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ABSTRACT. We define a mass-type invariant for n-dimensional asymptotically
flat manifolds with a non-compact boundary and prove a positive mass theorem
if either 3 < n < 7orif n > 3 and the manifold is spin. This settles, for this class
of manifolds, a question posed in a recent paper by the first author in connection
with the long-term behavior of a certain Yamabe-type flow on scalar-flat compact
manifolds with boundary.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

Let (M™, g) be an oriented Riemannian manifold with a non-compact boundary
¥ and dimension n > 3. We denote by R, the scalar curvature of (M, g). We also
assume that X is oriented by an outward pointing unit normal vector 7, so that its
mean curvature is H, = divgn.

We say that (M, g) is asymptotically flat with decay rate 7 > 0 if there exists a

compact subset X' C M and a diffeomorphism ¥ : M \ K — R’} \EY(O) such that
the following asymptotic expansion holds as r — +oo:

(1.1) 1955 (%) = 63| + 1gijr ()] + 7% |gijm ()] = O(r™7).

Here, x = (21, - ,z,) is the coordinate system induced by ¥, r = |z|, g;; are
the coefficients of g with respect to z, the comma denotes partial differentiation,
R? = {z € R";z, > 0} and ET(O) = {x € R%};|z| < 1}. The subset My, = M\K
is called the end of M. In this paper, we use the Einstein summation convention
with the index ranges ¢,j,--- =1,--- ,nand «, 3,--- = 1,--- ,n — 1. Observe that,
along ¥, {04} spans TX while 9,, points inwards.

The simplest example, and in fact the model case, of a manifold in this class
is the closed half-space R’} endowed with the standard flat metric §. This work is
devoted to the study of a certain geometric invariant which measures the deviation
at infinity of a general asymptotically flat manifold (M, g) from the model space
(R}, 0).

Definition 1.1. Suppose that 7 > (n — 2)/2 and R, and H, are integrable on M and
Y, respectively. In terms of asymptotically flat coordinates as above, the mass of (M, g) is
given by

12)  mag = lim {/ (915 — gizn'dS; T +/ 2gan79adS;L_2}a
Srt sp-

r—+00
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where S,’.fjrl C M is a large coordinate hemisphere of radius r with outward unit normal p,
and ¥ is the outward pointing unit co-normal to S'~2 = dS}'; ", oriented as the boundary
of the bounded region ¥, C X (see Figure 1).

f n 2 ST’}‘2 >
FIGURE 1. An asymptotically flat manifold.

As we shall see in Section 3, the limit on the right-hand side of (1.2) exists and
its value does not depend on the particular asymptotically flat coordinates chosen.
Thus, m(yy, g is an invariant of the asymptotic geometry of (M, g).

Besides having an obvious intrinsic geometric relevance, this invariant appears
crucially in [A] in connection with the global convergence of a certain Yamabe-
type flow first considered by S. Brendle in [Br], which produces, in the long-term
limit, conformal scalar-flat metrics with constant mean curvature on the boundary.
As explained in [A], the following conjecture is expected to be true.

Conjecture 1.2. If (M, g) is asymptotically flat with decay rate T > (n — 2)/2 as above
and satisfies Ry > 0 and H, > 0 then w4 > 0, with the equality occurring if and
only if (M, g) is isometric to (R}, 0).

This conjecture has been confirmed in some special cases in [Es, Ra]. In this
work we show more generally that it holds true whenever the standard Positive
Mass Conjecture holds (see [SY1, SY2, Wi, Ba]). More precisely, the following result
holds.

Theorem 1.3. Conjecture 1.2 holds true if either 3 < n < 7 or if n > 3 and M is spin.

Combined with the results in [A, Br], this guarantees the global convergence of
the Yamabe-type flow introduced in [Br] for any initial scalar-flat compact mani-
fold with boundary which meets the conditions of the theorem (i.e. either it is spin
or has dimension n < 7). This applies in particular to Euclidean domains. The
following immediate consequence of the rigidity statement in Theorem 1.3 is also
worth noticing.

Corollary 1.4. Let (M, g) be as in Theorem 1.3 and assume further that there exists a

compact subset K C M such that (M \ K, g) is isometric to (R} \Ef(o),é). Then
(M, g) is isometric to (R, §).

