Convergence of scalar-flat metrics on
manifolds with boundary under a
Yamabe-type flow
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Abstract

We study a conformal flow for compact Riemannian manifolds of di-
mension greater than two with boundary. Convergence to a scalar-flat
metric with constant mean curvature on the boundary is established in di-
mensions up to seven, and in any dimensions if the manifold is spin or if it
satisfies a generic condition.
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1 Introduction

Let M" be a closed manifold with dimension #n > 3. In order to solve the
Yamabe problem (see [41]), R. Hamilton introduced the Yamabe flow, which
evolves Riemannian metrics on M according to the equation

J —
5:8) = ~(Rgy — Rg)g(®),
where R, denotes the scalar curvature of the metric ¢ and Eg stands for the

-1
average ( f dvg) f Rqdve. Here, dvg is the volume form of (M, g). Although
M M

the Yamabe problem was solved using a different approach in [8, 31, 39], the
Yamabe flow is a natural geometric deformation to metrics of constant scalar
curvature. The convergence of the Yamabe flow on closed manifolds was
studied in [18, 35, 42]. This question was completed solved in [11, 12], where
the author makes use of the positive mass theorem.

In this work, we study the convergence of a similar flow on compact n-
dimensional manifolds with boundary, when n > 3. For those manifolds, J.
Escobar raised the question of existence of conformal scalar-flat metrics on M
which have the boundary as a constant mean curvature hypersurface. This
problem was studied in [2, 21, 23, 27, 28, 4, 16]. (The question of existence of
conformal metrics with constant scalar curvature and minimal boundary was
studied in [13, 20]; see also [7, 26].)

Let (M", go) be a compact Riemannian manifold with boundary JM and
dimension n > 3. We consider the following conformal invariant defined in
[21]:

OO OM) = inf fM Rqdvg + 2faM Hgdog

g€lgol (fa ),, 1
M

oy (&R 1dup, + Ryyu?) dog, + faM 2Hg,u’dog,

inf
{ ueCl(M),u0 on oM} 2(n-1)
(J:?Mlul "2 dogo)
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where H; and do, denote respectively the trace of the 2nd fundamental form
and the volume form of dM, with respect to the metric g, and [go] stands for
the conformal class of the metric gp. Although we always have Q(M, dM) <
Q(B", dB), where B" is the closed unit ball in R”, we may have Q(M, IM) = —
(see [22]).

Conformal scalar-flat metrics in compact manifolds with boundary can be
easily obtained under the hypothesis that Q(M, dM) > —oco (which is the case
when the scalar curvature is non-negative). To that end, we can use, as the
conformal factor, the first eigenfunction of a linear eigenvalue problem (see [21,
Proposition 1.4]).



We are interested in a formulation of a Yamabe-type flow for compact scalar-
flat manifolds with boundary proposed by S. Brendle in [10]. This flow evolves
a conformal family of metrics g(t), t > 0, according to the equations

1.1)

Rg(t) =0 ’ in M,
2.8(t) = =2(Hg — Hgn)g(t), onoM,

-1
where, H, stands for the average ( f dog) f Hgdo,. (We refer the reader
M oM

to Section 2 for the formulation in terms of the conformal factor.)
Brendle proved short-time existence of a unique solution to (1.1) for a given
initial metric and the following long-time result:

Theorem 1.1 ([10]). Suppose that:

(i) Q(M,dM) <0, or

(i)) Q(M, M) > 0, M is locally conformally flat with umbilic boundary, and the
boundary of the universal cover of M is connected.

Then, for every initial scalar-flat metric g(0) on M, the flow (1.1) exists for all
time t > 0 and converges to a scalar-flat metric with constant mean curvature on the
boundary.

Inspired by the ideas in [11, 12], we handle the remaining cases of this
problem. Define

Z ={xg € dM; limsupdy,(x, xo)z‘dIWg0 ()| = limsup dg, (x, xo)l_dlngo(x)l =0},

X—Xo X—Xo

where W, denotes the Weyl tensor of M, 7, the trace-free second fundamental

form of dM, and d = [%] Our first result is the following:

Theorem 1.2. Suppose that (M", go) is not conformally diffeomorphic to the unit ball
B" and satisfies Q(M, dM) > 0. If

(@) Z=0, or

(b)n<7, or

(c) M is spin,
then, for any initial scalar-flat metric g(0), the flow (1.1) exists for all time t > 0 and
converges to a scalar-flat metric with constant mean curvature on the boundary.

Since Euclidean domains are spin, the following is an immediate conse-
quence of Theorems 1.1 and 1.2:

Corollary 1.3. If M C R" is a compact domain with smooth boundary, then the flow
(1.1), starting with any scalar-flat metric, exists for all time t > 0 and converges to a
scalar-flat metric with constant mean curvature on the boundary.

Condition (a) in Theorem 1.2 is particularly satisfied if the trace-free second
fundamental form of JM is nonzero everywhere. In dimensions n > 4, the set
of metrics which satisfy this latter condition is an open and dense subset of the



space of all Riemannian metrics on M. This hypothesis was used in [3] to prove
compactness of the set of solutions to the Yamabe problem on manifolds with
boundary.

Conditions (b) and (c) allow us to make use of a positive mass theorem for
manifolds with a non-compact boundary, very recently proved in [6].

Before stating our main result, from which Theorem 1.2 follows, we will
discuss this positive mass theorem and the concept of mass for those manifolds.

Let (N, g) be a Riemannian manifold with non-compact boundary JN.

Definition 1.4. We say that N is asymptotically flat with order p > 0, if there is

a compact set K € N and a diffeomorphism f : N\K — R} \B;(0) such that, in
the coordinate chart defined by f (called asymptotic coordinates of M), we have

|8a6(y) = Sapl + Wllgab,c ()| + 1yPIgan,ca(y)l = Oyl F), as |yl > oo,

wherea,b,c,d =1, ...,n.

Here, R} = {(y1,..,yx) € R"; y, > 0} and B (0) = {y € R} ; [y| < 1}.

Suppose that N”, with dimension n > 3, is asymptotically flat with order
p > 2. Let (y1, ..., y) be the asymptotic coordinates induced by the diffeo-
morphism f as above. We also assume that R, is integrable on N, and H;, is

integrable on dN. Then the limit

m(g) = (12)

n n-1
. Ya Yi
lim { ) f (Sabp — §bba) = do + ) f i do
Re0 {a,b:l YeRY, [yl=R Sk = o0 Iyl ! ; ye&R3,|y|=Rg vl .

i=1

exists, and we call it the mass of (M, g) . Moreover, m(g) is a geometric invariant
in the sense that it does not depend on the asymptotic coordinates. (This
definition of mass was presented to me by F. Marques.)

Conjecture 1.5 (Positive mass). If Ro, Hg > 0, then we have m(g) > 0 and the
equality holds if and only if N is isometric to IR’;.

In [6], this conjecture is reduced to the case of manifolds without boundary,
known in the spin case for any dimensions ([40]) and for n < 7 in general
([32, 33]), so we have the following result:

Theorem 1.6 ([6]). Conjecture 1.5 holds true if n <7 or if N is spin.

Remark 1.7. Special cases of this conjecture were previously obtained by S.
Raulot in [30] and by J. Escobar in the appendix of [20].

The asymptotically flat manifolds used in this paper are obtained as the
generalized stereographic projections of the compact Riemannian manifold
with boundary (M, go). Those stereographic projections are performed around
points xo € JM by means of the Green functions G,,, with singularity at x,
obtained in Appendix B. After choosing a new background metric g., € [go]



with better coordinates expansion around x (see Section 3.2), we consider the

asymptotically flat manifold (M\{xo}, gx,), Wwhere 3y, = G;;Tz Qx, Satisfies R, =0

and Hg, = 0. If xp € Z, according to Proposition 3.102, this manifold has
asymptotic order p > %52, so Conjecture 1.5 claims that m(3,,) > 0 unless M is
conformally equivalent to the unit ball.

Our main result, which implies Theorem 1.2, is the following:

Theorem 1.8. Suppose that (M", go) is not conformally diffeomorphic to the unit ball
B" and satisfies Q(M, dM) > 0.

If m(3y,) > O for all xo € Z, then, for any initial scalar-flat metric g(0), the flow
(1.1) exists for all time t > 0 and converges to a scalar-flat metric with constant mean
curvature on the boundary.

The proof of Theorem 1.8 follows the arguments in [11]. An essential step is
the construction of a family of test functions on M, whose energies are uniformly
bounded by the Sobolev quotient Q(B", dB). This construction is inspired by the
test functions introduced by S. Brendle in [12] for the case of closed manifolds.
The functions we use here were obtained in [16] in the case of umbilic boundary,
where S. Chen addresses the existence of solutions to the Yamabe problem for
manifolds with boundary, using an approach similar to the one in [13]. In the
present work, we extend those functions to the case when the boundary does
not need to be umbilic.

Another crucial result used in the proof of our main theorem is the result in
[5], which is a modification of a compactness theorem due to M. Struwe in [38];
see also Chapter 3 of [19] and [14, 15, 29].

This paper is organized as follows. In Section 2, we establish some prelimi-
naries and prove the long-time existence of the flow. In Section 3, we construct
the necessary test functions by modifying the arguments in [16]. In Section 4,
we make use of the compactness theorem in [5] to carry out a blow-up anal-
ysis using the test functions. In Section 5, firstly we use the blow-up analysis
to prove a result which is analogous to Proposition 3.3 of [11]. Then we use
this result to prove the main theorem by estimating the solution to the flow
uniformly in ¢ > 0. In Appendix A, we establish some elliptic estimates. In
Appendix B, we construct the Green function used in this work and prove some
of its properties.

2 Preliminary results and long-time existence

Notation. In therest of this paper, M" will denote a compact manifold of dimen-
sion n > 3 with boundary JdM, and gy will denote a background Riemannian
metric on M. We will denote by B,(x) (resp. D,(x)) the metric ball in M (resp.
JdM) of radius r with center x € M (resp. x € IM).

For any Riemannian metric ¢ on M, n, will denote the inward unit normal
vector to M respect to ¢ and A, the Laplace-Beltrami operator,.



Ifzo e R%, weset Bf (z0) ={z€ R%}; |z — 2| <1},
d*Bf(z0) =B (z0) NIR:, and 'B;}(zy) = B; (z0) N IR .
Finally, for any z = (z1, ..., Zy-1, 2y) We set Z = (21, ..., Zy-1,0) € IR? = R"1.

Convention. We assume that (M, o) satisfies Q(M, M) > 0. According to [21,
Proposition 1.4], we can also assume that Ry, = 0 and Hg, > 0, after a conformal
change of the metric. Multiplying g by a positive constant, we can suppose
that faM dog, = 1.

The Sobolev spaces H?(M) and LF(M) are defined with respect to the metric
go, and HP(dM) and L?(dM) with respect to the induced metric on JM.

We will adopt the summation convention whenever confusion is not possi-
ble, and use indices a,b,c,d = 1,...,n,and i, j,k, I =1,..,n—1.

If ¢ = u2 g for some positive smooth function u on M, we know that

w2 [ 4(n—1
Re=u (-2 =D) iR,  inM,
n—2 2.1)
[ 2n—=1) J ‘
Hy = u~w2 (— (n )—u+Hg0u), ondM,
n—2 dng
and the operators L, = 4(:__21) Agu — Rg and By = 2(:__21) %u — Hy satisty
- _nx2
Luﬁgo W™'0) = w1 Lg C, (2.2)
B4, (70) = w7 By C, (2.3)

for any smooth function C.
If u(t) = u(-,t) is a 1-parameter family of positive smooth functions on M

and g(t) = u(t)ﬁ 8o with Rg) = 0, then (1.1) can be written as

Ag[)u(t) =0 , in M/

P) -2 — (2.4)
u(t) = —”T(Hg(t) — Hyp)u(t), ondM.

The second equation of (2.4) can also be written as

n-—2 _2
u(t) — THgUu(t)1 2

n=2 o [ (2D _2
2 " o\ =2 g

d _2 d
30 = (= Du(t)™= e

u(t) — Ho,u(t) |u(t)dog, .

0

Recall that short-time existence of solutions to the equations (2.4) was obtained
in [10]. Hence, those equations have a solution u(t) defined for all ¢ in the
maximal interval [0, T ax).



According to [10, Lemma 3.8], the function Hg() on dM can be extended to
a smooth function on M, also denoted by H,, satisfying

Agg(»Hg(t) =0, inM,
— 25
3¢ s = (1= 1)%%@) + Hg((Hy) = Hgp) , on oM. 29

Hence, the evolution equations for the volume form dogy of M and for

Hgy are given by

d —
273950 = —(n = D(Hg) — Hew)doge (2:6)
and p
T Hge = —(n=2) f (Hy( = HyyYdog - 2.7)
oM

In particular, we can assume that
f dogyy =1, forallt € [0, Tya), (2.8)
oM

and we see that ITIg(f) is decreasing.
The next proposition is a direct application of the maximum principle to the
equations (2.5).

Proposition 2.1. We have

gz\l/ng(t) > min{iallgHg(o), 0}, forall t € [0, Thax)-

Set
0 =1 —-min{0,inf Hg)} = max{sup(1l — Hg()), 1}.
oM M

By Proposition 2.1, we have Hy) + 0 > 1 for all t € [0, Tyn).
In order to prove that T, = oo, we will prove uniform estimates for u(t) on
[0, T), if T is finite.

Proposition 2.2. Let 0 < T < Tpyy. If T < o0, then there exist C(T), c(T) > 0 such
that
supu(t) < C(T) and i}r\}lf u(t) > c(T), forall te[0,T). (2.9)
M

Proof. 1t follows from the evolution equations (2.4) and (2.7), and from the
inequality Hg) + 0 > 1 that

d n—2 — n—2 —
3 log u(t) = —T(Hg(t) —Hgyp) < T(Hg(o) +0), ondM.

Since T < oo, there exists C(T) > 0 such that sup,,, u(t) < C(T) for all t € [0, T),
and the first estimate of (2.9) follows from the maximum principle.



In order to prove the second one, first we will prove that there exists ¢(T) > 0
such that
IIu(t)IIL%(M) >c(T), forallte[0,T). (2.10)

Suppose by contradiction this is not true. Then there exists a sequence
()2, € [0,T) such that u; = u(t)) — 0in L= (M) as j — co. Using (2.1), (2.7),
and the boundary area normalization (2.8), we see that

f 2n = |d (t)l ,dvg, + f u(t)zdago = Flg(t) < Flg(o) , forallt >0. (2.11)
M

Hence, there exists up € H'(M) such that, up to a subsequence, uj = up in
H'(M). By the Sobolev embedding theorems, we can also assume that u; — 11
in LZ(M) and, at the same time, u; — up in L*(0M). Since we are assuming

i = 0in LuZT"Z(M) we see that g = 0 a.e., and thus u; — 0 in L?(M). Since

2(n-1)

sup om 4j < C(T), it follows from interpolation that u; — 0 in L™= (dM). This
contradicts the boundary area normalization and proves the estimate (2.10).

We set P = Hg, + GC(T)% and observe that, for all ¢t € [0, T),

_2(n—1) du(t)
n—2 dng

2(n —1) du(t)
n-2 9’Igo
= (Hyp + 0)u(t)= > 0.

+ Pu(t) > — Hgu(t) + ou(t) =

Then it follows from Proposition A-4 that there exists ¢(T) > 0 such that

n=2

n=2 n+2 o 2n
infu(t))* (supu(t)) ™ > c(T) (f u(t)y—2do )
( M ) ( Mp ) M 80
for all £ € [0, T). Then the second estimate of (2.9) easily follows using the fact
that sup,, u(t) < C(T). O

Now we proceed as in [10, p.642] to conclude that, if T is finite, all higher
order derivatives of u are uniformly bounded on [0, T). This implies that u(t) is
defined for all ¢ > 0.

