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Abstract

We describe the asymptotic behavior of Palais-Smale sequences associ-
ated to certain Yamabe-type equations on manifolds with boundary. We
prove that each of those sequences converges to a solution of the limit
equation plus a finite number of "bubbles” which are obtained by rescaling
fundamental solutions of the corresponding Euclidean equations.

1 Introduction

Let (M", g) be a compact Riemannian manifold with boundary dM and dimen-
sion n > 3. For u € H'(M), we consider the following family of equations,

indexed by v € IN:
Aqu =0, inM,
) (1.1)

2y —hu+uiz =0, ondM,
g
and their associated functionals

1 2 1 2 n-—2 2n-1)
I;(u) =5 fM Idulgdvg + 5 faM hudog — m " |u| =2 do . (1.2)

Here, {1, },en is a sequence of functions in C*(dM), A, is the Laplace-Beltrami
operator, and 7, is the inward unit normal vector to M. Moreover, dv, and
dog are the volume forms of M and dM respectively and H'(M) is the Sobolev
space H'(M) = {u € L*(M); du € L2(M)}.

Definition 1.1. We say that {u,},en C H'(M) is a Palais-Smale sequence for {IE}
if

(1) {Ig,(uv)}veN is bounded, and

(ii) dlg(uy) — O strongly in HY(M) asv — oo.

In this paper we establish a result describing the asymptotic behavior of
those Palais-Smale sequences. This work is inspired by Struwe’s theorem in

*Supported by CAPES and FAPER] (Brazil).



[18] for equations Au + Au + Iulﬁu = 0 on Euclidean domains. We refer the
reader to [11, Chapter 3] for a version of Struwe’s theorem on closed Riemannian
manifolds, and to [7, 8, 17] for similar equations with boundary conditions.

Roughly speaking, as v — oo and h, — h we prove that each Palais-Smale
sequence {u, > O},en is H 1 (M)-asymptotic to a nonnegative solution of the limit
equations

Agu=0, il’lM, 13
ainqu—hoou+unnf2 =0, ondM, (1.3)

plus a finite number of “bubbles” obtained by rescaling fundamental positive
solutions of the Euclidean equations

Au=0, inRY}, (14)
%u+uﬁ:0, on JR", ’

where R} = {(y1,..., y») € R"; y, > 0}.

Palais-Smale sequences frequently appear in the blow-up analysis of geo-
metric problems. In the particular case when I, is 52 times the boundary mean
curvature, the equations (1.3) are satisfied by a positive smooth function u repre-
senting a conformal scalar-flat Riemannian metric Ui g with positive constant
boundary mean curvature. The existence of those metrics is the Yamabe-type
problem for manifolds with boundary introduced by Escobar in [14].

An application of our result is the blow-up analysis performed by the author
in [2] for the proof of a convergence theorem for a Yamabe-type flow introduced
by Brendle in [5].

We now begin to state our theorem more precisely.

Convention. We assume that there is some h,, € C*(dM) and C > 0 such that
h, — he in L2(0M) as v — oo and |h,(x)] < C for all x € dM, v € N. This
obviously implies that /1, — he in LP(dM) as v — oo, for any p > 1.

Notation. If (M, g) is a Riemannian manifold with boundary oM, we will denote by
D, (x) the metric ball in M with center at x € oM and radius r.
Ifzo € R}, we set B (z0) = {z € R} ; |z — 20| < r}. We define

d*Bf(z0) = dBf(z0) "R}, and 3d'B;}(zp) = B} (z9) N IR .
Thus, 'B; (20) = 0 if 20 = (z), ..., ) satisfies z§ > r.

We define the Sobolev space D'(R") as the completion of C7(R%) with
respect to the norm

il ey = f duy)Pey.
R!

It follows from a Liouville-type theorem established by Li and Zhu in [15]
(see also [13] and [10]) that any nonnegative solution in D!(IR") to the equations



(1.4) is of the form

€ 2
) , aeR"e>0, (1.5)

(Yn+ ;5P + 7 —al?

Ue,q (y) = (

or is identically zero (see Remark 2.5). By Escobar ([12]) or Beckner ([4]) we
have the sharp Euclidean Sobolev inequality

n=2

M n-1 2 2
[u(y)| = dy <K, |du(y)|“dy, (1.6)
IR R"

for u € D'(IR"), which has the family of functions (1.5) as extremal functions.
Here,
1
n—2\2 -l
(5
where 0,1 is the area of the unit (n — 1)-sphere in IR”. Up to a multiplicative
constant, the functions defined by (1.5) are the only nontrivial extremal ones
for the inequality (1.6).

