—2q Hn—5—2j .
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Now we choose a; = —3/5, a, = 1/8, a3 = —1/125, a, = 10™* and define the
polynomial r, by ,,(a9) = I’(1). Hence,

q _ .
ra(ag) = Z(nl—)n+1) qu(n) _22 Hn 1+2]‘ -

(n-6)(n- quo n—-5-2j
8 q
qg+2 n—1+2j
+26‘7(")n—6—2q Hn—5—2]'
= =0
where
6 n+5 n+9
yi(n) = —g(n +3), 72n) = 7 y3(n) = —E(” +7), yan) = 5000/
9 +7) _ 3(n+11) 10097 + 16385 _ 53n+1207
62(”) - 25 ,63(7’1) - 20 ,64(”) - 40000 ,65(1’1) - 25000 7
89n + 2709 n+ 39 n+ 49
06(n) = BT O7(n) = ~ 525000 0g(n) =

Direct computations show that discrim(r,,) > 0 for 25 <n < 52.
If we choose

_ (n-6)n-5 _4 g+2 Tyn-1+2j _
D= A -1)m+1) ZV i 2an 522 + +/discrim(r,,)

g=1 j=0

then s = 11is critical point of I(s). For 25 < n < 52, direct computations show that
I"(1) is of the form —e; — e; +/e3, where ey, e, e3 are positive rational numbers.
The function J(s), defined in Proposition 4.7, is written as

D pest? li[n+3+2j
an- n—6-2q Zq :On—5—2j

where
ﬁ0=2ﬂ0ﬂ1, ﬁ1 =4ﬂ0ﬂ2+3ﬂ%, ﬁ2=6a0a3+10a1a2, [33=8a0a4+14a1a3+811§,

Bs=18a1a4+22a2a3, Ps=28ara4+15a5, Ps=238azas, Pr=24a;.

For 25 < n < 52, direct computations show that J(1) is of the form —e; — e, /e,
where ¢1, e, 3 are positive rational numbers. From the equations (4.2), (4.4),
(4.6) and (4.12) and the above results we can conclude the following:

Proposition 4.9. Suppose that 25 <n < 52. Ifa; = =3/5,a, = 1/8, a3 = =1/125,
a; =10"* and

4 q

_ (n-6)(n-75) n-1+2j o
sy | e Zan—s—zj”d’“”m‘“)

then I'(1) = 0, I”(1) < 0 and J(1) < 0. In particular, the function F(E,€) has a strict
local minimum at the point (0, 1).
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5 Proof of the main theorem

In this section we will make use of the two-tensor H, defined on R, the
polynomial f and the open set Q C R""! X (0, ), which were defined in Section
3. Asin Sections 4.1 and 4.2, we fixd =1ifn > 53 and d = 4if 25 <n < 52. We
set D,(0) = {x € IR"; |x| < r}.

The basic ingredient in the proof of the Main Theorem is the following result:

Proposition 5.1. Assume that n > 25. Let g be a smooth Riemannan metric on R}
expressed as g = exp(h), where h is a symmetric trace-free two-tensor on R} satisfying
the following properties:

hap(x) = pA* F(A2|R)Hw(x),  forlx < p,

hap(x) =0, for|x| > 1, 5.)
hap(x) =0, forx e R},
Inhap(x) = 0, forx € IR,

wherea,b =1, ...,n. We also assume that
[h(x)| + |Oh(x)| + |°h(x)| < @ < @1, forallx € RY,

where ay is the constant obtained in Proposition 2.8.
If a and pu=2A"=44=6 0271 qre sufficiently small, then there exists a positive smooth
function v satisfying

{Aagv —GRw=0, inR", 52
a—xnv—dnkgv+ (n—=2)vw2 =0, ondR}
and ) -
j; mvszz” < (Q(an’iB)) . (5.3)
Moreover, there exists ¢ = c¢(n) > 0 such that
sup v > AT (5.4)

D, (0)

Proof. It follows from the fact that

(n+1)f(s)> + 4sf(s)f'(s) + 25> f/(s)* = (n — 1) f(5)* + 2(f(s) + sf'(s))*

and Propostion 4.4 that F(0,1) < 0. According to Propositions 4.8 and 4.9, we
can choose the coefficients ay, ..., a4 in the formula (3.1) such that the point (0, 1)
is a strict local minimum of F. Hence, we can find an open set (' C Q such that
(0,1) e ¥ and
FO,1) < inf F(§€)<0.
(£ e)edey
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Observe that 1 10)(Ax) = 177 (g, (x) and wig 1) (Ax) = pA2H+27"7 74 (x) for
all x € R}. Here, w(s ) and z¢ ¢) are the functions defined by the formulas (3.2)
and (4.1) respectively. Thus, it follows from Proposition 3.6 that