Notation. We define .
H, = [li_{gHg(t) (2.12)

and observe that H,, > %Q(M, oM) >0

Next we establish some auxiliary results to be used in the rest of the paper.



Lemma 2.3. Forany p > 2 we have

d _
pr f (Hgpy + o) dogy =
4n- 1)( 2) 2
p f’d (t)+0) 2 o0

—(n-p) fa . (Hyq +0)" ™" = (Hgq + o)™} (Hy(y — Hygo)dorgey

dvg(t)

-(p-1 f& . {(Hy + 002 = (Hyqp + 02} (Hyy - Hyo)dorggy -

Proof. Thislemmaisa directcomputation using the equations (2.5)and (2.6). O

Lemma 2.4. For any p > n — 1 there exists C > 0 such that

d _ _
T f IHg) = HowlPdoge <C f Hg) = Hgwl'dogq) (213)
oM oM

p+2-n

_ p+l-n
+C { f [Hgr — Hgnl! dUg(t)}
oM

Proof. From the evolution equations (2.5), (2.6), and (2.7), we obtain

d _
¥ fa " |Hg(t) — HgnylPdog)

= 2 — aHg(t)
=p(n=1) | Hge) — Heo) ™" (Hgwy — Hg) 5 ——dog
oM g(r)

forall t.

+p f gt — HyolP Hydo g
oM
—(n-1) f Ho) — Hyoyl (Hgo — Hgo)dogn
oM
+p(n—2) f& |Hy) = Hyo /P~ (Hg(t = Hy)do g fa (Hgy — Hy)) dogs -
M M

Using the identity

p [ irpnssto X2 [ Jagtfaoc = [ 1725,



we can write

d _
= fa " IHg(y — HopPdog

p-1n-2) 4(n-1) = P2
=TT, { fM |y — Hyol*[ dogey

+ fa " 2H |H gy = HylPdoge)

2(p-1)(n-2) o o =
+|————+p+1-n |Hgty — HonylP (Hg(ry — Hg(r))dogr)
p oM
2 -1D(n -2 — —
+ (w + P) f HglHg) — HglPdogn
p oM

+p(n-2) fa " Hg(t = HolP*(Hg( = Hg)dogq) fa M(Hg(t) — Hy)*doge -

Since p > n —1 and ITIg(t) is nonincreasing, using Holder’s inequality and
f&M dogs =1, we obtain

d _
7 fa " \Hg@) — HewlPdogq)

(0 -1 -2) PR
s—p—Q(M,<9M) fa |He( — Hyl ™= dogg
M

(2.14)

2(p-1)(n -2 H
+ (w +p+1- ”) f |Hy = Hgol"*'dogq
p oM
2 -1)(n-2 5 =)
+ (M + P) f Hgo[Hge) = HgnPdogen
p oM

p+l

_ 5
+p(n—2) { f \Hg@) — Hewl? dﬁg(t)} '
oM

Applying the Young’s inequality AB < aA® +(1—a)ATs to the interpolation
. . 1 1+(1- . - .
inequality ||f II’;+l om S Ilf ||z’; o M)” f”L:((aM[;)p witha = anl < 1, we obtain

n-2
— — p(n-1) n-1
j; . IHg(ty — Hop "' dogy <06 { j; " |Hg(y = Hg| ™= dﬁg(t)}

+2-11

+1-n

P
a e p
+07Ta { |Hg(y — Hgerl dog(t)}
oM

for any 0 < 0 < 1. Choosing 6 small, we substitute this last inequality in (2.14)
and apply again Young’s inequality to obtain the estimate (2.13). m]

10



Proposition 2.5. Fixn -1 <p < n. Then

limf |Hg(t) - ITIg(t)Wng(t) =0.
oM

t—oo

Proof. Since p > n —1 > 2, it follows from Lemma 2.3 that

% fa | (Hao +o Y ldoge
<=(n-p) fa " {(Hga + 0V~ = (Hgey + o)™} (Hyy = Hygao) dogy -
One can also check that
{(Hy + oy~ = (Fyw + 0F ™} (Hyw — Hye) = clHgq — HyooV -

Hence, for p < n we have

d . —
5 f (Hgy + 0)' dogy < —c f \Hg@) — HowlPdog) -
oM oM

Integrating, we obtain

f f |Hg(t) - ﬁg(tﬂpddg(t) dt<c! f (I‘Ig0 + G)p_ldo‘go ,
0 oM oM

which implies

lim inff |Hg(t) - ﬁg(tﬂpdﬁg(t) =0.
oM

t—o0

On the other hand, since p > n — 1, we can apply Lemma 2.4 to conclude the
proof. ]

Corollary 2.6. Forany 1 < p < n we have

t—o0

lim f |Hg(y — HoolPdo gy = 0.
oM

3 The test function

In this section, we construct a test function to be used in our subsequent blow-
up analysis. Since our construction follows the same steps of [16], we only
point out the necessary modifications.

11



3.1 The auxiliary function ¢ and some algebraic preliminaries

First we fix some notations. If € > 0, we define

€ = n
ue(y) = (m) for y S R+ . (31)

It is well known that the U, satisfy

AU. =0, inR",
o (3.2)
Iple + (n—2)U? =0, ondR%,
and 1
2(n—-1) =
4(n — 1)(](; Ue(y) dy) = Q(B",dB). (3.3)
IR}

In this section, H will denote a symmetric trace-free 2-tensor on R} with
components Hy, a,b =1, ..., n, satisfying

H,,(0) =0, fora,b=1,..,n,
H,(x) =0, forlxeR?,a=1,..,n, (3.4)
8k7{i,-(0) = 0, for i,j,k: 1,...,71—1, ’
Z]'L_ll xjHij(x) =0, forxedRY}, i=1,.,n-1.
We will also assume that those components are of the form
d
Hap(x) = Y hapax®  forx € R, (3.5)

lal=1
where d = [”T_z] and each «a stands for a multi-index. Obviously, the constants
hape € R satisty hg, o = 0 for any a, and hy, = 0 for any a # (0, ..., 0, 1) with
lal =1, wherea,b=1,...,n.
Let 1: R — R be a non-negative smooth function such that 7ljp4/3; = 1 and
Nlis/3,00) = 0. If p > 0, we define

np(x) =17 (%l) forx e R} . (3.6)

Notice that d,1, = 0 on JRRY.
Let V = V(e, p, H) be the smooth vector field on R’} obtained in [16, Propo-
sition 12], which satisfies

2n
-2

L 00 {UZ (0 Hus = 01V = Vi + H(divV)ow)| =0, inRL,
2,Vi=V,=0, ondJRY,

(3.7)

12



fora=1,..,n,andi=1,..,n—1,and

n-1 d

PV < Cln 1B Y Y hial(e + )11 (38)

i,j=1lal=1
for any multi-index . Here,

5, = 1, ifa="b,
=0, ifasb.

We define symmetric trace-free 2-tensors S and T on R’} by
Sap = a,sz + aqu - %(diVV)(Sgb and T=H-8S.

Observe that Ty, = Si; = 0on dR” fori=1,...,n — 1. It follows from (3.7) that T
satisfies

2
U9y Top + n—_”zabungb =0, inB}(0), fora=1,.,n.

(Recall that we are adopting the summation convention.) In particular,

n—2 .
mue&u&h’rab +0,(pUcTy) =0, in B;(O) ’ (3.9)

where we have used the identity U.d,dpUe — -%50,Ucd, U = —anzlduelzéﬂh in
R? foralla,b=1,..,n.
Next we define the auxiliary function ¢ = ¢, # by

¢ = UV, + %Uedivv. (3.10)
By [16, Propositions 1 and 5] and equation (3.9), we have

4(n-1)

Onp — U109, Ucch = —ﬁanuesnn, onJdRY .

Aﬂb = n__zueahgaq’{ab + ah(aa ueq-{ub)/ in B; (0) ’
n-2
Observe that if n = 3 then d = 0, in which case H = 0 and ¢ = 0.
Convention. In the rest of Section 3.1 we will assume that n > 4.
We define algebraic Schouten tensor and algebraic Weyl tensor by
1
Aac = 8C8€7_{ﬂ€ + auaeq-{ce - 86867—{llc - mae&fﬂeféac
and
Zubcd = abad?—[ac - abac(]_{ud + aa&c?_(db - aaad(]’{bc
1
+ 7 (AacOrd — AadObc + Apadac = ApcOuar) -

13



We also set

2 2
Qab,c = ue&cTab - m&aueTbc - mabueTac

2 2
+ —8,1U€Tﬂd6bc + 8du€de6aC .
n-2 2

n —
Lemma 3.1. If the tensor H satisfies

Zavea = 0, in ]Ri ’
8,17{17 = 0, on ale ’

then H = 0in RY.

Proof. Observe that the hypothesis d,H;; = 0 on JR!; implies that /;;, = 0 for
a=(0,...,0,1). In this case, the expression (3.5) can be written as

d
Hp(x) = Z P o X% .

laf=2
Now the result is just Proposition 2.3 of [13]. m]

Proposition 3.2. Set U, = B,4(0,...,0, ) C R". Then there exists C = C(n) > 0
such that

n-1 d
Z Z Ihij,a|27’2|a|74+n < Cf ZapedZabed + C771 f 8,17‘{1‘]‘8”7‘{1‘]‘,
i,j=1Jal=1 Uy I'B5, (O\@'BY, (0)
3
forallr > 0.

Proof. If r = 1, observe that the square roots of both sides of the inequality are
norms in H, due to Lemma 3.1. The general case follows by scaling. O

Lemma 3.3. There exists C = C(n) > 0 such that

-1 d
C n
o -2 2 2lal+2—
el2yo—2n f ZapedLoaved < 2 Qup,eQupc + O€" Z Z |him| at2-n

i,j=1jal=1
forall0 <@ <landallr>e.

Proof. This follows from the third formula in the proof of Proposition 7 in [13],
by means of Young's inequality. Observe that, in our calculations, we are using

therange 1 < |a| < d in the summation formulas, instead of therange 2 < |a| < d
used in [13]. O
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Lemma 3.4. There exists C = C(n) > 0 such that

€71—2’,572n f &n%j&n%j
3'3% (0)\9’3% 0)

n-1 d
< g2 Z Z |hij/a|2r2\a|+2—n

ij=1|al=1
2 C
+C (_8nu€)u€(snn) + 5 Qij,an’j,n
B, (0)\0'B (0) B}, (0)\B} (0)
forall0 <O <landallr > €.
Proof. Let x : R — R be a non-negative smooth function such that x(f) = 1
for t € [4/3,5/3] and x(t) = O for ¢ ¢ [1,2]. Forr > 0 and x € IR} we define
Xr(x) = x(|x|/r). It follows from d,,S;; = m&n UeLIngnnéij, on JR”, (see the
proof of Proposition 5 in [16]) that, on JR’;, we have
n—1)n-2)> _
ueanue(snn)z = (‘J):%ug(anue) 1ansij&n5ij
n—1)(n—-2)? _
= OO 30,0 @ty — T )0 Hy 0T

Using the fact that 14> < (2 — b)? + 1? for any 4,b € R, we obtain
—1)(n - 2)
f Ue(_anue)(snn)ZXr + W f u:(_an ue)_lanTijanTinr
IR 4n IR
—1)(n-2)
> WD [ w-a,u a0t
8n? IR
> Clem 22 f I HiidnHij,  (3.11)
B~ (O\&'B%, (0)
3 3
where C = C(n) > 0. Since U0, T;; = Q;j» on JRY, integration by parts gives
f ug(_anue)ilgnTij&nTinr = f ue(_an us)ilQij,nQij,an (312)
IR! IR"
= L” an{ue(anue)_lQij,nQij,an}
= f QijnQijnXr — f us(anue)_z(anan ue)Qij,nQij,an
R" R"

+f 2Ue(9nUe)_lanQij,nQij,an+f Ue(@nUe) ™ QijnQijnn X -
R" R"

15



Estimating the terms on the right-hand side of (3.12) and using Hoélder’s and
Young's inequalities, we obtain

f U2 (—0uUe) ™ 0, Tj0n Tijx (3.13)
IR
n-1 d % %
<CLe Y Y IhalrPet f QijnQin
i,j=1lal=1 B3 (0)\B; (0)

@

n-1 d
< 6671—2 Z Z |hij,a|2r2\a|+2—n + 5 f Qij,nQij,Vl .
B3 (0)\B;(0)

i,j=1 jal=1
Now the result follows from the estimates (3.11) and (3.13). O
Proposition 3.5. There exists A = A(n) > 0 such that

n-1 d
22 Y Y hiof [

(6 + |x|)2|a|+2—2ndx
i,j=1 laj=1 B3 (0)

1 n2
3 A = =) OuUcUe(Sy)d
<7 5 0) Quab,cQab,cdx 2(n—1)(n-2) LB;(O) nUeUe(Spn)dx

forall p > 2e.

Proof. It follows from Proposition 3.2, Lemma 3.3, and Lemma 3.4 that

n-1 d
n-2 2 2|al+2—n
€ z z i o2

i,j=1lal=1
< Cf (_anue)ue(snn)z + Cf Qab,cQuh,c
9B} 0\ B} (0) B (0)\B; (0)
for all » > €. Now the assertion follows. O

3.2 Defining the test function 7 ) and estimating its Sobolev
quotient

Definition 3.6. Fix xo € JM and geodesic normal coordinates for JM centered
at xo. Let (x1, ..., x,_1) be the coordinates of x € dM and v(x) be the inward unit
vector normal to M at x. For small x,, > 0, the point exp (x,v(x)) € M is said to
have Fermi coordinates (xy, ..., X,) (centered at xg).

For small p > 0, the Fermi coordinates centered at xy define a smooth
map Yy, : Bj(0) ¢ R — M. We will sometimes omit the symbols ¢, in
order to simplify our notations, identifying ¢y (x) € M with x € Bj(0). In
those coordinates, we have the properties g,,(0) = 0z and g,(x) = 6., for any

16



X € B;(O) anda,b=1,..,n. If wewrite ¢ = exp(h), where exp denotes the matrix
exponential, then the symmetric 2-tensor / satisfies the following properties:

hp(0) =0, fora,b=1,..,n,
han(x) =0, forx € B;(O), a=1,..,n,
3}(]’11']'(0) =O, for i,j,k= 1,...,7’[—1,

Y05 xjhifx) =0, forx€d'B;(0),i=1,..,n—1.

The last two properties follow from the fact that Fermi coordinates are normal
on the boundary.

According to [27, Proposition 3.1], for each xy € JM we can find a conformal
metric gy, = x? 8o, with fi,(x0) = 1, and Fermi coordinates centered at x; such
that det(gy,)(x) = 1+ O(|x[***?). In particular, if we write ¢y, = exp(hy,), we have
tr(hy, )(x) = O(x|*™*?). Moreover, H ., the trace of the second fundamental form
of dM, satisfies

Hy, () = ~3879,g5(1) = 3 2,(log det(g () = ORP*). @14

Since M is compact, we can fix a small p such that 1/2 < f;, < 3/2 for any
Xg € JOM.

Notation. In order to simplify our notations, in the coordinates above, we will
write g, and g”b instead of (gx,)s» and (gxo)”b respectively, and h,, instead of
(hxo )yb-

In this section, we denote by

H(@) = Y hayax”

1<|al<d

the Taylor expansion of order d = [”7_2] associated with the function hgp(x).
Thus, hap(x) = Hop(x) + O(|x[9*1). Observe that H is a symmetric trace-free 2-
tensor on R}, which satisfies the properties (3.4) and has the form (3.5). Then
we can use the function ¢ = ¢ , 4/ (see formula (3.10)) and the results obtained
in Section 3.1.