Definition 1.2. Fix xg € JM and geodesic normal coordinates for JM centered
at xo. Let (x1, ..., x,-1) be the coordinates of x € M and n¢(x) be the inward unit
vector normal to M at x. For small x,, > 0, the point exp, (x,1,(x)) € M is said
to have Fermi coordinates (x1, ..., X,,) (centered at xo).

For small p > 0 the Fermi coordinates centered at xy € M define a smooth
map iy, : Bf(0) c R} — M.

We define the functional I3 by the same expression as Iy with h, = he for
all v, and state our main theorem as follows:

Theorem 1.3. Let (M", g) be a compact Riemannian manifold with boundary dM and
dimension n > 3. Suppose {u, > Ohyen is a Palais-Smale sequence for {I;}. Then there

exist m € {0,1,2,...}, a nonnegative solution u’ € H'(M) of (1.3), and m nontrivial
nonegative solutions u = Ue;a; € DY(R") of (1.4), sequences {RL > O}yen, and
sequences {xﬂ}veN C dM, 1 < j < m, the whole satisfying the following conditions for
1 < j < m, possibly after taking subsequences:

(i) R, — coasv — oo.

(ii) xﬁ converges as v — oo.

(iii) Huv —u® = Y — 0as v — oo, where

H'(M)
ul(x) = R) TWRY @) forx € y,(B, 0)).

Here, ry > 0 is small, the
'vaf; : B;ro O cCcR} > M

are Fermi coordinates centered at x), € IM, and the nﬂ are smooth cutoff functions such

that n, = 1in ¢ ;(B},(0)) and n), = 0 in M\, (B3, (0)).

27’0



Moreover,

- m o
L(u,) - I w°) - Z(n——l)K"Z(n D50 asvo oo,

and we can assume that for all i # j

R R ..
R—]V. + R— + RIR)dg(xh, x])* —> 00 asv — co. (1.7)
v %

Remark 1.4. Relations of the type (1.7) were previously obtained in [3, 6].

2 Proof of the main theorem

The rest of this paper is devoted to the proof of Theorem 1.3 which will be
carried out in several lemmas. Our presentation will follow the same steps as
Chapter 3 of [11], with the necessary modifications.

Lemma 2.1. Let {u,} be a Palais-Smale sequence for {Ig}. Then there exists C > 0 such
that ||uy |l < C for all v.

Proof. It suffices to prove that ||du, ||;2 and [|uy|lr2onm) are uniformly bounded.
The proof follows the same arguments as [11, p.27]. O

Define I, as the functional I; when h, = 0 for all v.

Lemma 2.2. Let {u, > 0} be a Palais-Smale sequence for {IE} such that u, — u® > 0in
HY(M) and set 1, = u, —u®. Then {i1,} is a Palais-Smale sequence for {I ¢} and satisfies

Lg(,) = L(u,) + 137(u") = 0 asv — co. (2.1)

Moreover, u® is a (weak) solution of (1.3).

Proof. First observe that u, — u® in H'(M) implies that u, — u° in L= (dM) and
a.e. in IM. Using the facts that dI}(u,)¢ — 0 for any ¢ € C*(M) and h, — heo
in LP(dM) for any p > 1, it is not difficult to see that the last assertion of Lemma
2.2 follows.

In order to prove (2.1), we first observe that

(n-2)
2(n—=1) Jom

I:r(”v) = Ig(ﬁv) + I;)(uo) - q)vdag +0o(1),

N 2(n-1) ) 2(n-1)
where @, = |i, + 0|7 —|i,|5= —|u®|7=, and o(1) = 0 as v — co. Then (2.1)

follows from the fact that there exists C > 0 such that

f CDVngSCf |av|nfz|u0|dag+cf =2 [0,|dog, forallv,
oM oM oM




and, by basic integration theory, the right side of this last inequality goes to 0
asv — oo,