We provide here two proofs of Theorem 1.3. In the proof presented in Section
4, the first step is an improvement of the asymptotics of the given metric in the
spirit of the classical proof of the standard positive mass theorem by Schoen and
Yau ([SY2]). Once this technical step is accomplished in Proposition 4.1, this proof



A POSITIVE MASS THEOREM 3

proceeds by a reduction to the classical cases via a doubling construction. We em-
ploy a result by Miao ([Mi]), which covers the situation in which corners along a
compact inner hypersurface appear, to prove that the conjecture above holds true
whenever the classical Positive Mass Theorem holds for the doubled manifold.
We also use the improvement in the asymptotics to present an alternative proof
of Theorem 1.3 in the case 3 < n < 7 which is more in the spirit of the classical
arguments by Schoen-Yau ([SY1]). More precisely, we show that the assumption
of negative mass implies the existence of a stable minimal hypersurface without
boundary leading to a contradiction as in [SY1]. In these proofs, the rigidity state-
ment in the theorem follows by means of the variational characterization of the
mass given in Proposition 2.1. Finally, if n > 3 and M is spin we present in Theo-
rem 5.2 the natural extension of Witten’s celebrated formula for the mass in terms
of a suitable harmonic spinor globally defined on M. The proof of Theorem 1.3 in
this case is an immediate consequence of this expression.

Remark 1.5. We can conceive a version of Theorem 1.3 in which the manifold
(M, g) has two collections of finitely many ends, say {E;};", and {E;}7",, which
we assume endowed with diffeomorphisms ¥; : E; — R’} \PT(O) and ¥; : E] —
R™ \ B1(0) such that the expansion (1.1) holds. To each end E; we associate the
mass given by (1.2), and to each end E] we associate its standard ADM mass as in
[Ba, LP]. In this setting, the result says that if R, > 0 and H, > 0 then the mass
of each end is non-negative. Moreover, if at least one mass vanishes then (M, g)
actually has only one end, being isometric either to (R}, ) or to (R, §), according
to the type of the end. The proofs of these more general statements follow by
straightforward adaptations of the arguments presented here and therefore are
omitted. Observe that, since we are not assuming that X is connected, we allow
for the presence of finitely many compact boundary components. If we think of
(M, g) as being the initial data set for a time-symmetric solution of Einstein fields
equations, then these components may be viewed as trapped hypersurfaces. In
fact, the rigidity statement above actually implies that, in the presence of such
compact trapped hypersurfaces, the mass of each end is actually positive. This is
of course related to the positive mass theorem for black holes first considered in
[GHHP] (see also [H]). For more recent results along these lines in the classical
spin setting we refer to [DX] and the references therein.

Remark 1.6. As mentioned above, Theorem 1.3 follows from the classical posi-
tive mass theorem via a doubling argument. Amazingly enough, it turns out that
our result is in fact logically equivalent to the classical theorem in the sense that
Theorem 1.3 implies the classical assertion as well. This is an immediate conse-
quence of a recent breakthrough by Carlotto and Schoen ([CS]). These authors
show that, given a scalar-flat asymptotically flat manifold (M, g) and a pair of
nested, acute cones C; C Cs in the asymptotic region, with C enclosing the core
region of (M, g), then there exists another scalar-flat asymptotically flat metric ¢’
on M which agrees with ¢ inside C; and is flat outside C5. Moreover, the cone
apertures can be chosen as small as we wish. Thus, ¢’ is a sort of localized version
of g. Finally, it is shown that the ADM mass of ¢’ converges to the ADM mass of g
as the cone vertex recedes to infinity. An immediate consequence is that, in order
to establish the classical mass inequality, it suffices to consider localized metrics.
But for any such metric, if ¥ is a totally geodesic hyperplane in the flat region,
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then the closure of the connected component of M \ ¥ containing the core region
is a bordered manifold to which Theorem 1.3 applies. Also, it is clear that the
mass of this manifold, as computed using (1.2), coincides with the ADM mass of
the localized metric ¢/, which proves our claim. We remark that A. Carlotto has
also noted this amazing connection between Theorem 1.3 and the classical positive
mass theorem.