2 14d+4 2=l | (4d+4) (1) 2442 /\ an A n-2
|FL(AE, Ae) — tPAMHE(E, €)) < Cuvr AT 4+ Cud o) +els

for all (§,€) € Q. Hence,

4d+4

4224 (A8, Ae) — FE )] < Cuz A HE
" C‘u_l/\ I'1742d76 p% + C‘u—z/\n—lld—sz_n

for all (£, €) € Q. If u=2A"~4-6p27" jg sufficiently small then we have

FsO ) < inf Fo(AE ) <0.

Thus we conclude that there exists a point (€, €) € Q' such that
AE,AE) = inf AE, A .
Fe(AE, AE) (6’161;160/7:;;( & Ne) <0
By Proposition 2.9, the function v = ;¢ s obtained in Proposition 2.8 is a

positive smooth solution to the equations (5.2). Hence, by the definition of ¥,
(see the formula (2.19)) and the formula (2.2), we have

n-—2 wy  n—2 B",0B -l -
n—lfa :m(%) +FAE18).
R

This implies the inequality (5.3).
In order to prove the inequality (5.4), observe that

— Uz el 20 <1lo =tz 1ol 20 <
[0 = g pll, 20p PP [0 = g pll, 20p —_—

by Propositions 2.2 and 2.8. Hence,

_n=2_
IDA0)I%=D sup v > |[ol|

n— > _C + T e n— .
D:(0) Ly = T Mazasll e
Now, the inequality (5.4) follows from choosing « sufficiently small. O

Now the Main Theorem follows from the next theorem, using the conformal
equivalence between B"\{(0, ...,0,—1)} and R’} (see Lemma 2.3), the properties
(2.8) and Lemma 2.10.

Theorem 5.2. Assume that n > 25. Then there exists a smooth Riemannian metric g
on R% with the following properties:

(a) gab(x) = Ogp fOT’ x| > 1/2;
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(b) g is not conformally flat;
(c) IR is totally geodesic with respect to the induced metric by g;
(d) there exists a sequence of positive smooth functions {v,} | satisfying

Agvy — cyRg0, =0, inR}, (5.5)
a%vv —dyKgv, + (n— 2)71;%2 =0, ondR%, ’

forallv,

2(n-1) n n-1
[ (Q(B ,aB>) ,
IR! n-2

forall v, and supp, ) vy — 00 as v — co.

Proof. Let x : R — R be a smooth cutoff function such that x(t) = 1 for t < 1
and x(t) = 0 for t > 2. We define the trace-free symmetric two-tensor /& on R’}

by

hap(x) = Y x(@N?x = )2 FRV]% — el Hao 6 = x0)
N=Nj

where xy = (3,0, ...,0) € IR". Observe that / is smooth and satisfies /,,(x) = 0
N +

for x € R’} and dy,hz(x) = 0 for x € IR’} If Ny is sufficiently large, then ,,(x) = 0
for |x| > % and [h(x)| + [0h(x)| + |0?h(x)| < a for x € R?, with « sufficiently small
as in Proposition 5.1. Then we define the metric g(x) = exp(h(x)) for x € R"} and
the result follows from Proposition 5.1. ]

Appendix A

In this section we establish some useful identities used in Section 4. They are
simple computations which are performed in the Appendix of [6].

00 @ v 00 a+2
Lemma A-1. We have fo ai—:és),,, = a3 fo %,for a+3<2m.

Proposition A-2. We have

RS
gl T kk+n—3) Jgo T

for every homogeneous polynomial py. of degree k.

ixi = Op-2
Gn-2 v n-— 1 !

__ 9n2 Yy Y
fs TR = s (3 + Dby + a0

Corollary A-3. We have
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and

L:z XiX Xk X[ XpXq = (1’1 — 1)(:1:21)(71 n 3) (6ij6klépq + 6ij6kp61q + 6ij6kq61p
+6ik6j16pq + 6ik6]’pélq + 61’k5jq61p
+6i16jk6pq + 5i16]’p5kq + 61'16]',75](,,
+6ip6jk61q + 6ip6j16kq + 61'p6]'q6k[
+6iq5jkélp + 6iq6ﬂ(3kp + 6iq6jp6kl) .