Now we prove that {il,} is a Palais-Smale sequence for I;. Let ¢ € C*(M).
Observe that

fhvuvcf)dag—f heout,pdog
oM oM

by Holder’s inequality. Then, by the Sobolev embedding theorem,

< lulliz@nlihy = Bosllizo-@m Il 2 o

f oty b = f heatt® i + o(lpllin )
oM oM

from which follows that
AT (1) = dI(0,)) - fa Yupdag + ollBllnan) 22)
M

where v, = [0, + 10|72 (1, + 1) — |4,|72 0, — |uC]72 0.
Next we observe that there exists C > 0 such that

f 9y ldo, < C f 0,172 [ ldo + C f )20, | ldo,
IM oM oM

for all v, and use Holder’s inequality and basic integration theory to obtain

LM |¢V¢|d08 = (”'ﬁvﬁ’/‘OHLM@M) + ”|u0|£ﬁ"“L2(”n_l) (aM)) ||(¢)||Lz(};1:21> (OM)

- O(HCPHL%(&M))'

Then we can use this and the Sobolev embedding theorem in (2.2) to conclude
that

dle ()¢ = dly (i) + ol Pl )
finishing the proof. ]

Lemma 2.3. Let {il,},en be a Palais-Smale sequence for I such that i, — 0in H L(M)
—2(n-1)

and Iy(i1,) — p asv — oo for some f < 2(':1 0 Then 61, — 0 in H'(M) as v — oo.

Proof. Since

2(n-1)

f i, Pdog — [ 1,5 dog = dig(@,) - 1, = ol )
M oM

and {||&, || apy} is uniformly bounded due to Lemma 2.1, we can see that

1
2(n—1) Jom

__ 1 A2
=31 L |dit,[gdvg + o(1)

10,7 do g + o(1) 2.3)

B+o(1) = I(@,) =



which already implies § > 0. At the same time, as proved by Li and Zhu in [16],
there exists B = B(M, g) > 0 such that

n-2
O L -2 52
t,| = dog <K; |duvlgdvg +B [4,|°doy .
oM M oM

Since H'(M) is compactly embedded in L?(dM), we have ||, || 2om) — 0. Then
we obtain

Q@ —1)B +0(1))" <2(n—1KB +o(1)
from which we conclude that either
K—Z(n—l)

2(':1_1) <B+o(1)

or 5 = 0. Hence, our hypotheses imply = 0. Using (2.3) finishes the proof. O

Define the functional

2(n-1)

1 n-2 2n-1)
E(M) = E j[;” |d1/l(y)|2dy - m Afa‘]R” |u(y)| n-2 dy

~2(n-1)
for u € D'(IR") and observe that E(U,,) = m foranya € R"!, e > 0.
Lemma 2.4. Let {{l,},en be a Palais-Smale sequence for 1. Suppose i, — 0in H LM,
but not strongly. Then there exist a sequence {R, > 0},ew with R, — oo, a convergent
sequence {x,}yen C IM, and a nontrivial solution u € DY(IR") of

Au=0, inR%, (2.4)
%ynu—mﬁu:o, on JR", ’

the whole such that, up to a subsequence, the following holds: If

8,(x) = 0,00 — N (R.® uRyP7()),

then {0,},en is a Palais-Smale sequence for I, satisfying 0, — 0 in HY(M) and
lim (Ig(,) = I4(0.)) = EQ).

Here, the i, : By (0) ¢ Ry — M are Fermi coordinates centered at x, and the
1v(x) are smooth cutoff functions such that 1, = 1 in )y (B} (0)) and 1, = 0 in
M\y., (B, (0)).

Proof. By the density of C*(M) in H'(M) we can assume that i, € C*(M). We
can also assume that Io(1,) — f as v — oo and, since dly(#1,) — 0 in HY(M)', we

obtain
2(n-1) — —
lim | 2,072 dog =2(n - 1) = K>
V—00 (9M




as in the proof of Lemma 2.3. Hence, given #; > 0 small we can choose x¢ € M

and Ay > 0 such that
2(n-1)
f |ﬁv| n-2 dO‘g > Ao
Dy, (x0)

up to a subsequence. Now we set

2(n-1)
NOE maxf |a,| 2 do
H xedM Di(x) 8
for t > 0, and, for any A € (0, Ag), choose sequences {t,} C (0,tp) and {x,} C IM

such that

2(n-1)

A= (t) = f I, dog . (2.5)
Dhr(xv)

We can also assume that x, converges. Now we choose 7y > 0 small such that
for any xy € dM the Fermi coordinates ,(z) centered at x; are defined for all
z € B}, (0) € R} and satisfy

1o

%Iz = 2| < dg(Yy,(2), 5, (2')) <2z =2'|, foranyzz' € B; (0).
For each v we consider Fermi coordinates
¥y = Uy, 1 BS, (0) > M.
Forany R, > 1and y € By , (0) we set

_n=2
2

in,(y) =R, 7 %,(([R®;'y) and &) = (iR, 'y).