Let us assume Q(M, dM) > 0. Recall the definitions of U in (3.1), 17, in (3.6),

and H,, in (2.12). Define

Uy (x) = (2‘%_ 1)) @ @)U 0) + o () (.15

ifx e 1px[)(B;p(0)), and

Uy ,e)(x) = Gy, (x), otherwise.

17



Here, G, is the Green’s function of the conformal Laplacian Ly, = Ag, —

ﬁl{% , with pole at xo € dM, satisfying the boundary condition

J n-2

G, ——~ H = Ad
ar]gx() Xo 2(71—1) gxoGXU 0 (3 6)

and the normalization limy, o |[yI" Gy, (x,(y)) = 1. This function, obtained in
Proposition B-2, satisfies

n-1 d

Geo(Wao () = Y1 < C Y Y Mijallyl®™ + Clyl*=™, (3.17)

i,j=1 ja|=1

n-1 d
<CYL Y Vijallyl* Tl (3.18)

i,j=1 ja|=1

i _14y]2—n
5= Gt = ™)

forallb=1,..,n.
By the estimate (3.8), ¢ satisfies |p(y)| < Ce'?" ):1"]_:11 Zﬁylzl ijal(e + y])*H+2m,
forall y € IR}, and

n—-1

d
2up(y) +nUZ ()| < Cet Y Y Mhalle + Iy,

i,j=1 al=1
for all y € JRY.

We define the test function

oe) = froUtoe) - (3.19)
Our main result in this section is the following estimate for the energy of
Uz ):

Proposition 3.7. Under the hypothesis of Theorem 1.8, there exists €g > 0, depending
only on (M, go), such that

4(n-1) 1~ 2 72
M n-2 |du(xo,€)|godvé’0 + Jz;M ZHg“u(xole)do-gD

_ 2(n721> f;%f
(LM u(xo,e) dggﬂ)

4(n-1)| 377 = =
fM { :_2 Idu(XO’e)lz’fo + Rg’fo u(2 }dvgxo + LM Zngo u2 dagxo

X0,€) (x0,€)

_ 2(n—1)

n=2
n=1
(faM Ui d‘jgxo)

< Q(B",dB)
forall xg € IM and e € (0, ).

Convention. In therest of Section 3, we will use the normalization Hy, = 2(n-1),
without loss of generality.

18



Let A be the constant obtained in Proposition 3.5.

Proposition 3.8. There exist C = C(n, go) and po = po(n, go) such that

4(n-1
[ AR o, s v v orface [ 2t W oran
0 IB(0)

n

—Z(P 8

(n—1)

2
<4(n-1) lﬂ*{u§+ﬂk¢+ uﬁ&ﬂ%dx
9'B}(0) n

4n—1 .
+j\ {“l;m@m+mﬁw—&mm}iwp
o) L 1~ ||

A n-1 d
3 X Y bt [

i,j=1 jal=1 B; (0

n-1 d
+C Z Z |hij,a| &2 pla\+2—n + Ce2 p2d+4—n

i,j=1|al=1

(6 + |x|)2|a|+2—2ndx
)

forall 0 < 2e < p < po.

Proof. 1t follows from [12, Proposition 11] that the scalar curvature satisfies

n-1 d
Ry, = 0u05Hial < C ), ), Wijallxl*™" + Cla™ (320)
i,j=1lal=1
and
1 1
RgJCU - auabhab + 8b(7-{ub&c7—lac) - E&bﬂubacwﬂc + Z8c7-(ub8c7_{ub| (321)
n-1 d n-1 d
<CY Y ialPRP 4 C YN Uil + Cle.
i,j=1al=1 i,j=1lal=1

We point out that, although these estimates are a little weaker than those in [16,
Proposition 3], they are enough to prove our result.
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Following the steps in [16, Proposition 7] we obtain

f {4(n D s + PR, + Ry, (UL, +¢)z} e+ f 2H, (U, + ¢)dx
o L 1 75O

4n—-1) {
n=2 Jygo)

n+2 1
ua Ue(Syn)?dx — — d
2(1’1 _ 2) 550 eOn e( nn) X 1 510) Qub,cQab,c X

4 —
f { (11 )UGQH Ue + Ugahhub - 8;, Ughuh}
J*B;(0)

U€8n U, + 28HU€¢ + nnTzue_lan ue¢2} dx

_F

— dap

-1 d
Z Z z]alz n— Zf (€+ |x|)2|a|+2—2ndx

(0)
n-1 d

CZ Z |hz] a|€ |a|+2 ny Cen—2p2d+4—n )
ij [=1

Now the assertion follows from Proposition 3.5 and the second equation of
(3.2). O

N|>

As in [16] (see also [12, 13]), we define the flux integral

4n-1)

T(xo,p) = ——

[ P26, oG, @22
9*B3(0)

- f P2 (3P yhas — 2nxphap) = dUp,
9*B(0)

for p > 0 sufficiently small.

Proposition 3.9. There exists py = po(n, go) such that

4(n — 1) 5 5 )
j]\:[ { n-— |du(x° e)l + Rg"o u(xo €) dvgm " oM 2ng u(Xo E)dagxo

n=2

_ 2(n— 1) n=1
< Q(Bnr 8B) {\LM (,; €) dagxo} - en_ZI(XOI P)

-1
Z Z |h1]a|2 n 2f (€+ |x|)2|a|+2—2ndx

B;(0)

u=|>

n-1 d
-2 2— -2 2d+4— 1- -1
ZZ'hif,ale" pIHET 4 CeM2pHH 4 Cple

lal=1

forall 0 < 2e < p < po.
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Proof. Once we have proved Proposition 3.8, our proof is analogous to the one
in [16, Proposition 9]. A necessary step is the estimate

=172 no2 n-2 5w
4n-1) 550 u; (Ue +2Uc0 + o Z(P - 8(n - )2 Uesm) dx (3.23)
2An-1) =
< Q(B",0B) (f (Ue + @) = dx) + Z Z |hij,a|Pla|+1_n€n_l
I'B30) i,j=1 lal=1
n-1 d
L 12an-1 2|al+2-2n
+C Z Z |I’l1],a| € p LB;(O)(E + |x|) dx

i,j=1|al=1

forall 0 < 2¢ < p < pg and py sufficiently small. This inequality is slightly
different from the one in [16, Proposition 8], since the Taylor expansion (3.5) for
H,p includes terms of order |a| = 1. However, the estimate (3.23) is enough to
prove our assertion. Also observe that we are assuming a different boundary
condition for the Green’s function G,, (see (3.16)) which differ from the one
in [16] by the term 2(’:1—‘_21)H ¢, Gxo- However, this term is easily estimated using
(3.14) and (3.17). |

Corollary 3.10. There exist py, 6, Co > 0, depending only on (M, go), such that

dn-1) - 2 2 72
fM { — Ialtl(xo,e)lgx0 + Rgxo U(XO,G) dvgx0 + » 2ng0 U(x()/s)dagm

_ 2n-1) n-1
SQ(B",BB){ fa u(,:o;)dogxo} — €' I(x, p)
M

S [ Wy e + )"
B3(0)

~0e? [ g (e + )
IB5(0)

-2
" Coen—2p2d+4—n +Co (E)n 1
p/ log(p/e)

forall 0 < 2e < p < po. Here, we denote by Wy, the Weyl tensor of (M, go) and by g,
the trace-free 2nd fundamental form of M.

Proof. By Young’s inequality, given C > 0 there exists C’ > 0 such that

7

2n—4-2|a|
A
Clhij,a|€n_zp‘a|+2_n < glhij,a|2€n_2f (€+ |x|)2\a|+2—2ndx + C/ (%)
B

for |a| < ”T_z, and

A e\ 1
C|h",a|€”_2 |a|+2—n < _|h",a|26n_2f €+ |X| 2|a|+2—2ndx +C (_) ,
pele P Ch B;( ) p] log(p/e)
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for [a| = %52. Then, according to Proposition 3.9, we have

e

IdU(XO 6)I +Rq,, U(x e)} dug, + LM 2H,,, U(x E)dagxo

2 =1
< Q(B",aB){ f a, g)dogm} —€"2I(x0, p)

n-1 d

_% Z 1]a|2 n— 2f (€+ |x|)2|a|+2 2ndx

i,j=1al=1

n-2
1
4 Ce2 pld+an C(E) _
p P log(p/e)

On the other hand, we have the pointwise estimates

(3.24)

n-1
[We, ()] = [We, ()] < ClO*h()| + COR(I < C Y ) Ihijalle =2 + Cl*™!

1<]al<d i,j=1
and
n-1
-1 d
I, (0] = Itg,, ()] < CIOREN < C Y Y Wil + el
1<|a|<d i,j=1
Hence,

f W, (0)P(e + |x])*>"dx + f 7., (¥)(e + [x)®2"dx
B3 (0)

J'B}(0)
2lal+2-2
Z il f (e + x> 2"dx
1<fal<d i,j=1 B (0)
-1
+C Z Z |hij,0t|2 (€ + |x|)2|a|+3—2ndx + Cp2d+4—n
1<lal<d i,j=1 9'B;(0)

Z Z|h1]a| f (€ + [x) 2221y 4 Cptran

1<]al<d i,j=1 P

Now the result follows from the estimates (3.24) and (3.25).
Recall that we denote by Z the set of all points xo € dM such that
)|

lim sup dg, (x, xo W, (0)] = lim sup dg, (x, xo)l"’llngU x))=0
X—Xo X—Xo

(3.25)

Proposition 3.11. The functions I (xy, p) converge uniformly to a continuous function

I:Z—>Rasp—0.
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Proof. We will prove that there exists C > 0 such that

sup |Z(xo, p) — I (xo, p)l < Cp*™**™, forall 0<p<p. (3.26)
x0€Z

Our proof follows the same steps of [12, Proposition 18]. However, our
computations are slightly different because here we cannot assume x*h1,;,(x) = 0,
since this property is a consequence of the use of normal coordinates in [12].

Fix xo € Z and consider Fermi coordinates ¢, : B;p(O) — M as in the
beginning of Section 3.2. We will write B;; = B;(O) and B;; = B;S(O) for short.
Integrating by parts, we see that

-Z-(x()/ P) - I(xOI ﬁ) =

4(n—1)
n

f x> AG,,dx (3.27)
-2 B)\B}

- f {|x|3_2"x1-&jh,-j - 2n|x|1_2”x,-x]-h,-]-)} dGP
9B}

+ f {|x|3_2”xi8jhi]~ - 2n|x|1_2”xixjhij)} dGﬁ
a*B’i;
+ O(p2d+4—n) .
Here, A stands for the Euclidean Laplacian and we have used (3.14).

Since xo € Z, we have g;j(x) = &;; + O(x|""?) and Gy, (x) = [x[>™" + O(|x|**>").
Then

f [x[*"AGy, dx = —f Ix*(Lg, — A)lxl*"dx 629)
BS\B} - i
_f " (Lg,, — A)(Gy, — ™) dx
B5\B}
= _f |X|2—”(Lgx(, - A)|x|2*ndx + O(p2d+4—n) )
BS\BS

Using g'(x) = 8;j — hij(x) + O(x*™*?), tr(h)(x) = O(|x[***2), det(gx)(x) = 1 +
O(|x2%*2), and (3.21), we obtain

1 81- det(gxo)

(Lg,, = DNxP™" = g19:0i1x*™" + 9;g"10;lx " + g9l (3.29)

2 det(g,)
n-2 2-n
T =1 s
=-n(n— 2)|x|_2_"xixjh,-]- +(n— 2)|x|_”xj8,-h,-]-
— n-2 2-n3.9 1. 2+2d-n
Tl 20+ O ).
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Hence,

—f |x|2‘”(LgXO — A)|xP"dx (3.30)
B;\B}
=n(n-2) |x|‘2”xix]-hij dx—(n-2) |x|2‘2"xjo7ih1-]- dx
B\B} B{\B}
b 22 f xl*219,0) i dx + O(p*2").
4(n-1) B{\B}

Integrating by parts, we obtain

-(n- 2)f |x|2‘2"xj8,-h,-]- dx (3.31)
B}\B}
=2mn-1)(n-2) x| 2" xix jhij dx + (n — 2) x> 6;;h;; dx
BJ\B} BJ\B}
-n-2) |x|1_2”xl~xjhij do, +(n—2) |x|1_2”xixjhij do,
9*B} 9B}
and

ﬂ |x|472n(9,'8]‘hi]’ dx (3.32)
4(n = 1) Jp; s

n—2)>
= ( ) |x|2_2nxi8jhij dx
2(n-1) B{\B
_n=2 3-2 n-2 s
+ 4(?1 — 1) e |X| nx,ﬁjhi]- de - m e |x| nxzajhij dOﬁ
P
—2)2
==y f Il i dx — =2 |x[*~2";jhi; dx
B;\BY 2(n—1) B \B
(n-2)° 1-2 (n-2)? Lo
’ 2(n-1) 9B b ey dop = 2n—1) Jyepe i hij do
' P
e " xi0hij do, — 2 Ix[>~2"x;0,hi dos .
4(n-1) 2B PR = 300 =1y g ihijdog
P

Substituting (3.31) and (3.32) in (3.30), the coefficients of fB+\B+ |x|‘2”xixjhi]- dx
p\%p
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cancel out and we obtain

o L R
BI\B

n(n - 2) f 1-2 1-2
=- |x|" =" x;xhi; do, — lx|" =" xix i dos
2(n—1){ . iXjhij d0p o5y iXjitij 40 p

n—-2 f 3-2 3-2
+— |x|°~*"x;dh;; do —f x| x;0 ki dos
4(n—1){ - i0jhijdop - i0jNij a0 p

+ O(p2d+4—n) ,

where we used again that tr(h)(x) = O(|x|***?) . Hence, we have

4n—-1)

x> AGy, dx (3.33)
n-—2 fB;\B; "

=-2n X" xix ik do, — Ix|' 2" xx ik do 5
77 P TP
J*B} J*Bt
P p
+ |x|3_2”xi<9]-hij dO'p - |x|3‘2”xi<9jhij dO’p
*B} 2B

+ O(p2d+4—n) .
Now the assertion follows from (3.27) and (3.33). O

The following proposition relates 7 (x) with the mass defined by (1.2).
Proposition 3.12. Let xy € Z and consider inverted coordinates y = x/|x|?, where
4

x = (x1,..., X) are Fermi coordinates centered at xo. If we define the metric § = G;;? S
on M\{xo}, then the following statements hold:

(@) (M\{xo}, ) is an asymptotically flat manifold with order p > 52 (in the sense
of Definition 1.4), and satisfies Rg = 0 and Hg = 0.

(ii) We have

‘ yga_(a a) f yaa_(a &)
I(x) = 1 s g| 5 5 | dor - ETRACE Y L
(x0) Rl—ri}o{j;BE(O) yl thg Iva oy )" 2*B3(0) 1Yl 9.5\’ 3y, ) *7"

In particular, I (xo) is the mass m(3) of (M\{xo}, 3).

Proof. The item (i) follows from the fact that g («9%,’ 8‘9@) = O + O(ly|™*1) and

the definition of Gy,. In order to prove (ii), we can mimic the proof in [13,
Proposition 4.3] to obtain

[ Do, [ 242 D,
8+B;f1(0) |y| &ybg an’ 8yb p 3+B;71(0) |]/| ayag ayb, ayb P

— I(XO/ p) + O(p2d+4—n) ,
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where we used (3.14).
The last statement of Proposition 3.12 follows from the fact that

(d I\ _ . . _
g(a—yi,a—yn)—O, fori=1,.,n-1, ify,=0.