This paper is organized as follows. In Section 2 we give a motivation for the
definition of the mass, by showing that it can be approached from a variational
perspective. In Section 3 we prove that the mass is a geometric invariant in the
sense that it does not depend on the asymptotic structure and varies smoothly
with the metric. The first proof of Theorem 1.3 is presented in Section 4. As already
mentioned, this proof makes use of a result due to Miao to reduce our positive
mass theorem to the classical version, for manifolds without boundary. In Section
5 we provide a second proof of our main theorem by adapting the arguments of
Schoen and Yau, for dimensions up to seven, and the arguments of Witten, for spin
manifolds. The appendix is devoted to the proof of a technical result concerning
some elliptic problems in weighted Holder spaces.

Acknowledgements: We first learned about the notion of mass in (1.2) from Pro-
fessor F. Marques. We would like to thank him for suggesting us that Theorem 1.3
should hold true and for helpful discussions. The first and second authors would
like to thank the hospitality of Professor A. Neves at Imperial College London
where part of this research was carried out. While at Imperial College, the first
author was supported by CAPES/Brazil and CNPq/Brazil grants and the second
one by a CNPq grant.

2. THE VARIATIONAL APPROACH TO THE MASS

In this section we show how the mass m(,, 4) can be approached from a varia-
tional perspective. This not only motivates Definition 1.1 but also plays a key role
in the proof of the rigidity statement in Theorem 1.3.

The arguments here are similar to those used in [LP, Section 8] for the ADM
mass and we start by recalling this procedure. We consider a manifold M of di-
mension n > 3. Recall that M, the space of Riemannian metrics on M, is an open
cone in Sym?(M), the space of bilinear symmetric tensors on M. Thus, if g € M
and §g € Sym?(M) is small enough then g + dg € M. We recall that the corre-
sponding variation for the scalar curvature R = R, is

SR = V;(Vidg™* — Visg) — Rixdg™,

where 6g = ¢**dg;x, V is the Levi-Civita connection of g (extended to act on ten-
sors) and Ry is the Ricci tensor. Also, the variation of the volume element is

1
(2.3) 0dMgy = §5ngg'
This allows us to compute the variation of the Hilbert-Einstein action given by

gEM— Ag) = RdM, .
M
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We have
) _ R )
(24) A= /M Vi(Vidg™* — Vidg)dM, — y (Rik — 2%) Sg™*dM,,.

Thus, if no boundary is present, the first term in the right-hand side vanishes after
integration by parts and we obtain the usual variational formula, namely,

(2.5) 0A = —/ (Rik - RQik) Sg™*dM,
M 2

In particular, critical metrics for the Hilbert-Einstein action are precisely Ricci-flat
metrics. This applies if M is closed or, more generally, if the variation dg is com-
pactly supported.

If M is asymptotically flat (with an empty boundary) then it is natural to con-
sider variations preserving this kind of structure at infinity. This time a boundary
contribution appears and, as explained in [LP], the ADM mass is precisely the term
that should be subtracted from A to restore the expected form of the variational
principle. More precisely, if for any such metric g on M we define the ADM mass
of (M, g) as

r—+o g

(2.6) mm,g) = lim (9.7 — Gy, dSE 1,

where 1 is the outward unit normal to a large coordinate sphere S”~! in the as-
ymptotic region, and set

B(g) = A(9) — m(a1,9),
then it follows from (2.4) that

(2.7 B =— / (Rik - ];gik) Sg*dM,
M

the obvious analogue of (2.5).

Let us now assume that (M, g) is asymptotically flat with a non-compact bound-
ary as in Theorem 1.3. The natural analogue of A is the Gibbons-Hawking-York action
(IGH, Y]) given by

(2.8) A(g) = /M RdM, + 2 /E HdYy,

where h = g|y and H = H,. As before, one must subtract the mass m(ys,g) from
this in order to restore the expected form of the variational principle.
Proposition 2.1. If (M, g) is asymptotically flat and

B = .A — m(Mﬂ),
then

(2.9) 5B = — /A 1 (Rik — ?{hk) Sg**dM, — /)E (Aup — Hhap) 0h°Pd%y,,

where A is the shape operator of ¥.