Let us consider z € R’} and r > 0 such that |z| + ¥ < R,7p. Then we have

f \di, 3 dog, = f dn,fzdvg ,
Bf (2) ¥, (R;' B} (2))

and, if in addition z € JR%,

- 2(n-1) A 2(n-1)
|| 7= dog, = lit,| = dog (2.6)
B (2) ¥y(R;' 9B} (2))

2(n-1)

Sf |ﬁv| n-2 ng,
DZR;1,(¢"-(R‘712))

where we have used the fact that
Yu(R19'B} (2)) = o0 By, (R;'2) © Dyg (90(R;12)).

Given r € (0,7y) we fix tg < 2r. Then, given a A € (0, A) to be fixed later, we
set R, = 2rt;' > 2rt5! > 1. Then it follows from (2.5) and (2.6) that

f i, 77 dog, < A 2.7)
IBI ()



Moreover, since gbv(&’B;R,lr(O)) = D, (x,) we have

o 2n-1) 2D
|it,| 2 dog, = [, "2 dog = A. (2.8)
9'B;.(0) Dy, (x)

Choosing rp smaller if necessary, we can suppose that

1
3 f ldul*dy < ) IaluIéoﬁdzzgxo/R <2/ |dul*dy 2.9)
R} R} R"

for any R > 1 and any u € D!(R") such that supp(u) C B;rOR(O). Here, §1, r(y) =

Y5, 2)(R™'y). We can also assume that

lf Iuldysf luldog, RSZf [uldy (2.10)
2 Jore IR" v IR

+

for all u € L}(JR") such that supp(u) C d'Bj, r(0).

Let 7 be a smooth cutoff function on R” such that 0 < 7] < 1, 7j(z) = 1 for
|zl < 1, and 7j(z) = 0 for |z| > 2 . We set 7j,(y) = 7j(r;'R;'y).

It is easy to check that { f]R,, |d(77vav)|?§vd'0g}} is uniformly bounded. Then the
inequality (2.9) implies that {f,i,} is uniformly bounded in D!(R") and we can
assume that },i, — u in D}(R") for some u.

Claim 1. Letus setry = r9/24. There exists A1 = A1(n) such that forany 0 <r <ry
and 0 < A < min{A4, Ay} we have

fivit, > u, inH'(Bjg,(0)), asv — oo,

for any R > 1 satisfying R < R, for all v large.

Proof of Claim 1. We consider r € (0,71), A € (0, A¢) and choose zy € IR’ such
that |zg| < 3(2R — 1)r;. By Fatou’s lemma,

2r
f lim inf f {ld@,,)P + 7,1, Ydo, ¢ dp
ro Vo™ 9*B} (z0)

< lim inf f {ld@@, )P + 7., Jdy < C,
B} (20)

V—00

where do, is the volume form on &*B;(zo) induced by the Euclidean metric.
Thus there exists p € [r, 2r] such that, up to a subsequence,

f {|d(77vﬁv)|2 + |17Vﬁv|2}dop <C, forallv.
9*B} (20)

Hence, {[|fj, |19+ B;(ZO))} is uniformly bounded and, since the embedding

H'(9" B} (z0)) € ("B (z0)



is compact, we can assume that

flyil, = u in H1/2(8+B;(zo)), asv — oo,

We set A = Bj (z0) — B} (20) and let {¢»,} C D(R") be such that

0, in RT\B! _ (z0),

4= {nu —u, inB(z0),
3r—c
with € > 0 small. Then
ity = ullea@e By oy = NPvllr@pye) = 0, asv— oo
and there exists {¢)} ¢ D}(A) such that
v + POllenay < Clipullnag-a = Clidvllra@+B; o)

for some C > 0 independent of v. Here, D!(A) is the closure of CyA)inH LA
and we have set I* A = dA N (RL\IR%) and ' A = JA N IRY.
The sequence of functions {C,} = {¢, + ¢°} c D}(IR") satisfies