We are now able to prove Proposition 3.7.

Proof of Proposition 3.7. Assume that I (xp) > 0 for all xo € Z. Since Z € M is
compact and 7 is continuous on Z, we know that inf, 7z 7(x) > 0.

By Proposition 3.11, sup, .~ 1Z(xo, p) — Z(x0)l = 0 as p — 0. Hence, we can
find p € (0, po] such that

inf 7(xo, p) > Cop™*4".
x0€Z

Here, pg and C, are the constants appearing in Corollary 3.10. By continuity,
there exists an open subset Q C dM, containing Z, such that

inf I(xg, p) > Cop™™". (3.34)
x0€Q

fZ=0wesetQ=0.)
Observe that Z = dM if n = 3. If n > 4, we will prove that

f W (x)Pdg, (x, x0)° " dug, (3.35)
Bp(xo)
+ f Imtg(x)Pdg, (x, x0)° 2"dog, = 00, forallxg € IM\Q.
D/,(X())

Since Z C Q, the equation (3.35) holds for any n > 6 by the definition of Z.
If n =4,5,thend = 1. In this case,

lim sup dg, (x, x0)> W, (x)| =0, forall xg € M.

X—X0

Hence, xo € Z if and only if limsup, , dg,(x, x0)1 |7, (x)] = 0. Thus,
f Ing(x)lzdgo(x, xo)S_z”dag0 =00, forallxgedM\Q,
Dy (x0)

and (3.35) holds.
Since dM\Q) is compact, it follows from Dini’s theorem that

xoeiar}vlf\o pr(xo) |Wg(x)|2(e +dg,(x, xo))6_2”dvgo (3.36)

+ inf f [Tt ()2 (€ + dg, (x, %0))> *"do,, — 00, ase — 0.
X0€EIM\Q D(x0) & ot &
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By the identities (3.34) and (3.36), we can choose € € (0, p/2] such that

. . 2 6-2n
x1ore1£f2 I(xo,p) + Xoe1ar11vfl\Q 0 j,; - (W (x)|"(€ + dg,(x, x0))" " dvg,

+ inf 9[ Ing(x)lz(e+dg0(x,x0))5‘2"dago
Dﬂ(xU)

XOEQM\Q

-n -n 1
> o o ooy

for all € € (0, eg]. Now the assertion follows from Corollary 3.10. ]

3.3 Further estimates

In this section, we prove some results to be used in the next section. We use
the same notations of Section 3.2. Since M is compact, we can assume that

dgo(xo,x) <d 2., (X0, %) < 2d,(x0, x) and 1dg0(x0, x) < |¢x1(x )| < 2dg,(x0, x) for all
X € l,be(B (0)) and xy € oM.

Proposition 3.13. If 2€ < p, then we have

4n-1)

— =5 Ay o ®) = Rg, U (x)

n=2

€ 2
<Cl——— 1 + 3.37
- (62 + dgxo (x, xo)z) P (Bp (0)) (x) ( )

noo_1_ n=2 _
+CletpT T+ p! ”}1¢xo<3;p<0>\8,t<0>>(x)

forall x € M, and

U(XO a(x) = gm U(xo ox) + H U(n ze)(x)

n=2
2

€
SUarg o] lwesoX
(62 + dng(x,xO)Z) Py, (@ BP(O))( )

€ 2
C(€2 +dg, (x x0)2) Lomy., @00 (%)
X0 4
for all x € IM.

Proof. In order to simplify our notations, we identify points ¢y, (x) € M with
X € B;p(O), omitting the symbol i,,. In particular, we identify xy € M with

0€ B;p(O). Recall that we are assuming He, = 2(11 — 1).
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By the definition of Uy, e),

_ n-2
Agxo Uxye) = m 80 u(xo €)

= Ag, - (Ue + sy — €T 2" = Ag, 11, - €% (Gy, — ™)
+2 < dnp, d(Ue + ¢y — €T ) >,
—2e"% <dnp, d(Gx, — IXP") >,
n—2
+ T]p (Ag)U Ue ( 1) g"’o U + A(P)m)

+1p- ( S T )be()_ 1) gx0¢xo)

and
2n-1) 9 _- B
n—2 _aﬂgm U(xo,e) - ngo U(xo,e) + 2(n 1)u(x )
% (TYP(U +xy) + €T (1 - Up)Gxo)

Hy, (1 (Ue + ) + €% (1= 1,)Giy)
201 = 1) (Np(Ue + ) + €2 (1= 1)Go) "

2(n—-1 .
=Tp { E:l_ 5 )an(us + Ox,) +2(n — 1)(Ue + ¢x0)“}

Hg, 1p(Ue + )
#2010~ D{ (1p(Ue + ) + €% (1 = 1,)Go,)

n

= Np(Ue + ¢xy) ™~ 2} .

Now the result easily follows.

Lemma 3.14. We have

12

€1€2 :

Aol dog < C| —22 ]
faM (e (x, 62) &0 (e§+dg0(x1,x2)2)

Proof. Asin [11, Lemma B.4], one can prove that

n

€1 €2
do
f,;M ((—:% +dg, (x, xl)z) (eg +dg, (x, xz)z) 80

n=2

( o ) |
2
€5 +dg,(x1, x)?

From this the assertion follows.
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Lemma 3.15. Forall €1,6; < p*> < 1/4,

n-2
f ey e Ay ey e |d0g, < Cp (—6162 ) 2
(x1,€1) (x2,€2) =
R €5 + dg, (x1,x2)?
and
2n-1) 9 _ .
f&M n—2 & Mo S Une) ~ H ol(xz,e2) T+ H u(xze )| Ha 61)dago

€ €1€2 ”2;2
<Clp+=|| ———— .
lS)lavinien)

Proof. It follows from Proposition 3.13 that

4(n—1)
[P Bl ) = Ry, Ui

n=2

_ €2 2
<Cp™! (—) Ly, (v,x2)<ap) ()
€3+ dg, (x, x2)? soy2)<dp

forallx € M, and

U(Xz 62)(x) I_Ig)2 L[(x2 €) (X) + H u (x)

(Xz €2)

2n—-1) 4
n-2 (917$XZ

n=2
€2 7
) C(—) 1{d ,X2) <4, }maM(x)
6% + ng (x/ x2)2 S’()(y X2)< 0

€2 2
C(—) Lia. (yx2)2p/21nam (%)
€3 + dg, (x, x2)? so(y2)2p

for all x € M.
Proceeding as in [11, Lemma B.5], we can show that
n-2

n=2
2 2
€1 ( €2 ) d
gy ()
»f{t‘igo(y,x‘z)ﬁ4p] [€% + dgo (x/ X1 )2 ] 6% + dgo (x/ x2)2 ’

n=2

€1€2 2
<CoHl——"—| ,
P (eg +dgo(x1,xz)2)

f al nz( c )”22 dog,(y)
o (1, x2)<4plnoM €? +dgg(x xl) +dgo(x Xz)z st

2
€
TZ
.
<Cp
e +dgy( X1, X2)?
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and

n=2 n

f - ( = ) dog, ()
I3
(g, (vx)zp/2nom \ €] + dg, (X, x1)2 €5 + dg, (x, x2)? !

n-2
€2 ( €1€2 ) 2
p \€2 +dg,(x1, x2)?
Now the assertion follows. m]

4 Blow-up analysis

In this section, we carry out the blow-up analysis for sequences of solutions to
the equations (2.4) that will be necessary for the proof of Theorem 1.8.
Let u(t), t > 0, be the solution of (2.4) obtained in Section 2, and let {t,} 7, be

4
a sequence satisfying lim,_, t, = 0. We set u,, = u(t,) and g, = g(t,) = u; > go.

Then
2(n-1)
f uvn—z dogo — f dggv =1, forallv.
oM oM

It follows from Corollary 2.6 that

2(n-1)

2 —-1) 0 — | " — e
f =Dy g+ Fond®| | doy, = f IHy, — Heo| " dog, — 0
M| =2 g oM
as v — 00,

Proposition 4.1. After passing to a subsequence, there exist an integer m > 0, a
smooth function ue > 0, and a sequence of m-tuplets {(x; , € N<ksmloeq, such that:
(i) The function u, satisfies

n_

Z(H_l)i —_ fa n-2 —
12 g teo ~ Hygolheo + Hoottl> =0, on oM.

{Agoum =0, inM,

(ii) Forall i # j,

€’ €’ € €
],V LV 1,V ],V

% % * = \2
€ €y dnly,x,)
Iim{—+—+ ———— % = 0.
(iii) We have

lim ”uv — Uoo —

V—00

m
a(x;,u’ez,y)”HT(M) = 0/
k=1

where the functions il e ) were defined by equation (3.19).



Proof. This is the content of [5]. Observe that, although functions i e ) differ
from the ones used in [5], it’s easy to check that their difference converge to
zero in H'(M). The regularity of 1, was established by P. Cherrier in [17]. O

Proposition 4.2. If u.(x) = 0 for some x € M, then us = 0.
Proof. This is just a consequence of the maximum principle. m]

Define the functionals

4(” 1) fM Idul dvg, +2f9MHg0u2dag0

n=2
2(n-1) e
(g7 o, )

4(n 1)
B fM Idul ,A0g, +2faMH?0” doqo
F(u) - 2(n-1)
LMM n=2 GgO

Observe that Hy = %F(uoo). Hence,

2(n-1) 2(n-1) 2(" 1
1=1lim V2 dog, = lim UL?2 dog, + Z . \do
V—00 aM 80 v—00 oM o0 & (Xk,v ekﬂ,) &o

n—-1 n
RS
2H 2H

E(u) =

and

Thus,
1
=

He = > (E(ue)"™ + mQ(B",9B)"")" 4.1)

I\-)I’—‘

41 Thecaseu, =0
We set
A, = {(xk, €k, O k=1,..m €OM X Ry X R;)", such that

+ €k

dg, (xx, lev) <€, 5<

<2, SakSZ}.

N —
NI =

£
ek,v

For each v, we can choose a triplet (xt,, €cv, Xk v)k=1,.,m € A, such that

,,,,,

2(n - 1) m i ) m ) )
j];[ n—2 |d(uV - kgl‘ ak/Vu(xk,wek/v))|g0dvg0 + v Hgo (uV - ka akﬂ/u(xk/wek,v)) dago
2(n-1) e 2 < 2
< j]\; |d Z aku(xk,ek)))godvgo + o Hgo (le - Z Oéku(xk,ek)) dOgo
k=1

k=1

for all (xx, ek, ak)k=1,...m € Ay.

The proof of the next two propositions are the same of Propositions 5.1 and
5.2in [11]:
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Proposition 4.3. We have:
(i) Forall i # |,

2
. €; €jv d (xi,v x}v)
lim {—l'v gy ST

v—00 ej,v €iv €iv ej,v

(ii) We have

lim |

m
Uy — Z aklvﬂ(xk,wek,v) H(M) =0.
k=1

Proposition 4.4. We have

€
dg, (X, %, ) < 0(1e}, S GL =1+0(l), and o, =1+0(1),

kv

forallk =1,...,m. In particular, (xxy, €y, Qkv)k=1,..,m IS an interior point of A, for v
sufficiently large.

Convention. Assume thate;, < ¢;, for all i < j, without loss of generality.

Notation. We write u, = v, + w,, where

0y =

m m
aklvﬂ(kaeklv) and w, =u, — Z ak/Vﬂ(xk,wEk,v) . (4.2)
k=1 k=1

Observe that by Proposition 4.3 we have

2n—-1
jj;{ 51_ 2)|de|§0dvg0 + f;M Hgnwﬁdggo =o(1). 4.3)

Proposition 4.5. Let iy, : B;P(O) — M be Fermi coordinates centered at xy,,. If we

set
n=2_ n=2
2n-1) 2D ™ g
C = [w, | =2 dogo + [y -2 dvgg ’
oM M
then for all k = 1, ..., m, we have:
(i) | fa y .2 . w,dog| <o(1)C,.
e, — v (P
(Zl) | _ s kv kv
@B o) el P (P
(iii) ()
e (kv€ry) 2 4 I -1 ()2
P1,(9'B3, (0) €, T,

wy dago| <0(1)C,.

wy dago( <o(1)C,.

Proof. (i) It follows from the definition of (xy,, €k, Qky)k=1,..m that

2(n-1) _ _
f 3 < dil(y,, ), AWy >g, dvg, + f Hgy iy, e, Wy dog, = 0.
M = oM
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Integrating by parts,

2n—1) _
fM =7 Daotltayye,) Wy Vg,

2n—-1) 9@ _ _
+LM{ n—2 ar]go S Uiy exn) Hgou(xk,vfk,v) wvd‘jgo =0,

which implies

n-2
QMHoou(xkt fkv)wv dago (4.4)
2n—-1), _
B j]\;[ WAgou(xkrwek,v)wv d'(]go
2n-1) 9 _
+ LM{ n-—2 Wgou(ka,ekv) Hgllx,, e0,) + Hoou e w, dOgU .

Then, using Proposition 3.13 and a conformal change of the metric, we can

prove that
faM ”(x; - )wvdag0

fork=1,..m

< oD (el 2, + o0l 20 )

(i) Let us set ¢y, = 3%' iy, ) Similarly to (4.4) we obtain
€=€Eky ’

n — _ 2
LMEHOOM Yo )gbkvwv dO'gO
2(n — .
) fM S o

Z(n 1) ) D Fag 112
+L‘M{ p— a Hl’kv He ey + — 2H o )wk,v}wvdogo.

Using the estimate (3.8) we observe that ., satisfies

2 2
1 -~ n—= 2 lxl - ek,v
ek’vu(xk,t-rek,\/)¢k'v - 2 (ekv + xn)z + |x|2

+O((exy +Ix), in B} (0).

Now the result follows as in the item (i), and the item (iii) follows similarly. O

Proposition 4.6. There exists ¢ > 0 such that

2
S(l—c){f (n— )|d 2,205, +f Hgowidago}
M = oM

for all v sufficiently large.
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Proof. Suppose by contradiction this is not true. Upon rescaling we can find a
sequence (@, } satisfying

2(n -
f ( |d [ dvg, + f W2 dog, =1 (4.5)
M
and .
. = )
1}1—%10 n-— ZHOO oM kZ=1‘ R dog, 21. (4.6)

Observe that the identity (4.5) implies

[ oy, < qon,om = 47)
oM

and

f @, P2 dog, < QM) 2, 48)
M

where Q(M) is the conformal invariant defined in [20], which has the same sign
of Q(M, IM) (see [21, Proposition 1.2]).

In view of Proposition 4.3, we can choose a sequence {N,}, such that N, — oo,
Nyex, = Oforallk=1,..,m, and

€jv + dgo (xi,v, x}‘,v)
Nvei,v

— oo foralli<j.

Set Qj, = Bn,e;, (xj0)\ Uf;ll Bn,e,,(xiy) for 1 < j < m. It follows from (4.5) and
(4.6) that there exists 1 < k < m such that

L

] -2
Hm | e @, dog, > 0

2
lim {f (n - )Id VI dvgo+f Hgowﬁdogo}
vme U, 1 Q. NIR"

L

and

< li H -2
_}g{}on— He M (xk\ k) Vdago

For each v, let ¢, : B;;(O) C R} — M be Fermi coordinates centered at xy ,.
We set

w,(y) = e wv(z,bv(ekvy))

Then

. Z(n 1)
lim

V7 JyeR?, lyl<Ny)

()P dy <1, (4.9)

lim @, (y)| 2 dy < Q(M, IM)~ =, (4.10)
V7 JyedR?, lyI<N,)
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and
lim @, (y)| 72 dy < QM) ™72 .