Appendix B

In this section we establish some results used in Section 4.1. The notations here
are the same of that section. In particular, we fix a; = —1 and

ao

_ (n+3)(n-6) 3 9 8(n—7)(n—8)2(n+7)
2= nm-8)1" "\’ m+3)n-6)n-9)-10)
Proposition B-1. We have I"(1) < 0 for n > 53.

Proof. We are going to prove that I”(1) < 0 for n > 70. If 25 < n < 69 the result
follows from direct computations. We write

_ (n+3)(n-6) 8pa(n)
R T T A R e

where pa(n) = (n — 7)(n — 8)%(n + 7), pp(n) = (n + 3)(n — 6)(n — 9)(n — 10) and
define

qr(n) = pa(n) —pp(n) and qu(n) = app(n) —pa(n),
where o = %.

Claim. g (n) > 0 for n > 9 and gy(n) > 0 for n > 70.

In order to prove the Claim, first observe that the forth order terms of gr
cancel out and we have q;(n) = 6n° — 114n* + 712n — 1516. Hence, g/’ (n) =
36n —228 > 0 forn >7,q1(9) = 32 and q;(9) = 118. Thus, g.(1) > 0 forn > 9.

Now we observe that

() = 2639 e 115429 Bt 1207877;12 3 282161n N 218809
Ut = 28800 14400 9600 400 160 -

"y 2639 115439 _ 287074 s _ 178522037
Hence, g/ (n) = 53551 — 5105 > 0 for n > 70, qu(70) = =5=, q7,(70) = <5555

and 4//(70) = 188 Thus, qu(n) > 0 for n > 70, proving the Claim.
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We asume that n > 70. In particular, we conclude from the Claim that
pan)

@ > ps(n)

> 1, which implies

2(n + 3)(n - 6) (n +3)(n - 6)
TR Tl ey e LA

Now we use this estimate in

ey < 2+ D= 1) a4y 6(n+3)ay L 6+3)n+7)
)= n->5 n-6 m-8)n-7 m-10)(n-7)n-9)
to see that
(n=5)1"(1) _4n+3°(n-6 33+ V9 = 8a)(n + 3)%(n — 6)
2m+1)(n—-1)  (n—"7)%(n—8)?2 (n—7)%(n - 8)2

6(n +3)(1n +7)
n-10)(n-7)n-9)"

This can be written as

2(n+3)(n+1)(n —1)y(n)

M0 < G 8= 100 -5 - 7P -9’

where
y(m)=-5+3V9-8a)(n+3)(n—-6)(n-10)(n—-9)+6(n+7)(n—-7)n- 8)%.

In order to complete our proof, we will show that (1) < 0 under our assumption

on the dimension. Observe that y(n) = —%n4 + %rﬁ — %,ﬂ + %n —8205.
Hence y”/(n) = —%n + 148 < 0 for n > 70, y(70) = -118392, y/(70) = — 2453
and )" (70) = —%. Now the result follows. O

Proposition B-2. We have J(1) < 0 for n > 53.

Proof. Letusassume thatn > 53. We want to show that (1+3) /9 — 8; B‘k:;) -6>0,

where we are using the polynomials p4 and pp as in the proof of Proposition
B-1. We set again qi;(1n) = apg(n) — pa(n) and choose a = 282
Claim. qu(n) > 0.

In order to prove the Claim, first observe that

775 e 27341 3 814983 2 55123311 4 2063213
6272 3136 6272 784 1568

qu(n) =

_ 2325 82023 _ 169857 _ 20672955
Hence, qﬁ’(ﬂ) = TG i > 0forn > 53, QU(53) = T5g qil(53) = T15es and

q,;(53) = %. Thus, qu(n) > 0 for n > 53, proving the Claim.
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The Claim implies that (n + 3) {/9 — 8;"—(5:;) > (n + 3) V9 — 8a, which reduces
the problem to prove that

n+3)V9-8a—-6=>0. (B-1)
On the other hand, the fact that a = % { - 53?62} implies % {9 - (ni%)z} > a, which
is equivalent to the inequality (B-1). ]
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