Proof. We adapt a classical computation ([Ar, Lo]) to the quantity

(2.10) / RdM, + 2 / HdSy,
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where M, is the compact domain whose boundary is ¥, U S:.fjrl ; see Figure 1.
Notice that this is not the standard GHY action for the compact manifold M, since

the boundary integral over Sﬁ;l is missing.

In order to compute (S.ZT we note that from (2.4) the variation of A,., the Hilbert-
Einstein action evaluated on M,., is

SA, = / 0 (Vidg} — Vidg)dSh + / W (Vidgf = Vidg)dS: T
S Si5
R ik
(2.11) - Rir — —gir | 09" dMy,
M, 2
where dSﬁ;l is the area element of Sﬁ;l.
Asusual, we adopt theindex ranges ¢, j,--- = 1,--- ,nand o, 8,--- = 1,--- ,n—

1 and choose local coordinates so that {9, }, spans T while 9,, = —». Since
(212) n= _(gnn)—l/aniaZ_7
the second fundamental form is
(2.13) Aag = —(1,Vads) = (¢"")/?Tig.

The variation of H = h*f A4, s is given by
1 1
0H = ngggz - §haﬁvn5ha,8 - EHégnna

where V¥ is the induced connection on ¥.. From this and (2.3) we see that
(2.14) §(2HdY) = (2VZeg% — h*PV ,6hap + HShE — Higl) dX),.

On the other hand, in those coordinates we have

7' (Vidgl — Vibg) = =Vadgy + V(97 0gas),

so that
(2.15) 0 (Vedgl — Vidg) = —VZ69% + g°PV,10gap — AP Sgap + Hig!.
Thus, if we combine (2.15), (2.14) and (2.11) we get

SA, = 7/ <Rik - R9¢k> sg™*dM, — / (Aap — Hhog) 5h*Pdx),
M, 2 =,
)
s
The last integral is clearly a divergence so we can rewrite this as

SA, = — / (R,k - Rgm) Sg**kam, — / (Aup — Hhop) 6hP A%,
M, P

2
_l’_/
S

It follows from the results in the next section that the last two integrals converge as
r — +00 to dm(yy,g), the variation of the mass. From this, (2.9) follows easily. ([l

1 (Vibgl — Vi6g)dSpit — / VE5g8ntdYy,.
3

n—1
™+

1 (Vidgl — Vidg)dSr! — /

sn

V*3gain'dS) 2.

n—1
r,+

We thus see that Ricci-flat metrics are again critical for B with respect to varia-
tions fixing the metric along the boundary (dh = 0).
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3. THE MASS AS A GEOMETRIC INVARIANT

In this section we give a proof of the geometric invariance of the mass by adapt-
ing the standard arguments in [Ba, LP]. We also show that this invariant depends
smoothly on the asymptotically flat metric, thus justifying the computation lead-
ing to (2.9).

Let us define the function () as any smooth, positive extension of the asymp-
totic parameter |z| to M. We start by recalling the expansions of the scalar curva-
ture and the mean curvature in the asymptotic region.

Proposition 3.1. One has

(3.16) R=C,;+06, 0=00r"%"2),
and
(3.17) H= % (_Cﬂ?l + gna,a) + 9/7 0 = O(’I"_2T_1),

where C; = gi5,; — 9j5,: 1s the ADM mass density.

Proof. The expansion (3.16) is well-known (see [Ba, LP]). Also, (3.17) follows easily
from the formula (2.13). O

We now introduce the right functional spaces in order to handle this type of
question. Given a complete Riemannian manifold M (with or without boundary),
k > 0 an integer and v € R, we proceed as in [LP] and define the weighted C* space
C% (M) as the set of C* functions u on M for which the norm

k
|| ok = supr Y|V
Ielosan = 3 supr 9"
is finite. Moreover, if 0 < a < 1, we define the weighted Holder space C¥* as the set
of functions u € Clj (M) such that the norm

k k
||u||c$,a(M) = Hu||c$<M> + sluZE) (minr(m),r(y))—7+k+a |V u(ﬁ;) y|Va u(y)|
is finite. Here, the supremum is over all « # y such that y is contained in a normal
coordinate neighborhood of z, and V*u(y) is the tensor at z obtained by the pararel
transport along the radial geodesic from z to y.
We also define the weighted Lebesgue space Lg 5(M), ¢ > 1, B € R, as the set of
locally integrable functions u for which the norm