V7 JiyeRY, lyl<N,}

Thus, we can assume that @, — @ in H; (R"}) for some @ satisfying

1 2
W (y)dy >0 4.11
L o THIE (y)dy (4.11)
and .
dw(y)l*d Snf W (y)dy . 4.12
Jo oy <n [ mamay @12)
Moreover, Proposition 4.5, together with the inequalities (4.7) and (4.8), implies
that .
1 2
—— | W(y)dy=0, 4.13
fam(1+|]/|2) e )
f ( 1 )31_|y|2w( )dy =0 (4.14)
are \L+yP) 1+[yP PNey== .
1\ oy ,
w(y)dy=0, j=1,.,n-1, 4.15
j;m(lﬂmz) 1+yP W)dy ] *15)

where y = (y1, ..., Yn-1,0).
Let By, be the Euclidean ball in IR" of radius 1/2 with center (0, ...,0,-1/2).

WesetC ={w e Hl(Bl/z); faB]/z wdo = 0}. Observe that

o Py

in =2,
0£weC LBl/Z wdo
and this infimum is realized only by the coordinate functions zj, ..., z, of R",
taken with center (0, ..., 0, =1/2), restricted to By ;.

The ball By, is conformally equivalent to the half-space R’} by means of the
inversion F : R} — B12\{(0, ...,0, —1)} given by

(yli-“/ y}’l—lr ]/n + 1)
F(yq,...y,) = 0,..0,-1).
W1, n) yf+...+yi_l+(yn+1)2+( )

4
An easy calculation shows that F is a conformal map and F* ey = U™ euer in
R}, where g, is the Euclidean metric, and

1—yl?
(yn +1)2 + 77

Yj
(Yn + 12+ 7P’

(See (3.1) for the definition of U;.)

1
zjoF(y) = 2o F(y) =5

35



Using the estimate (4.9), we can easily check that
w = (ul_ll’l\)) oF e Hl(Bl/z) .

In view of the identities (4.13), (4.14) and (4.15), w is L*(9By»)-orthogonal to the
functions 1,zy, ..., z,. Since by (4.11) we have w # 0 in By, this function satisfies

f |dw|2dy > Zf whdo,
Bi2 9B12

ldd(y)dy —n f

arr 1+ 1yl

which corresponds to

*(y)dy > 0.

R!
This contradicts the inequality (4.12). ]

Corollary 4.7. There exists ¢ > 0 such that

n — 2 2(n—1)
—He BMUJ-zwgd(;gogu—c){fM — |dwv|§0dvgo+f8MHgow3dago}

for all v sufficiently large.

Proof. By the definition of v, (equation (4.2)), we have

. 2 2 n—1
lim |v;“2 - a&-; o )‘ dog, =0.
—00 €k C
v oM =
Hence, the assertion follows from Proposition 4.6. O

The next proposition is similar to Proposition 5.6 of [11] and we will just
outline its proof.
1
=1

Proposition 4.8. For all v sufficiently large, we have E(v,) < {Z,’L E(ﬂ(xk,ek))n_l}

Proof. Observe that, given i < j, there exist C, ¢ > 0 such that

n=2
2
_n_ €iv€jy 1
s 00 (7T, (3) 2 €
) i) e + dgo (i, xf,v)z iy

v

and

€2+ dg (Xip, Xjy

2
B _ n €iv€jy 1—
u(xi/wei,v) (x)u(x//we/}v) (x) "2 S C [ )2 ] ei,vn ’
v

for all x € dM such that dg(x, x;,) < €;,, and v sufficiently large.
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Proceeding as in [11], we obtain

o

n—.

1 2(n-1) n—
EE(UV)L‘ v, dog, (4.16)
M

1% 1 = - .
=3 Z E(a(xk/wek,\-))n_ UV'FZ ngO
2 oM
k=1

2(n—1) _ _
- Z 20y f WAgoM(x,-,v,e,-,,,)u(xi,v,ei,‘,)dvgo

|

i<j M
2n—-1) 0
- 20,0, f — iy, e.) — Heoll(xi, 60
; I aM( n—2 dng, (i) )

+ E F(ﬂ(x]/we//v) )1/_{ (’;ji'/ej,'/) )1/_{ (xi,wei,v ) do_gl)

%
ei,vej,v
_CZ 2 '
€ +d

i<j \7jv 80 (xi/V’ xer)z

It follows from Lemmas 3.14 and 3.15 that

2(n—-1) _ _
fl\; RN )Ago”(xf,v,ej,v)”(xf,v,ei,v)

2n—-1) 9 _
Lo

_ 1. _
n— 2 ango u(xj,wej,v) - Hgou(xj,we]/v) + EF(u(Xj/wej,v))u

dvg, (4.17)

.
n-2
(xXjv€v)
v

n=2 n=2
2 2
€iv €iv€iv €iv€jy
<C (p + L) 5 . > +o(1)| = ! > ,
p )€, +dg(Xiv, Xjy) €5 +dg(Xiv, Xjv)

144 1h4

(x;,e00) dago

where we used that lim, |%F(a(x,-,we,-,v)) - ITIOO| =0, forall j=1,..., m. Now the
assertion follows from the estimates (4.16) and (4.17), choosing p small and v
large. O
Corollary 4.9. Under the hypothesis of Theorem 1.8, we have

E(v.) < (mQ(B",9B)" )7
for all v sufficiently large.

Proof. Using Proposition 3.7, we obtain E(iiy,, ¢,,)) < Q(B",dB) forallk = 1,...,m.
Then the result follows from Proposition 4.8 m]

4.2 The case 1, >0

Proposition 4.10. There exist sequences {{s}aen € C*(M) and {As}een C R, with
Aq > 0, satisfying:
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(i) Forall a € IN,

Agoﬁba =0, , iTlM,
21 [ -
ZI—Z)%QD”_HXOEDQJ’-Aﬂumzwa - 0, on &M

(ii) For all a,b € IN,

2 1, ifa=b,
a c’;zd = .
L‘Mlp lzbbu Ogo {0, lfﬂ D,

(iii) The span of {z}een is dense in L>(OM).
(iv) We have lim;_,o, A, = 0.

Proof. Since we are assuming H,, > 0, for each f € L*(dM) we can define
T(f) = u, where u € H'(M) is the unique solution of

Agtt =0, inM,
2(n-1) 9
" T~ H, u—fum , ondM.

Since H'(M) is compactly embedded in L?(dM), the operator T : L*(dM) —
L*(0M) is compact. Integrating by parts, we see that T is symmetric with respect

2
to the inner product (i1, ) = faM Y1¢ouy;’dog,. Then the result follows from
the spectral theorem for compact operators. O

Let A C IN be a finite set such that A, > - H for all a ¢ A, and define the
projection

1= Y[ wnson o =5- X [ vustog g

ag¢A acA

Lemma 4.11. Forany 1 < p < oo there exists C > 0 such that

2(n—-1) 9f nom oA
”f”Lp &M) C ” 2 ango Hgof + n_ zHoouoo f LP(&M)
2
+Csupf U’ Yafdog,
acA |JoM

forall f € C2(M) satisfying Ag, f = 0in M.

—_ 2
Proof. Set T(f) = 2(: 21 T f Hg f + ;55 Heoul? f on dM. Suppose the result is
not true. Then we can ﬁnd a sequence of harmonic functions {f;} satisfying

2
f Ul o fidog,| .
oM

1 =1lfillem = JITflrom + jsup

acA
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By [10, Lemma 3.2],

fillwir@ny < CUIT(fllr@omy + Cllfillromy , ifp>1,

and by Proposition B-3 and Corollary B-5 we have
||fj||w%,1(aM) < CIT(Flleramy + Cllfill amy -

It follows from compactness that we can find a function f satisfying

floom =1, prGuQ¢me:0,
acA oM
and
f T(¢4)fdog, =0 foranya e N.
oM
Hence,

(Aﬂ . Hw)f Yo fulidog =0 forallae N.
In particular, faM U, fug? dog, = 0foralla ¢ A, which implies f = 0 on M. This
contradicts || fllzpm) = 1. ]
Lemma 4.12. There exists C > 0 such that

2(n — 1)8_f
n-2 a7780

2
f uégz l/}afdogo
oM

n(n-1) (4.18)
L n2-2n+2 (QM)

n o= 2
”f”Lﬁ(aM) SC”F( —Hg f + mHmug’ng)

+ Csup
acA

and

2(n—1)8_f
n—2 a7780

f ué? lz[}ﬂfdago
oM
forall f € C2(M) satisfying Ag, f = 0in M.

Proof. We set py = 221,

By [10, Lemma 3.2],

A llweeo angy < CIT(Pllro@ngy + Cll fllzro@omy -

Thus, it follows from Lemma 4.11 that

(4.19)

mmms%% b

n s
_ g0f+ mHmum f

+ Csup
acA

7

and follow the notation in the proof of Lemma 4.11.

“f”wlrl’o(&M) < CIT(Hlroomy + Csup (4.20)

acA

2
f UL P fdog,| -
oM
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By the definition of I, we have

T(H) =TT+ (n”jﬁm - A,,) { fa y uZy, fdago} uy,.  (421)

acA
Hence,

NT(Olero@my < ITCT)roamy + Csup f; Ul Yo fdog,| -
a€A M

Now the estimate (4.18) follows from (4.20), (4.22), and Sobolev inequalities.
In order to prove (4.19), observe that by Lemma 4.11 we have
Al @aay < CNT (Ol om + Csup f uls? Yo fdog,| .
acA oM

Now the result follows from (4.21). |

(4.22)

Lemma 4.13. There exists C > 0 with the following significance: for all z =
(21, ..., za) € R with |z| < C, there exists a smooth function i, satisfying Ag,il, = 0 in
M,

f ué (l’_lz _ uoo)l;budo_go =2z, fOI" alla € A, (423)
oM

and

r(2(11 -1) i,

T Hg,it, + Hool12 ) =0. (4.24)

Moreover, the mapping z v 1i, is real analytic.
Proof. This is just an application of the implicit function theorem. m]
Lemma 4.14. There exists 0 <y < 1 such that

2(n—1) Jdii, —
f N ) o _ Hy, 1. + Ha 7 2dog,
oM n—2 dng,

1+y

|E(ﬂz) - E(uoo)) < Csup
acA

if 1z is sufficiently small.

Proof. Observe that the function z — E(ii;) is real analytic. According to results
of Lojasiewicz (see (2.4) in [34, p.538]), there exists 0 < y < 1 such that

1+y

|E(#1;) — E(teo)| < sup
aeA

7

d ..
a_E(uz)

a

if |z| is sufficiently small. Differentiating E(ii.), we obtain

2T, 425
(faMuz ) () (@.25)

7

= —2(F(i1;) — 2Ho) f 12721, dog,
oM

4(n - 1) dii, — ).
-2 —2H,, fi, + 2H o017 do,,,
j(;M ( n-— 2 ango gouz i uz ¢u,z Ggo
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il

where we have set i, = 8_zz for a € A. Differentiating (4.23), we obtain
a
2 1, ifa="b,
& dog, = 4.26
faM” Vaztpe g, {o, ifatb, (420
forall b € A.
Integrating by parts and using the identity (4.24), we see that
— 201-1)
(F(a;) — ZHm)f i, dog, (4.27)
oM
4(n-1) di .
= _f ( (n—1) o _ 2H i, + ZHwaZ"-Z)aZ dog,
oM\ N— 2 a17g0
4(11—1) i, B — _n)
=- —2H, i, + 2H 0272 | Yy do
;'LVM( n-2 aT]go g0 A £
. f ug’?ybh il;dog, .
oM

Substituting (4.26) and (4.27) in (4.25), we obtain

Z
2 -1 T 2
i, dog, | - ;2 P, dog, - ul iy dog,
oM oM oM

4 -1 i —_— _n_
. faM ( Eq”_ 5 ) 5171 — 2Hg, i1, + ZHwaZ”-Z) Ypdog,
80

A(n—1) i .
—2 L M( 51”_2) a:Z —2Hg0az+2Hma;2)¢adago.
80

Hence, there exists C > 0 such that

d _ 4(n—1) Jdii, _ —
_E < - 2H ZHOO -2 7
e < coup| [ (0255 - 2+ 2Foa™) o
from which the assertion follows. ]
We set

A, = {(z, (6, €5, A)i=r,...m) ERY X (IM X R, X R,)", such that

€k

<2, SakSZ}.

N~

* * 1
lz| < C, dgﬂ(xk’xk,v) <€, 3 < =
kv

41



,,,,,

_ 2
kv U (xy, €1,0) ) | %0 dvgo

2(n -1 <
fbhj(uv_ﬂz’/_
M n=2 k=1
+f Hgo(uv—azv—
oM p
m

2(n—-1) _ _ 2
< fM W|d(uv — i, — Z Ofku(xk,ek))|g0d0go
m

m

2
ak,Vu(xk,wek,v)) dago
1

k=1

+ LM Hgo(”v — ;‘ akﬁ(xk’ek))zd(jgo

for all (Z/ (xk/ €k, ak)k:l ..... m) € ﬂv-

The proofs of the next two propositions are the same of Propositions 6.6 and
6.7 in [11]:
Proposition 4.15. We have:

(i) Forall i # j,

2
. €; €iv d (xi,v x}v)
lim {_ L v e (i Xj)”

v—00 ej,v €iv ei,vej,v
(ii) We have

Vlgg “”v — iz, — kz; B, er0) mon = 0.
Proposition 4.16. We have |z,| = 0o(1), and
€
dg, (W, x;,) < 0(V)e}, s eL =1+0(l), and o, =1+0(1),

kv

forallk =1,...,m. In particular, (z,, (Xky, €k, Qkv)k=1,.,m) IS an interior point of ‘A,
for v sufficiently large.

Convention. Assume thate;, <¢;, foralli < j, without loss of generality.
Notation. We write 1, = v, + w,, where

m

m
v, =y, + Z Qhpllng, e, and Wy, =uy, =iy, — ) Ay, e,) - (4.28)
k=1 k=1
Observe that by Proposition 4.15 we have
2(n—1)
f]\;{ W|dwv|§0d0g0 + L‘M Hgowﬁdago = 0(1) . (429)
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Proposition 4.17. Let yr,, : B;p(O) — M be Fermi coordinates centered at xy.,,. If we

set
_n=2_ n=2
21y 2(-1) ™ b
C = [y | =2 ng(] + [wy -2 dvgg ’
oM M

then forallk =1,...,m, and a € A we have:
2
(i) | [y 1% atoy dog,| < 0(1) [ lw,ldog, .

(i) |f 2 ) Wy dogO) <o(1)C,.

x €k
e — [l (P
L kv
(iii) 7 —w dog,| < o(1)C,.
| pu@By0) el +I1Pk$() +405. ’
_ 1 €k, IP (X)
(iv) | = TR, dog,| < 0(1)C,

Uk(@'BS () i e, TP (0P

Proof. (i) Set ¢y, = %ﬂz. It follows from the identities (4.24) and (4.26) that
1,5,1,0 =1, foralla € A.
By the definition of (z,, (Xky, €y, Qkv)1<k<m), We have

2n -1 ~ -
f (=D _ iy, W, >g, dvg, + f Hg, g,y dag, = 0.
M n—2 oM

Hence,

2
/\,lf ult aw, dog,
oM

2(n—1) I,
B _LM( n—2 dng ~ Hyn J 10 do,
0

20-1) 2 - )
= f()M( E;l ; ) aqg(, (ll}u Zy ll)u) - Hgo(l;bu,zv - I!Ja)) w, dago .