ﬁvﬂv —-u, in B;(ZO) ’
G =q¢v+¢y, inBj(20)\B}(20),
0, in R}\BJ (z0) -

In particular, C, — 0 in H'(A). We set

L) = R GRIN), if x € wy(BE, (0)),

and ,(x) = 0 otherwise. Since we are assuming |zg| < 3(2R —1)r; < 3(2R, —1)ry
for all v large, B, (z0) C B,  (0). Hence,

= {R (ot = R (), i x € Pu(R; By E)),
R (py + @R, if x € P (R; (B (20)\B} (20))),
and ,(x) = 0 otherwise, and
dlg(ﬁv) : Cv = dlg(ﬁvﬁv) : iv (2.11)
= f < d(ﬁvﬁv)/ dacg, >3, dvgv - f mvﬁvlﬁ(ﬁvﬁv)g/dagv ’
B;,(z0) "B}, (20)
where 7, (x) = 7(ry P, (%))

Since there exists C > 0 such that ”ivllHl(M) < ClIGlIpyrny, the sequence { G
is uniformly bounded in H'(M). Hence,

dly(,) -G, >0 as v — oo. (2.12)



Noting that C, — 0 in H'(A) and ¢, — 0 in D'(R"), we obtain
f < d(f},iiy), dG, >z, dvgv = f <d(C, +u),dq, >q, dvgv +0o(1) (2.13)
1.(20) 5 (20)
AT, 13 dvg, +o(1).
]R”
Similarly,

- 12, . 2(n-1)
f mmwwmm&quwmﬁm. (2.14)
a’B;(ZO IR

Using (2.11), (2.12), (2.13) and (2.14) we conclude that

2(n-1)
|de|§Vdvgv = fa |Gl ™2 dog, +o(1). (2.15)
R" R"

Using again the facts that ¢, — 0 in H(A) and ¢, — 0 in D'(R"), we can apply
the inequality

2(n-1) 1)
i, =l 5% = a2 + [l 52 | < Clul2 |7, — ul + Clif ity — ul 2 |u

to see that

2(n-1) 2D 2(n-1)
|G| =2 dog, = |fjvity| 2 dog, — [ul™="dog, +o(1).
IR" &'BS (z0) &'B} (z0)

This implies

2(n-1) o 2n-1)
f |G| 2 dog, < f |7y, |2 dog, + o(1) (2.16)
IR" IB}(z)

_2-)
= [it,| 2 dog, +0o(1),
9B} (20)

where we have used the fact that },(z) = 1 forall z € B;(zo).

If N = N(n) € N is such that ¢'B; (0) is covered by N discs in JR]} of radius
1 with center in 9'B; (0), then we can choose points z; € d'B} (z), i = 1,...,N,
satisfying

N
9B (z0) € I'B3(z0) € | ) I'B} ).
i=1
Hence, using (2.7), (2.15) and (2.16) we see that

jﬂ;n T, 3, dog, +o(1) = fa ,, = dog, <NA+o(1). (2.17)

10



It follows from (2.9), (2.10) and the Sobolev inequality (1.6) that

n=2

n-2
2n-1) -1 n=2 2n-1) -l
G2 dog, | <20 G2 dx
IR IR?

<2 K2 f A, Pdx < 21 iA K2 f dC, 12 dog,
R R! '

n
+

Then using (2.15) and (2.17) we obtain

2 2(n-1)
4G, 2 dug, = f G2 dog, +o(1)
" IR!

R’

AN

1—
n—

n-1
< (21+ﬁK%)n4 ( N |d(ﬂ,|§vdvgv) +0(1)

]

n— Anl)
<2HK (NA +0(1)7> f 4TI dog, +0(1).
R

—2(n-1)

ZZ”TN and assume that A < A;. Then

Now we set A1 =

et 2(n-1)

2 (NA)™ K, <1,

and we conclude that

1}1—1;1010 jl;n |dcvlévd’0g" =0.

Hence, C, — 0 in D}(IR?). Since r < p, we have

fiyil, = u in H (B} (20)). (2.18)

Now let us choose any zy = ((z0)}, ..., (z0)") € R” satisfying (zo)" > % and

|zo] < 3(2R — 1)r. Using this choice of zp and ' = z replacing r, the process
above can be performed with some obvious modifications. In this case, we
have d'B],(z0) = 0 and the boundary integrals vanish. Hence, the equality
(2.15) already implies that i, — u in H! (B} (20)).