1

q
llaos = ( / |rﬁu|qr”dMg)
M

is finite. For £ > 0 an integer, ¢ > 1 and 8 € R, we define the weighted Sobolev space
L 5(M) to be the set of u for which |V'u| € L§ ;_,(M) fori = 0,1,...,k, with the
norm

k
lullgs =Y IV ullg0,5-i-
i=0
Notice that for 5 = —n/q we recover the standard Sobolev spaces, denoted simply

by Li(M).



8 SERGIO ALMARAZ, EZEQUIEL BARBOSA, AND LEVI LOPES DE LIMA

It is easy to check that these are Banach spaces whose underlying topologies do
not depend on the choices of r(x) and the asymptotically flat metric g. As stated
in [LP] for manifolds without boundary, the following weighted Sobolev lemma
also holds in our context.

Proposition 3.2. Let ¢ > 1,1 —k —a > n/qand € > 0. Then there are continuous
embeddings C5* (M) C Li 5(M) C CQ“(M).

After fixing asymptotically flat coordinates on the end M., we consider, for

each 7 > 0, the space M of all metrics on M so that
g—6eCh*(My), RelL' (M), HelL'D).
If we fix a background metric go and write g = go + b, it is clear from Proposition
3.1 that we can identify M to a subset of the affine space
{90 + b3 bijij — biijj € L' (Mog), baam € L' (XN M)}
In the topology induced by this identification we have g, — g if and only if
llgr — 9”0}3(1\/1) =0
and
Ry, — RyllLrary + (| Hgy, — HyllLr(sy — 0.

The following proposition describes the main technical result on weighted Holder
spaces needed in this work. Its proof is postponed to Appendix A.
Proposition 3.3. Let (M, g) be an asymptotically flat manifold (M, g) with g € M.,
7 > 0, and with a nonempty boundary . Fix 2 —n < < 0and let T : C>*(M) —
CY% (M) x C% (%) be defined by

T(u) = (—Agu+ hu,du/0n + hu)

where A, is the Laplacian, 1 is the outward unit normal to %, h € C%§ (M) and
he Y (%), for some e > 0 small. If h > 0 and h > 0 then T is an isomorphism.

We can use standard interpolation methods to define Lj ;(3) for any k € R.
In particular, the restriction map

u € CX (M)~ (u,0u/dn) € CX(X) x C(X)
extends continuously to the so-called trace map
T Ly g(M) = Ly q5(3) X L1y 0 5-1(3),

which is surjective. Hence, it makes sense to consider the subspaces of L3 ;(M)
consisting of functions satisfying Neumann and Dirichlet boundary conditions,
namely,
Wy = {u € L3 5(M); Ou/0n =0 on X}
and
Wp ={u€ Lj ;(M); u=0 onX}.

Proposition 3.4. Consider Ay : Wi — Lg 5 o(M). Then
(a) Ay is an isomorphism if and only if 2 —n < § < 0;

(b) A, is injective if 0 > ( ¢ Z;

(c) Ay is surjective if 2 —n < 3 ¢ Z.
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Proposition 3.5. Consider Ay : Wp — L 5_o(M). Then
(a) Ay is an isomorphism if and only if 2 —n < 5 < 0;

(b) A, is injective if 0 > ¢ Z;

(c) Ay is surjective if 2 —n < § ¢ 7Z.