Then, since A, > 0 and |z,|] — 0 as v — o0, we conclude that

f Ul Yo, dog | < oD|wyllary, forallae A, (4.30)
oM
from which the assertion (i) follows.

The proofs of (ii), (iii), and (iv) are similar to Proposition 4.5. |

Proposition 4.18. There exists ¢ > 0 such that

m

n L
-2 n-—: 2 2
n— 2 [ ZA (ka €kv) ]w" dag(’

k=1

<(1- ){f 2(n - Idwvl dng+L‘MHgUw§dogo}

for all v sufficiently large.

43



Proof. Suppose by contradiction this is not true. Upon rescaling, we can find a
sequence (@, } satisfying

2n—1
f (n - )|d 2 dog, + f Hy % dog, = 1
M n—- oM

m
. n L L B
lim &? E - Whdog, > 1.
v—00 11 — 2 Xk €kv)

Proceeding as in the proof of Proposition 4.6 and using the same notations, we
only have two possibilities:

and

Case 1. We can suppose that

2
lim ulF widog, >0 (4.31)
V—00 BM
and
. 2n-1) g
Vh_r)go{f p— Idwvlz,oalvg0 + f Hyg, @ dago} (4.32)
M\ Ui Oy oM\ UL Ok,
.on = 2
< }E?o n—ZHm 8Mu o,

In this case, we can assume that @, — @ in H'(M) and, in view of (4.31) and

(4.32), we have
f Dt dog, > 0 (4.33)
oM

and

2 — 2
f (n = )|d o dog, + f Hy @ dog, < ——He | ulia@?dog, .
M M n-2

n-— oM
Then it follows from the definition of {i;},en that

TR D EEA] U R

acN acN

By Proposition 4.17, we have

fug’j%/)uwdogO:O, forallae A.
oM

This, together with (4.34), implies that @ = 0 on JM and contradicts the in-
equality (4.33).
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Case 2. There exists 1 < k < m such that

2
lim a  widog >0
V=00 oM (xk,wek/v)

and

. 2n—-1),,_ f o
lim dw, |5 dv,, + H, @ d
- m{fok,‘, 2 10l Quram © o)

n

— 2
. _a5 ~2
< lim H ur W do,, .
TvSeon—-2% oM (veuery) VT80

In this case, we proceed exactly as in the proof of Proposition 4.6 to reach a
contradiction.
This finishes the proof. O

Corollary 4.19. For all v sufficiently large we have

n — 2 2(n—1)
—He anvzwgd(;gogu—c){fM — |dwv|§0dvg0+faMHgow3dago}.

Proof. By the definition of v, (see (4.28)), we have

m

li % % _% n-1 d
Vl—l;?a M vv — Uy — ; u(xk,\.,sk,v) ggo — 0 .
Hence, the assertion follows from Proposition 4.18. O

The next two propositions are similar to Propositions 6.14 and 6.15 of [11]
and we will just outline their proofs.

Proposition 4.20. There exist C > 0 and 0 <y < 1 such that
E(@1,,) — E(ueo)

_n_
2(n-1) —  2(n-1) 2n=1) (1+)’) = ﬂ(l+)/)
<C uvn-z IHgy _Hoo|‘n +CZ€ki
oM =

if v is sufficiently large.

Proof. As in [11, Lemmas 6.11 and 6.12], making use of estimates (4.18) and
(4.19), we can show that there exists C > 0 such that

m
_n_ _n_ — _n_ n=2
Iy = 8o 73, < Ol (o, ~HOIT,  +C) e (4.35)
k=1

and

m
L — n=2
ey = 2= s ann < Cllu ™ (Hg, = Heoll 20, + C ;‘ el , (436
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for v sufficiently large.
We will prove the estimate

2(n—1) di, —
—————— —Hgii,, + Hoii}” |d 4.37
sup fa N %( n=2 oy sl F eI A0 (4.37)
2(n-1) — 1) b= LI
SCfu”‘ZIHV—HOOI } +C) €’
{ iy v 8 ; kv
for v is sufficiently large.
Integrating by parts, we obtain
2(1’1 — 1) (91/_[2, — n_
— — Hg i, + Hoti)? |d
LM#)H( n—2 dng e = ) T
2(n—1) du = o
) faM”b( w2 oy, e z)dag“

2 r— n_ n_
+ A, f ul? Ya(uy —ily,) dog, — Heo f Va(u? —i2?) dog, .
oM oM

Using the fact that 2(:__21) ﬁuv — Hgyty — Hoott]? = —(Hg, — Hoo)uj > on oM and

the pointwise estimate

n_ n_ 2
uj? — a2 | < Cal 2 fu, — i, | + Cluy — i1, |72,

we obtain
2(n—1) di, — )
su = —Hg iy, + Hoot12? |do
uEAp LM llbﬂ( n-2 &T]go som - .
< Clluy? (Hg, - Hoo)”LZ(””-l) o T Clluy = 1z, |l oy + Clluy, — ﬁz\,”ﬁ%z(&m .
Then it follows from Lemmas 4.35 and 4.36 that
2(n —1) diiy, — )
su ~ — Hg,il,, + Hooti? |do (4.38)
op| [, 0o e B~ e P,
_n_ — _n_ _n_ — i n=2
n—2 n—2 n-2 2
< Cllui ™ (g, ~Holliy o+ Cllai™ (Hy, = Holl n  + C kZ & -

On the other hand, since Corollary 2.6 implies

2 = — e\
”uv Z(Hgv - HOO)”L@@M) = (];M |I_Igv - Hool n dOg“) -0
as v — oo, we can assume that
# _ J—
I (g, ~Holl 2600, <1 (439)

The estimate (4.37) now follows using the inequality (4.39) in (4.38).
Proposition 4.20 is a consequence of Lemma 4.14 and the estimate (4.37). O
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Proposition 4.21. There exists ¢ > 0 such that

1
m n—1 m
n-2
E(v,) < (E(az,)”-l Y E(axk,ek,y)”-l] —cY el
k=1 k=1

if v is sufficiently large.
Proof. Observe that the inequality

1 2(n-1) el 2(n-1) n—1
. —1l="n=2 = —1l="n2 Ty
(F (uzv) ;" + F (u(xk,vrek,v)) M(xk’wgk/‘,)) Uz, U(xy, €x)

n_
n—

>F (ﬂzv)ﬂzv2 ﬂ(xk,wek,v) + Cek,j l{dgg (kv ) <€k}

holds on dM for any 1 < k < m.
Asin [11] we obtain

1 2(n-1) n—1
EE(ZJV) (L‘M v, dago) (4.40)
1 1 m 1 n% 2(n-1) %
< E E(L_lzv)n_ + Z E(L_l(xk,wek,v))n_ (f v, dOgU)
k=1 oM

=) 2ay, f (M iazv — Hy,il,,

n

+ EF(ﬁzv)a;VTZ )ﬁ(xk,wek/v)dago

2(n—-1) _ _
- Z 20y f 1—2 Ago”(x];we/;v) Uy, ¢;,)0g,
M

i<j
2n—-1) d
- ) 2aia; f 0,6 ~ Heoll e
; vty aM( n-2 ‘977.20 Xjvr€j; 80 (Xjv€j,

1. . _
+ EF(u(X],wej,u))un : )u(xi,wei,v)dag[)

(xj,wej,v)
n=2
2
= €iv€jy
— cek2 —-c E 5 .
v e +d

=€+ g (i, Xjy)?

Since %F(ﬂzv) - %F(uoo) = H,, as v — oo, we have the estimate

.

Now the assertion follows from the estimates (4.17), (4.40), and (4.41), choos-
ing p small and v large.

2n—-1) 9 _ _ 1.,
-2 Wgouzy — Hg,ilz, + El:(”zv)”znv2

n2
ﬂ(xk,wek,v)dag(] S 0(1)61(; . (4.41)

[m]
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Corollary 4.22. Under the hypothesis of Theorem 1.8, there exist C > 0and 0 <y <1
such that

E0) < (i)™ +mQ(B", 9By

2(n-1) _ 2n-1) 2(n”—1) (1+)/)
+C u,"? |[Hg, — Hoo| 7 doy, ,
oM

if v is sufficiently large.

Proof. Using Proposition 3.7, we obtain E(ily,, ¢,,)) < Q(B",dB) forallk = 1,...,m
Then the result follows from Propositions 4.20 and 4.21. m]

5 Proof of the main theorem

Letu(t), t > 0, be the solution of (2.4) obtained in Section 2. The next proposition,
which is analogous to Proposition 3.3 of [11], is a crucial step in our argument.
The blow-up analysis of Section 4 is used in its proof.

Proposition 5.1. Let {t,} 7 be a sequence such that lim,_, t, = oo. Then we can
choose 0 <y <1and C >0 such that, after passing to a subsequence, we have

— — 2n-1) — 1) 2 (1+)
Hg(t‘,) -H,<C ; u(t,) 2 |Iig(;g1 He| ngO
M

forallv.

Proof. Setu,(x) = u(x,t,) and g, = g(t,) = u;‘% Q0. We consider the non-negative
smooth function u., obtained in Proposition 4.1 and write u, = v, + w, as in the
formula (4.2) if s = 0, or in the formula (4.28) if u,, > 0. Then, integrating by
parts the equations (2.1), we obtain

2n-1
g"_f ( )|d VI dvg0+f Hgovfdago
M oM
2 1
+f (n )ld Vl dvé’o"'f H80w3dago
M oM

4(n — 1
+f (n—1) <dw,,dv, >, dvg, +f 2Hg 0w, dog, .
M 2 oM

|

n—

On the other hand,

4n—-1
f ( ) <dw,,dv, >4 dvg, + f 2Hg v, w,doyg,
M n=2 oM

n_ 4n—-1
= f 2Hg u;?w,dog, — f (—2)|wvli,0dvgo - f 2Hgow5dag0 .
oM M n- oM
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Hence,

— 2n -1
Hg‘,—f 51 )|dvvl dvg0+f Hgnvﬁdogo
M oM

2 1 .
—f (n )Id VI dvgo—f Hgowﬁdogo+2f Hg,uy?w,dog,,
M - oM oM

which can be written as

_ 1 2(n-1) n-1 _ n
Hg, = EE(vv) {f v,"? dogo} + 2f (Hq, = Ho)u,?wydog, (5.1)
oM oM

2(n—-1) no— 2
—fl\;{ — |dw VI dUgO_L {Hgowﬁ—nmevg*zwﬁ}dago

+ He

{——v” 2w + 2(v, + w,) 2 Zwv} dog, .
oM n-2

We can prove that

o

2(n-1) ’1: n— 2 2(n-1) n— 2
{f vvn—z dago} -1< 1 f vvn—z dago _ _1 .
oM n—=1Jom n-

Thus, it follows from the volume normalization faM(vV + wv)%dogo =1 that

n=2
2(n-1) n=1 2 2r-1) -2
{ f o2 dogo} 1< f {” S =B w) }dago (5.2)
oM om \ 1 — 1’ n-—

Using the inequality (5.2) in the equation (5.1), we obtain

-2

_ _ 1 _ 2(n-1) = _ n

Hq, < Ho + (GE@) —Hm>{ L o do-go} +2 f (Hg, — Ho)u]*wydo,
2

- n 2 2(n-1) n
+H()Q n-2  __ n-2 5'3
e v (5.3)

|

n n— 2(n-1)
+ 2000 + W) 2w, — —— (vV +w,) 7 Jdog,

2(n - 1) n o= 2
- [ Ao, - [ M{Hgowz—mHmv;ng}dogo.

Now we estimate some terms of the right-hand side of (5.3). By the Holder’s
inequality,

f Ul (Hy, — Heo)w,dog, (5.4)
oM

_n__ _n=2_
2n-1) — 2 20-T) 2n1) 20=T)
< u,"? |Hg, — Hoo| " dog, . [w,| =2 dog, .
oM oM
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It follows from Corollaries 4.7 and 4.19 that

2(n—-1 n —
fM ( )Id VI dvgo+LM{Hgow§—nmev;jzwg}dago

2
Zcf (n - )Id VI dvgo+cf Hg widog, .
M - oM

Since Q(M, dM) > 0, this implies

2 1 —
f (n = )Id VI ,A0gy + f {Hgows - LH(,OU;‘Z wg} dog,
M oM n=2

n=2
, 2n-1) n-1
>c [w,| 2 dog, .
oM

By the pointwise estimate

n-1" n-2
2-1) g,

O, Z(n 1)
< Co™ 0=

few, [ 4 Cleo, | 72
v 7

we have
n—2 2-1 2 T -2 2(1-1)
f p— v, — = 20;‘*2103 +2(0y + wy) 2wy — — 1(vv + w,) 2
maX[O,ZH 1)—3}
scf o 05T gy pmini 523 g+ C il
oM

112 nl?}

2n-1) =1 min(i5
<C [w,| =2 dog, .
oM

n—2 2-1 n 2 n n-— 2(n-1)
v, — ——0u? wﬁ +2(vy, + w,) 2w, — (vv +w,) 2
n-—

(5.5)

2 dogU

(5.6)

Recall that IIwVIILz(%l)(aM) = 0o(1) by (4.3) and (4.29). Using the estimates (5.4),

(5.5), and (5.6) in the inequality (5.3), we obtain

— — 1 — 2(n-1) n=1
Hy, < Hao + (5E@)) — He) { fa o d%}

n

2(n-1) — Z(n 1) n-1
+C u,"? |Hg, = Hoo| " dog, .
oM

In view of equation (4.1), Corollaries 4.9 and 4.22 imply that

1 — 20n-1) 2et) e (1+7)
_E(vv) - Hoo S C f MV"Q |H H | n dggo .
2 oM

— — 2(n-1) 1) ey (1+7)
Hy <Ho+CY | a7 IHy ~Hal "7 dog, ,
M

2(n-1)
=

Hence,

where we also used Corollary 2.6 with p =
This finishes the proof of Proposition 5.1.
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Once we have proved Corollary 2.6 and Proposition 5.1, the proof of the
following result is a simple argument by contradiction as in [11, Proposition
3.4].

Proposition 5.2. There exist 0 <y < 1and ty > 0 such that

T - 2(n-1) [ 2(n-1) ﬁ(l_ﬂ/)
Hg(t) —-Hy < ; u(t) =2 |Hg(t) —Ho| ™ ngO
M

forall t > t.

Corollary 5.3. There exist 0 <y <1, C > 0and t; > 0 such that

7 - 2n-1) — 2 e (147)
Hgy —Ho < C o u(t) "= |Hgry — Ho| ™ dog,

forallt > t;.

Proof. 1t follows from Proposition 5.2 that

2 e (1+7)
I=; I Al = 2-1)
Hyy — Heo <C { [ a0 - Hool™ dago}
oM
+ C(Hg — Hao)'"7,
from which the result follows. O

Proposition 5.4. There exists C > 0 such that

* 20-1) = 2
f {f u(t) =2 (Hg(t) - Hg(f))zd(jgo} dt<C
0 oM

Proof. By the evolution equation (2.7) and Corollary 5.3, there exists C > 0 such
that

forallt > 0.

d — — —= 2i-1)
G0 =) ===2) [ (o =Pt ¥ o,

— 2D 2(1-1) =
<-(n-2) f |Hgy — Ho| ™ u) = dog,
M
— — 2
< —c(Hgy = Hoo) ™
— — 1-y
for t > 0 sufficiently large. Hence, 4 (Hg() — Hw) ™ > ¢, which implies

— — Ly
o

Hg(t) —H, <Ct



Then using Holder’s inequality and the equation (2.7) we obtain

2T . )
f (f (Hgty = Hyp)u(t) = dago) dt
2T 2T
< (f dt) (f f (Hg) — Hon)u(t) = dog, dt

1 : .
- {n — ZT(Hg(T) - g(ZT))} <CT =

for T sufficiently large. This implies

jo‘ (ﬁM(Hg(t) — Hg(t))zu(t)wdﬁgo)z dt
1 3
Zf (f (Hg(t) —ITIg(t))zu(t)Z(:—_Zl)ngo) dt
° 2k+1
+Zf2 (f (Hy — Hyn) u(t)Z(ﬂnzl)dago)
< CZ k<,
k=0

which concludes the proof. O

1

Proposition 5.5. Given yo > 0, there exists r > 0 such that

2(n-1)
f (t) 2 do'go <%0
Dy(x)

forallx e IMand all t > 0.