If N1 = N1(R,n) € N and N, = N3(R, n) € IN are such that the half-ball B;R(O)
is covered by N half-balls of radius 1 with center in 9'B}(0) plus N balls of
radius 1/6 with center in {z = (z, ...,z") € BJz(0); z" > 1/2}, then the half-ball
B3, (0) is covered by N half-balls of radius r with center in d'B3; (0) plus N>
balls of radius r/6 with center in {z = (z!, ...,z") € B}, (0); z" > r/2}.

2Rr
Hence, i, — u in H! (B3g,(0)), finishing the proof of Claim 1.

11



Using (2.8), (2.10) and Claim 1 with R = 1 we see that

2(n-1) 2(n-1)

A :f |ii,| 2 dog, :f i ity 2 dog, (2.19)
9'B; (0) 9'B;(0)

szf ul "= dx + o(1).
J'Bf(0)

It follows that u # 0, due to (1.6).
Claim 2. We have lim,_,. R, = oo. In particular, Claim 1 can be stated for any
R>1.

Proof of Claim 2. Suppose by contradiction that, up to a subsequence, R, — R’
as v — oo, for some 1 < R’ < co. Then, since @1, — 0 in H'(M), we have i, — 0
in H 1(B;r(O)). This contradicts the fact that

i, > u#0, in H(B}(0),
which is obtained by applying Claim 1 with R = 1. This proves Claim 2.

That u is a (weak) solution of (2.4) follows easily from the fact that {il,} is a
Palais-Smale sequence for I, and ], i, — u in D'(R?).

Now we set ,
n=2

Vo) = (@R, u(Ruy! (1))

for x € Y, (B, (0)) and 0 otherwise. The proof of the following claim is totally
analogous to Step 3 on p.37 of [11] with some obvious modifications.

Claim 3. We have i1, — V,, — 0, as v — oo, in H!(M). Moreover, as v — oo,
dlo(V,) = 0 and dl (4, -V,) =0
strongly in H'(M)’, and
Le(fy) = L(0y = V) = E(u).

We finally observe thatif 7, > 0 is also sufficiently small then |(17,—7,)V,[ — 0
as v — oo, where 17;, is a smooth cutoff function such that 1, = 1 in ¢, (B} (0))
0

and 1, = 0 in M\, (B, (0)). Hence, the statement of Lemma 2.4 holds for any
1o > 0 sufficiently small, finishing the proof. m]

Proof of Theorem 1.3. According to Lemma 2.1, the Palais-Smale sequence {u,}
for I, is uniformly bounded in H'(M). Hence, we can assume that u, — u’ in

H'(M), and u, — u° a.e in M, for some 0 < u° € H'(M). By Lemma 2.2, u° is a

12



solution to the equations (1.3). Moreover, il, = u, — 110 is Palais-Smale for I gand

satisfies
T5() = Ty(u) — I2(%) +o(1).

If 4, — 0 in H'(M), then the theorem is proved. If i, — 0 in H'(M) but not
strongly, then we apply Lemma 2.4 to obtain a new Palais-Smale sequence {11}
satisfying

L(a}) < Io(0,) = B* +0(1) = Ii(,) — I2(%) = B* +0(1),

—2(n-1)
n

2mn—-1)
E(u) > B* for any nontrivial solution u € D!(R") to the equations (1.1). This can
be seen using the Sobolev inequality (1.6).

Now we again have either 2l — 0 in H'(M), in which case the theorem is
proved, or we apply Lemma 2.4 to obtain a new Palais-Smale sequence {/i2}.
The process follows by induction and stops by virtue of Lemma 2.3, once we
obtain a Palais-Smale sequence {i};'} with I,(il}") converging to some f§ < *.

We are now left with the proof of (1.7) and the fact that the U/" obtained by
the process above are of the form (1.5). To that end, we can follow the proof of
Lemma 3.3 in [11], with some simple changes, to obtain the relation (1.7) and to
prove that the U/ are nonnegative. For the reader’s convenience this is outlined
below.

where f* = The term f* appears in the above inequality because

Claim. The functions u° and U’ obtained above are nonnegative. Moreover, the
identity (1.7) holds.