Proofs of Propositions 3.4 and 3.5. We consider the double (M,§) of (M, g) along
defined by M = M x {0,1}/ ~, where (y,0) ~ (y,1) forall y € %, and §(y,j) =
g(y) forally € M and j = 0,1. Although g is not smooth on M, it satisfies the
hypotheses in [Ba, Definition 2.1]. Then both proofs follow from [Ba, Proposition
2.2] by means of reflection arguments of functions on M. The details are left to the
reader. O

Remark 3.6. Suppose 8 ¢ Z, f > 2 — n. As a consequence of Proposition 3.4,
standard arguments show that the Neumann problem

Agu=f inM,
(3.18) oo
on ’
has a solution u € Lj ;(M) forany f € L§ 5 ,(M) and fe L(1171/q.ﬁ71(2)' In fact,

we can solve the cases f = 0 and f = 0 separately. The latter case follows directly
from Proposition 3.4. In order to solve the case f = 0, we choose ¢ € L3 ,(M) such
that d¢/0n = f. Then we use Proposition 3.4 to find ¢ € Wy satisfying A ¢ =
—Ag¢ € L§ 5_o(M). Thus, u = ) + ¢ is a solution to (3.18) when f = 0. A similar
result holds for the Dirichlet problem in (3.18) as a consequence of Proposition 3.5.

The geometric invariance of the mass is described in the next proposition.

Proposition 3.7. If (M, g) is asymptotically flat with g € M., 7 > (n — 2)/2, then
the mass m,y ) only depends on the metric g. Moreover, this dependence is smooth with
respect to the topology on M described above.

The rest of this section is devoted to the proof of Proposition 3.7. The first step
is to integrate (3.16) over the region M, ,» determined by two coordinates hemi-
spheres, say S:jrl and Sﬁ;}, with r < r’. We find that

Cip'dS) ! — /

/ RdM, = /
n—1
M, st "

+ / CntdSy, + / edM,,
Z s M/

T L

Lt n—1
CiptdS)y

where ¥, ,/ is the portion of the boundary of M,. ,» lying on . On the other hand,
from (3.17) we get

/ CntdL, = / Gon¥*dSI 2 — / Jan92dS" 2
s S:,—2 Sn—2

72/ HdYp, + 2/ 'dXy,.
27‘,’7‘/ Z ’

T
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Hence,

/ Cip'dSl T + / Jon9*dS" 2
s ’ sn2

n—1
4 !

:/ RdMg+2/ HdS),
M ’ Z’I‘,’I‘/

+ / Cip'dS; 3" + /
si3! Sr”
where lim,_,« o(r’) = 0. Taking into account that R € L'(M) and H € L'(%),
this clearly shows that the limit in the right-hand side of (1.2) exists and is finite
for any given asymptotically flat coordinate system.

If we repeat the above computation using ¢C instead of C, where ¢ is a cutoff
function which equals 1 in a neighborhood of infinity, then we easily see that the
mass is continuous as a function on M., for the fixed asymptotically flat chart.
Since it is obviously affine, its smoothness follows at once. Thus, it remains to
check that the mass does not depend on the asymptotically flat chart used to com-
pute it. To that end, we need to show that R} is rigid at infinity in a suitable sense.
This uses harmonic coordinates as in [Ba]; see also [Ch] for an alternative approach
to the invariance of the ADM mass.

 Gant A 4 o),

Proposition 3.8. Suppose (M, g) is asymptotically flat with g € M., 7 > (n — 2)/2,
and {z;} are asymptotically flat coordinates defined on M,. Then there exist smooth
functions {x}} on M satisfying

Agrly =0 inM,
Oy
— =0 onX,
on
forg=1,..,n—1,
Agz, =0 inM,
z, =0 ony,
and
xi—xQGCE’f‘H(MOO) ifn>4;
x; —af € O (M) ifn=3.

2
Moreover, the functions {x,} form an asymptotic flat coordinate system in a neighborhood
of infinity.
Proof. We first extend x; arbitrarily to smooth functions on M satisfying x,, = 0 on
oM.

If n > 4, then —7 + 1 is negative and the result follows from Proposition 3.3.
Indeed, we use the fact that Ayz; € C¥% (M) and dzg/dn € CH2(%), for f =
1,..,n — 1, to solve for z; € Cz’fH(M) the equations Ayzs = Ayzg and Ayz, =
Agx,, with boundary conditions 0z /dn = 0xs/0n and z, = 0, respectively. It is
clear that zj = x; — z; meets the conditions of the proposition.