Proof. Letyq > 0. Using Proposition 5.4, we can choose T > 0 large such that

0 2n-1) 1 0
f { f u(t) = (Hgry = g(t>)2d0go} dt < =~ (5.7)
T oM 2(n-1)°
Then we choose r > 0 small such that
21-1) Yo
u(t) 2 dog, < — (5.8)
fmx) T2
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for all t € [0, T] and all x € M. By the second equation of (2.4), we see that

f u(tydog, — f u(T) " dog, (5.9)
Dy (x) Dy (x)

f 4 { f (= d }dt
= _— u n-2 o
r 4t {Up,m 8

t
— 2(n-1)
=—(n-1) f f (Hg — Hyqpy) u(t) "= dog, dt
T JDi(x)

1
_— 2(n-1) 2
<(n- l)f {f (Hg(r —Hg(t))z u(t) 2 dogo} dt
T oM

forallt > T and all x € dM, where we have used the boundary area normaliza-
tion. Now the result follows from the inequalities (5.7), (5.8), and (5.9). O

Proposition 5.6. There exist C,c > 0 such that
supu(t) <C and i}r\}lf u(ty>c, forallt>0. (5.10)
M

Proof. By the estimate (2.11) and the Sobolev embedding theorems, we can
choose C; > 0 such that

fu(t)nznzdvgoscl, forallt>0.
M

Fixn -1 < g <p < n. According to Corollary 2.6 there is C, > 0 such that

f |HypylPdogw < Co,  forallt>0.
oM

o
Set yo = yf‘” C,"", where y; is the constant obtained in Proposition A-3. By
Proposition 5.5, there is ¥ > 0 such that

f dogp <yo, forallt>0,x€dM.
D, (x)

Then

Pq 1

4 p
f |Hr1do g < {f dag(t)} {f |Hg(t)|Pd0g(t)} <.
Dr(x) Dy (x) D,(x)

Hence, the first assertion of (5.10) follows from Proposition A-3 and the max-
imum principle. The second one follows exactly as in the proof of the second
estimate of (2.9). O

Proof of Theorem 1.8. Once we have proved Proposition 5.6, it follows as in [10]
p.642 that all higher order derivatives of u are uniformly bounded. The unique-
ness of the asymptotic limit of Hg() follows from Proposition 5.4. a
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A Some elliptic estimates

The next proposition is a modification of the arguments in [24, Theorems 8.17
and 8.18]. We refer the reader to [37, Lemma 3.2] and [36, Lemma 3.3] for
similar results under boundary conditions. (See also the proof of Lemma A.1
in [26].)

Proposition A-1. Let (M, Q) be a Riemannian manifold with boundary dM. Let
g >n—1and h € L1(OM) with ||hllaom < A. We fix ro > 0 small and, for each
x € dM, consider Fermi coordinates 1y : BLU(O) — M centered at x. Then

(a) If p > 1, there exists C = C(n, g,p,q, \\) such that

_n 1_n=1
sup u < Cr v lull .o + Cr 7 I flleaoy, )
Yx(BF(0))

forany x € IM and r < ry, and any 0 < u € HY(M) and f € L1(IM) satisfying

Agu >0, nM,
P
a—ngu+hu2f, on oM.

(b) If1 < p < .55, there exists C = C(n, g,p,q, \) such that

n n-1
rr|lu + <C inf u+Cr™ 7 p
el o B, 01)) o [F4lIzeomesy

forany x € IM and r < ry, and any 0 < u € H'(M) and f € L1(OM) satisfying

Aqu <0, nM,
P
a_r,g”Jrh”Sf' on oM.

Remark A-2. According to our notations, D,(x) = ¢,(9’B+(0)) (see Section 2).

Proposition A-3. Let (M", go) be a compact Riemannian manifold with boundary
JOM and with dimension n > 3. Choose p > 0 small such that, for all x € IM, we have
Fermi coordinates 1y : B;p(O) — M centered at x. For each g > n —1and C; > 0, we

can find constants y1 = y1(n, 80,4, C1) > 0and C = C(n, g0, q) > 0 with the following
significance: if g = ui2 g is a conformal metric satisfying

f dvg <Cy  and f |[Hel'dog <91
M Di(x)

forx € IM and 0 < r < p, then we have

n=2

2n
u(x) < Ccr 't (f dvg) .
Px(BF(0)
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Proof. Suppose that C; = 1. We can assume that, for any x € dM, using Fermi
coordinates ¢y : ng(O) — M, we have

1
V2

Given r € (0,p) and x € JdM, we define f(s) = (r - )T SUPp«(g) U © Px
for s € (0,7], and f(0) = r%u(x). Then we can choose ry € [0,r) satisfying

f(ro) = f(s) forall s € [0,7), and xp = (x(l), -, X3) € RY, with |xo| < 7o, such that

l2l < dg, (¥2(2),x) < V2|2, forallz € B (0). (A-1)

uoih(xg) = uoip(z), forallze B} (0).

Set % = (x, ..., xj !, 0) and choose a 0 < s < 5. We first assume s > 8x7. It
follows from Proposition A-1 that there exists C = C(n, o, q) such that

n-2
2n
2

s7 sup u o ¢¢x(fo) <C f u%dvgo
B} 5(0) Py (o) (BY4(0)

1
q
+CsiT 2(n—1)_(9u -H uqda
n—2 9 &0 gof
V() (@' BE,(0)) Mgo

where ¢y, (z) : BQP(O) — M are Fermi coordinates centered at ¢,(%y). Then, by
(A-1) and the fact that s/8 > x{j;, we have

k)
s¥uo¢x(x0) SC{f unz—HZdvgo}
(B (%0))

n n— 2 - 1
sl o
@By | =2 I,

Using the second equation of (2.1), we conclude that

1
q q
dago} .

n=2

2n
sTuo Pr(xg) < C{f dvg}
¥x(B{ (%0))

1
n_n-l n_g_2nD) 1
+Cs2™d un21""2 |Ho|'do,
¥x(9' B3 (%0))

)

holds whenever 8xj < s <
On the other hand, by a standard interior estimate for linear elliptic equa-
tions (see [24, Theorem 8.17]), if s < 8xf and s < ¢ then there exists C = C(1, go)

such that
s%uogbx(xo) < C{f unznZdng}
Yx(BF(0))
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By the definitions of ry and xp, we obtain

sup uo, < sup uowxsz%uogbx(xo).
B}, (%) B, ©)
2 2

Hence, there exists K = K(n, go, q) > 0 such that

n=2

2n
$'T 1 0 Py(xg) < K{ f dvg} (A-2)
Yx(BF(0))

1
w2 ] '
+K(s" w0 pe(ag)) T f IHl'do
Dy (x))

forall0 <s < 52,

Now we choose y1 = y1(n, g0, 9) > 0 such that

n_2m=1) 1 1 1
(2K) W2 T2 qu < E (A-3)
and claim that, if fM dvg < 1and fD,(x) |[Hgl'dog < y1, then
r—ro\'%
( _ 0) o Yy(xo) < 2K. (A-4)
n=2 2
Indeed, if (%) * 1o (x0) > 2K, then we can use (A-2) with s = (lmi%)"_z <

o _2-D1 L
¢ to conclude that 2K < K + K(2K)"2~ 2 3)/1" , which contradicts our choice
of y1.

Using (A-2) with s = 5%, and (A-4), we can see that

(r 27”0) "o P(x0) SK(f dvg)
Yx(BF(0))

1 n_2m-1) 1 1 r—r V‘T_Z
+ 5K qu( . 0) 0 Pa(x0).

Hence, by (A-3),

n=2

— o\ 5 e
(r ro) : 1 0 P(xo) SZK(f dvg) .
2 :(BF (0)

This implies
n=2

2n
P u(x) < (r = 10) 7 1 0 Pe(x0) < 2;K(f dvg) /
Yx(B7(0))

proving the case C; = 1.
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Now we turn attention to the case C; > 1. Let y; be the constant obtained
_n=2
above. If fM dvg < C1, we choose A = C, * and set § = A g = (Au)izgo. Then

n-1-q

fM dvg < 1, and we have fD,-(x) |[Hgl"dog < y1 whenever ny(x) |[Hgl7dog < y1C; " .
In this case, we proved above that

n=2

Au(x) < Cr 7 ( f dvg) )
V(B (0))

n=2

2n
u(x) < cr T (f dvg)
Yx(B7(0))

by rescaling. This finishes the proof. ]

which is equivalent to

Using Proposition A-1(b) and interior Harnack estimates for elliptic linear
equations (see [24, Theorem 8.18]), one can prove the next proposition by
adapting the arguments in [11, Proposition A.2].

Proposition A-4. Suppose u > 0 satisfies

—Agu=0, nM,
—aiu+Pu20, on oM,
Mgo

where P € C®(IM). Then there exists C = C(M, go, P) such that

<C
Ludi)go < Cl]\r/l{fu.

In particular,

n+2

o0 i n-2
f u2dog < Cinfu (sup u) .
M
M M

B Construction of the Green function

In this section, we prove the existence of the Green function used in this paper
and some of its properties. The construction performed here is similar to the
ones in [9, p.106] and [19, p.201].

Lemma B-1. Let (M, g) be a compact Riemannian manifold of dimension n > 2 and
fixx € Mand @ € R. Let u: M\{x} — R be a function satisfying

u(y)l < Codg(x, y)* and  [Vgu(y)lg < Codg(x, y)* ",

for any y € M, with x # y. Then, for any 0 < 0 < 1, there exists C; =
Ci1(M,n, g, Co, ) such that

ju(y) = u(@)| < Cidg(y, 2)°[dg(x, y)* ™ + dg(x,2)*%)
forany y,z € M, with y # x # z.
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Proof. Lety # xand z # x.

1st case: dq(y,z) < %dg(x, y). Let ¥ : [0,1] — M be a smooth curve such that
1
y©0) =y, y(1) =z, and fo [y’ (B)lgdt < %dg(y, z).

Claim. We have %dg(x, y) <dg(y(t),x) < %dg(x, Y).
Indeed, since dy(y, y(t)) < %dg(y, z) < %dg(x, y), we have

g 0) 2 dilo, ) — Ay (9, ) 2 gl ) = ) = 755 1).

Moreover,

d5(/(6,%) < dg(y(8),y) + (3, ) < 2y, y) + dg(x,y) = 2 ).

This proves the claim.
Observe that u(z) — u(y) = fol g(Vqu(y(t)),y’(t)) dt. Thus,

[u(y) — u(z)l < sup |Vou(y(t) )Igf Y’ (t)lgdt

te[0,1]

< C sup dy(y(, 0" 24y(3,2)

te[0,1]
< Cla)dg(x, y)*~ 1dg(y, z)
< Cla)dq(x, y)* Odg(y, 2)° .

2nd case: do(y,z) > %dg(x, y). In this case, we have

ju(y) - u(2)| < Ju()| + u(z)
< Cdg(y, x)* + Cdg(z, x)*
< Cdy(y, )" dy(z,9)" + Cdg(z, 0Ol (x, y) + dy(y, 2))°
< Cdg(]/, Z)Q(dg(x, y)“‘e + dg(x, Z)a—e) )

This proves the lemma. m]

Notation. In what follows, (M, g) will denote a compact Riemannian manifold
with boundary dM, dimension n > 3, and p051t1ve Sobolev quotient Q(M, dM).
We denote by L the conformal Laplacian Ag— 10mm 1)Rg, and by B, the boundary

conformal operator 91] ¢, Wwhere 1, is the inward unit normal vector to

oM.

2(n 1)

Proposition B-2. Fix xo € dM and assume there exist C = C(M,n,g) and N > 1
such that
Hy(y) < Cdg(xo, y)™,  forall y € IM. (B-1)
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If N is sufficiently large, then there exists a positive Gy, € C®(M\{xo}) satisfying

600 =~ [ CuLowHo )~ [ CoBowio ) (B2)
for any ¢ € C*(M). Moreover, the following properties hold:

(P1) There exists C = C(M, n, g) such that, for any y € M with y # x,
|Gx, ()| < Cdg(xo, y)* ™ and VoG (y)lg < Cdglxo, y)' ™.

(P2) Consider Fermi coordinates y = (y1, ..., Yn) centered at xo. In those coordinates,
write gap = exp(hap), where hyp, a,b =1, ..., n, is a symmetric 2-tensor of the form

d
hijy) = Y hijay® + O(y*),
lal=1

fori,j=1,.,n—=1,and hyy =0fora=1,..,n. Here, d = [”T‘Z] Then there exists
C = C(M,n, g) such that

|y|2 ! v || +2—n d+3-n
Gult) ~ Gz < 2M%ummmw + Cdy(xo, ™",
|y|2 n -1 d
V4(Guv) - T | <C hZ lZ‘Ihab,aldg(xo,y)lam”+Cdg(x0,y)d+2”.
=1

Proof. Firstly, we define an appropriate coordinate system for points near the
boundary. Set d, = d(x,dM) for x € M, and M, = {x € M; d, < p} for p > 0.
We choose py > 0 small such that the function

szo — oM
XX
is well defined and smooth, where ¥ is defined by d(x,%) = d(x,dM). Then,
for any 0 < t < 2po, the set M = {x € M; dy = t} is a smooth embedded
(n — 1)-submanifold of M. For each x € M,,, define the function
M2P0 il 8dXM
Yy Yy,
where v, is defined by d(y, y.) = d(y, da M).
For any x € M,,, we define the local coordinate system ¢.(y) = (y1, ..., y») on
Myy,. Here, y, = d,, and (y1, ..., y»-1) are normal coordinates of y,, centered at

x, with respect to the submanifold d; M . Then (x, y) = ¢x(y) is locally defined
and smooth.
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Observe that ¢y (x) = (0,...,0,d,) for any x € M,,, and that 1, are Fermi
coordinates for any x € dM. Moreover, in the coordinates ¥ (y) = (y1, ..., Yn) We
have g = 64 and gap(x) = Oap, fora, b =1, ..., n. It is also clear that di:1(d/dy,)
is the normal unit vector to M. Choosing py possibly smaller, we can assume
that, for any x € M,,, Yx(y) = (y1,...,yu) is defined for 0 < y, < 2po and
[(Y1, - Y1)l < po-

Let x : Ry — [0,1] be a smooth cutoff function satisfying x(t) = 1 for
t < po/2,and x(t) = 0 for t > po. For each x € M,,, set

Ki(x, y) = x(n/2)x((y1, s Yn-1)))
: {I(yl/ ey yn—lr '}/n - dx)|27n + |(y1r s Yn-1, yn + dx)|27n} 7
where we are using the coordinates {x(y) = (y1, ..., ¥»). Observe that

n v

Z ay2K1(x,y) =0, for [(y1, - yn-D)I <po/2, 0< yn < po, and x # y.

a=1 a

Moreover, dK1/dy,(x, y) = 0if y € IM with x # y.
For each x € M\M,, >, set

KZ(xr y) = X(4dg(yr x))dg(]// x)Z—n, if 0< dg(yrx) < P0/41

and 0 otherwise. We can assume that py/4 is smaller than the injectivity radius
of (M, g). If we express y — Ky(x, y) in normal coordinates (1, ..., y») centered
at x, we have Ky(x, y) = x(4l(y1, -, Yu)DI(Y1, ..., yn)*™", and thus

n 82
; 5—%1@(9@ y) =0, for 0<dy(y,x) < po/8.
Define K : M x M\Dy — R by the expression

K1) = g @K (5, 9) + (1 - X@DKal ).