Proof of the Claim. That u° is nonnegative is straightforward. In order to prove
that the U/ are also nonnegative we set 4, = u, — u” and u/, = 1/R).

Given integers N € [1,m] and s € [0, N — 1], we will prove that there exist an
integer p and sequences {iﬁ}veN c dM and {/\ﬁ > O}yen, foreach k =1, ..., p, such
that dg(x, #)/ul) is bounded and lim A¥/ull = 0, and such that

S 2n
f i, - Z T —uN|" dog = o(1) + €(R'), (2.20)
QY R\ UL, B4(R) =
for any R,R’ > 0. Here, Q)(R) = LY (Blgyi” 0)), Q¥R = gbﬁ(B;,AI;(O)) and
€(R") > 0as R’ — oco.

We prove (2.20) by reverse induction on s. It follows from Claim 2 in the
proof of Lemma 2.4 that

N-1 2n

~ / n-2
fN uv—Zui—qu dog = o(1),
Q) (R) A

j=

so that (2.20) holds fors = N — 1.

13



Assuming (2.20) holds for some s € [1, N — 1], let us prove it does for s — 1.

We first consider the case when d,(x5, x)) does not converge to zero as
v — co. In this case, we can assume QN (R) N Q5(R) = 0 for any R > 0. Then
after rescaling we have

f s 7 dog < Cf |LE|#2 dy. (2.21)
QYR U, 8 (R") R \BZ (0)

2n

Since R > 0 is arbitrary and U* € L2 (IR"), the left side of (2.21) converges to
zero as v — oo. Hence, (2.20) still holds replacing s by s — 1.

Let us now consider the case when dg(x}, xN) — 0 as v — o0. According to
Claim 2 in the proof of Lemma 2.4, given R > 0 we have

S 2n
A i g, _
,— Y u| dou,=o0(1).
fuw”z) o L]

=1

Using the induction hypothesis (2.20) we then conclude that

f |2 dog = o(1) + e(R') .
@R\ UL, QRN (R)

First assume that dg(xj, x)')/ul — oo. Rescaling by pl and using coordinates
centered at x, it’s not difficult to see that dg(xj, x)')/ui — co. Hence we can
assume that Q)(R) N Q$(R) = 0 for any R > 0 and we proceed as in the case
when d(x;, xY) does not converge to 0 to conclude that (2.20) holds for s — 1.
If dg (x5, x') /Y does not go to infinity, we can assume that it converges. In

this case one can check that u$/ulY — 0. We set fﬁ” =x} and /\ﬁﬂ = u;, so that
Aﬁﬂ/ pY — 0 as v — co. Observing that

2n 2n
f ~ [uj |2 dvg < f [uj|=2dv, < €e(R'),
QYR UL Q5(R) M\Q;(R)

it follows that (2.20) holds when we replace pby p + 1 and s by s — 1.
This proves (2.20). The above also proves (1.7).
We fix an integer N € [1,m] and s = 0. Let # € dR" be such that ¥ =
N §y), for k =1,...,p. For each k, the sequence {#;},en is bounded so there

exists ¥ € IR such that lim,_, #* = ¥, possibly after taking a subsequence.
Let us set X = U/_, 7" and

) () = ()7 1) Py (') -
It follows from (2.20) that

2n ~
iy — UY, inL?(BR(0\X), asv — oo.

Therefore we can assume that i1, — UYN a.e. in R} as v — oo.
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If we set .
N(y) = ()T ul @ (1 y)),

it’s easy to prove that

o0
)N -0, inLi2(B}(0)), asv — oo.

Hence, i7" — 0 a.e. in R”. as v — co. Setting

oN(y) = @) T ul (1)),

we see that 0 — UN a.e. in R? as v — oo. In particular, U" is nonnegative.
This proves the Claim.

Remark 2.5. For the regularity of the U/ we can use [9, Théoréeme 1]. Although
this theorem is established for compact manifolds we can use the conformal
equivalence between IR’} and B"\{point} and a removable singularities theorem
(see Lemma 2.7 on p.1821 of [1]) to apply it in B".

Thus we are able to use the result in [15] to conclude that the U/ are of the
form (1.5), so we can write U/ = Ue, a;-
This finishes the proof of Theorem 1.3. ]
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