1

(n-2) (n—2)op
Here, Dy = {(x,x) € M x M; x € M}. Thus, K(x,y) = Ki(x, y) if x € M2, and
K(x,y) = Kx(x,y) if x € M\M,,. Observe that dK/dn,,(x,y) = 0 if y € IM with
Yy #F X

Expressing vy = Kj(x,y) and y — Ky(x,y) in their respective coordinate
systems (as described above) one can check that there exists C = C(M, g, n) such
that
L,y K(x, )| < Cdg(x, y)' ™.

For any ¢ € C2(M) and x € M, we have

() = fM (AgyK(x, 1O ) — K, ) Agb(y))dog(y)

- [ K@= owiow. ®3)
M Mg
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Indeed, this expression holds for m

when x € M\M,, 2. In particular, Agst,, K(x, y) = Ay K(x, y) — Ox.
We define I'y : M X M\Dp — R inductively by setting

I'(x,y) = LgyK(x, v)

K; when x € M,,, and for 0 K

1
n—2)0y-1

and

Fen(,y) = fM L, 2)T1(z, y)dog(2)

According to [9, Proposition 4.12], which is a result due to Giraud ([25, p.50]),
we have

Cdy(x, y)k‘” , ifk<mn,
ITe(x, Yl < {C(1 + [logde(x, y)l), ifk=mn, (B-4)
C, ifk>n,

for some C = C(M, g, n). Moreover, Iy is continuous on M X M for k > n, and on
M X M\Dy, for k < n.

Now we will refine the estimate (B-4) around the point xy € dM, using the
expansion g, = exp(hy). Since K(x, y) = Ki(x, y) for x € dM, one can see that

n d
g Ko, Y1 < C YY" Ihapaldg(ro, 1)1 + Cdglxo, y) 1"
a,b=1|al=1
Then Giraud’s result implies

n d
kG0, < C Y Y Mhaaldgxo, y) 417 + dyxo, )", ifk <n—d. (B-5)
a,b=1|a|=1

Claim 1. Given 0 < 0 < 1, there exists C = C(M, g, 1, 0) such that
ICps1 (6, y) = Tusa (x, )l < Cdg(y, y)?, foranyy#x#y'. (B-6)

In particular, T',41(xo, <) € C*9(M).

Indeed, observe that I (x, y)—T1(x, )| < Cdg(y, )2 (dg(x, y)' =0 "+d,(x, y')'=9),
according to Lemma B-1. So, Claim 1 follows from the estimates (B-4) and Gi-
raud’s result.

Set

k
Fulx, v) = K(x, T:(x, 2)K(z, y)dv,(2) .
) = Ko ) + ]Zl | 162K ey
Claim 2. For any ¢ € C?(M) and x € M, and for all k = 1,2, ..., we have
o) == [ R Lo - | R Bowin B-7)
M oM

-2
¢ [ i oo - [ SEEH @R o).
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Claim 2 can be proved by induction on k.
Claim 3. For any x € Mand 0 < 6 < 1, the function y > F,(x, y) is in CY9(M\{x})
and satisfies
|FVl(x/ y)| S Cdg(x/ y)z_n ’ |Vg,yFn (x/ y)lg S Cdg(xr y)l_n ’ (B_8)

and

|Vg,yFn(x/ v)— Vg,y’Fn(x/ ]//)lg

dg(y, y')°

Here, C = C(M, g, n) and C' = C'(M, g,1n,0). In particular, for any x € dM,
v+ dF,/dn,,(x,y) defines a continuous function on dM\{x}.

As a consequence of Claim 3, we can choose N large enough such that
y > Hg(y)Fu(xo, y) is in CY¢(dM) for 0 < O < 1 and satisfies

< Cldg(xe, y) 07" + Cldg(x, y') 0. (B-9)

IHg () (x0, lcro@my < CM, 8,1, 0). (B-10)

Let us prove Claim 3. Choose a y # x, and let y; be a smooth curve such
that yo = y. Then, for any r > 0,

d

d
— Ti(x,2)—K(z, y;)dv,(z
T s j(x,2) T K(z, Yoo 2)

I, K, yo)og () = f

M\B,(y)

1 de(x,yr) 3
h to=t h that = < < =forallt to).
Choose ty = fo(x, y) > Osuch t at2 S Loy <2 orall f € [0, ty)

For any r > 0 such that 2r < d¢(x, y) and t € (0, tp), we have

K(z, i) — K(z,
[ | D e
B:(y)

<C [ a2 Myt w0+ ) o)
Bi(y)

< CZ”‘ldg(x, y)l‘” f (dq(z, yt)l‘” +dg(z, y)l_”)dvg(z)
Bi(y)
< C2"N 2+ 1) dg(x, y)' " f dg(z, y) "dug(z),
B,(y)

and the right-hand side goes to 0 as r — 0. Hence,

%fFj(x,z)K(z,yt)dvg(z):fFj(x,z)%K(z,yt)dvg(z) (B-11)
M M

and the estimates in (B-8) follow from Giraud’s result.
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Now,

1 J P /
P o= | B3t e

LKz, y) - 2Kz, )
ay,- 4 ayl 4
< | Tix, d
fM i Z)‘ de(y,y')? ‘ 252

<C f dg(x,2) 7 (dy(z, )0 + dg(z, ') O dog(2)
M

< C(M, 8,1, 0)(dg(x, y)* 07" + dg(x, y' )0,

where we used Lemma B-1 in the second inequality, and Giraud’s result in the
last one.

This proves Claim 3.

Using the hypothesis Q(M, dM) > 0, we define u,, € C>?(M) as the unique
solution of

Lglzlxo (]/) = _rn+1(x0/ y) s in M/ (B-lZ)
Byt (y) = 5ty He(V)Fu(x0, ), on oM.
It satisfies
[eexg llczoany < Cllttllcoy + CliTn4+1(Xo, oo (B-13)

+ CliHg(-)Fn(x0, )llcroan)

where C = C(M, g, 1, 0) (see [24, Theorems 6.30 and 6.31]; see also [1, Theorem
7.3)).

Claim 4. There exists C = C(M, g, n, 0) such that [|uy[lc2o) < C.
Indeed, using (B-7) with k = n and any ¢ € C?>(M), one can see that

sup || < Csup |Lgp| + Csup [Bgp| + Cllll2 ) + CliPllr2omy -
M M oM
Since Q(M, IM) > 0, there exists C = C(M, g, n) such that

fM P*dog + fa quzdogSC fM ILg(p)pldvg + C fa . Bg(¢)Pldag .

Thus, the Young’s inequality implies

f P*dvg + f P*dog < C f Lg(¢p)*dog + C f B,(¢)do, .
M oM M oM

Hence, [|@llcopsy < ClILgPllcoy + ClIBgPllcoomy - Setting ¢ = uy, and using the
equations (B-12), we see that

I[ttxollcogny < ClITr1(x0, llcoany + ClIHg()F (0, llcoomy - (B-14)
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Claim 4 follows from the estimates (B-4), (B-6), (B-10), (B-13), and (B-14).
We define the function G,, € C9(M\{xo} by

Gus) = Ko )+ Y, [ Tk, DKz, hdoy(a) + 1 ).
k=1 VM

One can check that the formula (B-2) holds.
Claim 5. We have G, € C*(M\({xo}) and

(B-15)

Lngo =0, inM\{xp},
BGy, =0, ondM\{xo}.

In order to prove Claim 5, we rewrite (B-3) as
f K(x, y)Leb()og(y) + f K(x, ) By (y)dorg(y) (B-16)
M oM
- fM Lo yK(x, Y)b()vg(y)
~ 500~ | T H K 0o ().

Thus,
f { f I/, DK, y)dvg<z>}Lg¢<y>dvg<y> (B-17)
M M
+L‘M{LFJ(XIZ)K(Zr]/)dUg(Z)}Bg¢(y)d0g(y)
- f Fj<x,z){ f K(z, y)Lep(n)dog(y) + f K(z,ngqb(y)dog(y)}dvg<z>
M M IM
= f Ij(x, z) f LgK(z, y)p(y)dvg (y)dog(2)
M M
- fM r](x,z){ f 2(” S Ho (VK 0o >+<z><z>}dvg<z>

= f { f rj(x,z)Lg,yK(z,y)dvg(z)—I’j(x,y)}qb(y)dvg(y)
M M

- [ [ ri ok oo =2 Hwowds ),

where we used (B-16) in the second equality. Hence, we proved that the
equations

L.y Jy T 2)K(z, )dvg(z) = Tjsa(x, y) = Tj(x, ), inM,
By fM T'i(x,2)K(z, y)dvg(z) = 2(”n zl)H (y) fM T'j(x,2)K(z, y)dvg(z), onodM,
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hold in the sense of distributions. Then it is easy to check that the equations (B-
15) hold in the sense of distributions. Since G, € C"?(M\{xo}), elliptic regularity
arguments imply that Gy, € C*(M\{xo}). This proves Claim 5.

The property (P1) follows from (B-8) and Claim 4. In order to prove (P2),
we use (B-4), (B-5), (B-11) and Claim 4.

Claim 6. The function Gy, is positive on M\ {x}.
Let us prove Claim 6. Let

= -Gy, Gy <0,
0, if Gy, > 0.

Since Gy, has support in M\{xy}, one has

OZ—IGQOLngodUg—f G, BsGy,dog

M oM

—f V.G + 22 R (G-)?| do +f 72 b (G o
- M 8 xolg 4(n_1) 8\ xp 8 aMZ("—l) 8\ xg 8"

By the hypothesis Q(M, dIM) > 0, we have G, = 0 which implies G,, > 0.

We now change the metric by a conformal positive factor u € C*(M) such
that § = u2g satisfies Ry > 0in M and Hy = 0 on dM (see [21]). Observing
the conformal properties (2.2) and (2.3), we see that G = u'G,, = 0 satisfies
L;G = 0in M\{xo} and B3G = 0 on dM\{xo}. Then the strong maximum principle
implies G > 0, proving Claim 6.

This finishes the proof of Proposition B-2. m]

The next proposition extends our Green function to the set M X M\Dy,,
where Dy = {(x,x) € MXM; x € M}. In order to define G, for all points xy € M,
we change conformally the background metric in such a way that H; = 0 on
JdM and R, > 0in M (see [21]).

Proposition B-3. There exists a continuous function G : M X M\Dy — R satisfying

Px) = - f G(x, y)Lgp(y)dvg(y) ~ fa G(x, y)Bgp(y)dog(y) (B-18)
M M
for any ¢ € C*(M) and x € M. Moreover, the following properties hold:
(Q1) For any x,y € M with x # y, we have G(x, y) = G(y, x) and G(x, y) > 0.

(Q2) For each x € M, the function y — G(x,y) is in C*(M\({x}) and there exists
C = C(M, g, n) such that

IG(x, y)| < Cdg(x, y)*™ and [Vg,G(x, y)ly < Cdg(x, y)'™",

forany x,y € M with x # y.
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Remark B-4. A conformal change of the metric does not affect the result of
this proposition. More precisely, if we obtain G(x, y) as above, then G(x,y) =
v(x)Lo(y)"1G(x, y) satisfies the conclusions of Proposition B-3 when we replace

the metric g by § = vz g. Here, 0 < v € C*(M). In this case, the formula (B-18)
is clear when we use the conformal properties (2.2) and (2.3).

Proof. Since Hy, = 0 on dM, the hypothesis (B-1) is satisfied for any point
x = X9 € JM. Moreover, the construction in Proposition B-2 can be performed
for any other x € M\dM, since we can always solve the equations (B-12) using
the fact that Ry > 0in M. Then we define G(x, y) = Gy(y) and the formula (B-18)
follows from (B-2).

Here, we follow the notations of the proof of Proposition B-2 and set u(x, y) =

ux(]/)-
As in the estimate (B-14), we have

llttx — 1 llcopny < ClIT 41 (x, ) = Trar (7, Moy -
Using Claim 4, we obtain

lu(x, y) — u(x’, ) < lux(y) — e (W) + e (y) — e (Y
<y — ux’”CO(M) + Csup |Vgux’(y)|gdg(yr yl)
yeM
< C”rnJrl (x/ ) - rVHl(x,/ )”CO(M) + Cdg(}// }/’) ’

where the right-hand side goes to zero as (x,y) — (x’,y’) because (x,y) —
I'h41(x, y) is continuous. Hence, (x,y) — u(x, y) is continuous. From this we
conclude that G is continuous on M X M\Dj,.

Claim 7. For any x # y we have G(x, y) = G(y, x).
In fact, given 0 < f1, f» € C’(M\dM), we choose ¢ and ¢, satisfying

Lg(Pl =f1, il’lM,
Bep1 =0, ondM,

and

Lg¢2 =f2, inM,
B¢ =0, onodM.

Then, by (B-18) and Tonneli’s theorem,
| [ ct g oo
MJIm
== L¢1(x)Lg¢2(x)dUg(x)= - fM Le1(y)p2(y)dvg(y)
:LLG(y,x)Lg¢1(y)Lg¢2(x)dvg(x)dvg(y). (B-19)
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Thus,
| [ 669~ 00 ooy o0 = 0
MJIM

Then we see that G(x, y) = G(y, x) for all x,y € M\dM with x # y. Since the
function (x, y) = G(x, y) — G(y, x) is continuous on M X M\D)y and vanishes on
{(M\OM) x (M\dM)I\Dyp, we see that G(x, y) = G(y, x) forall x, y € Mwithx # y.

This proves Claim 7.
Property (Q2) is the property (P1) of Proposition B-2. This proves Proposi-
tion B-3. O

Corollary B-5. Let G : MXM\Dy; — R be the Green function obtained in Proposition
B-3. If0 <a <1, then

T(F)x) = fa Gy oty

defines a continuous linear map T : LY(OM) — W*(dM). Here, W*1(dM) denotes
the fractional Sobolev space.

Proof. Since
TOWI<C [ dte, v ko),
M
we have [|[T(f)llz1om) < Clifllz1om) for some C = C(M, n, ). Moreover,

T(H® - THE) _ [ Gl ) -G, y)
Aol xy e faM e,y S WAT).

Let 0 € (a,1). By Lemma B-1 and (Q2) of Proposition B-3, we have
IG(x, y) - G(x, )

< Cdg(x, y)* 97" + Cdg(x, y')* 7.

dg(y, y')?
Then
IGx, y) - G, Yl _ 1G(y, %) - G(y, )| 2-6- 26
= < Cd n d ’ n
dg(x, x")? dq(x, x7)0 < Cdg(y, x) + Cdg(y, x')
Hence,

f f IT(f)x) — T({)(xf)l o6, )
oM o (x, x7 )1t
<C ffLM dg(x, x’)97a7n+1 (dg(x, y)z’e—n + dg(x’l y)z—e—n)lf(y”do.g(x, X, ]/)
4 2—a—n ,
< CJ;M {L‘M dg(x /y) dvg(x )} |f(y)|dag(y)

v [ { | y)z-“-"dvg<x>} F@)idog(y)
oM oM
< CM,n, g a)ll flliomy -
This finishes the proof of Corollary B-5. O
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