If n = 3, =741 may be positive, so we will need to make use of Propositions 3.4
and 3.5 to find , as above. By Proposition 3.2, Ajz; € C** (M) C L§ 14 (M)
and dz3/0n € chem) L?_l/q7_7+€(2), forany g > 1and ¢ > 0. Assuming that e
is chosen such thaty = —7+1+4¢ ¢ Z and v > 2—n, it follows from Remark 3.6 that
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there exist z; € L3 (M) satisfying A,z = Ay and Ay 2, = Az, withboundary
conditions 0zp/0n = dxz/0n and z, = 0, respectively. For ¢ > n, Proposition 3.2
implies that z; € C1*(M), and Lemma A.2(a) ensures that z; € c*e e (M).
Finally, we set again =} = z; — z.

That {z}} form a coordinate system in some neighborhood of infinity follows
from the fact that |Vz;| = O(r~71¢). O

We now consider two asymptotically flat coordinate systems {z;} and {y;} on
the same manifold and let {x]} and {y}} be the corresponding harmonic coordi-
nate systems as in Proposition 3.8. The following result describes the relationship
between these coordinate systems.

Proposition 3.9. If (M, g) is as in Proposition 3.8 then there exists an orthogonal matrix

{Q7}7 ;=1 and constants a;, i = 1, ...,n, so that

withQF =Q% =a, =0,fora=1,...,n—1.

Proof. We consider the double (M, §) as in the proofs of Propositions 3.4 and 3.5.
Since z € ker A, C L3 4(M) forall 1 < 8 < 2and ¢ > 1, we can define functions
7, € ker Ay C Lgﬁ(]\fz) by 7, (z, j) = 2/, (z) and 7/, (z, j) = (—1)7a, (x) for j = 0, 1.
We define ¥} in a similar way. Although the coordinates x; and y; define different
spaces LZ7 ﬂ(ﬁ ) for k > 1, ker Az is independent of the chosen coordinates as
observed in [Ba, p. 676].

Since dim(ker Az) = n + 1 and the set {1,71,...,9,,} is linearly independent,
we can write 7, = Q! y; + a; and then the result follows by using the boundary
conditions on #; and y/. We observe that {7} is orthogonal because the metric g
is asymptotially flat with respect to both z} and ;. O

By eventually composing the coordinates with rigid motions of R/, we may
assume that

(3.19) 0y, = Q}0s,,
with
(3.20) Q, =0, +0(r"""), and Q) =0 along .

This is the promised rigidity at infinity of R’}, which we now explore to complete
the proof of Proposition 3.7.

As in [Ba, p.680] we write Rx, 1 = dC(*) + D in a given coordinate system {z;},
where C(®) = giiwk A (i, with V0, = wF0,, and (4; = (O, A Os,)2 %y 1, and
D = O(r~27~2). Observe that the mass density C(*) (defined in Proposition 3.1) in
this same coordinate system satisties

lim c®, u}dS;fjrl = lim c@,

r—+00 S;Ljrl r—+00 8:11
Proceeding as in [Ba, pp.681-682] it follows from (3.19)-(3.20) that

C@® —cW =¢q (*5 (@fdxj A de)) + O(p~ 22,
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that is, the ADM densities differ by the sum of a total differential and a term that
integrates to zero as r — +o0. This is the ‘simple but curious cancellation” men-
tioned in [Ba]. Observing the chosen orientation for S”~2 in Definition 1.1, we find
that

lim C®) — lim CW = lim *§ (C}fdxz A d;vj)
Sr—?

r—4o0 Snjrl r—-+4oo Sn—l r—-+4oo
, T+

= lim *§ (@dea A da:n> .
Sp2

r—-+4o0

On the other hand, by (3.19)-(3.20) we compute that
ggz«b = (Oy.,0y,) = <C~2a Oz, @’Pa ;)
- @angg? Qe +0(r27%)
= gan +Qn +O( 72T+6)'
This completes the proof of Proposition 3.7.

Remark 3.10. In a coordinate system where g,, = 0 along ¥ in the asymptotic
region, the expression (1.2) simplifies to
(321) m(JVI,g) = rkr—&{loo 57}11 (g’bj i — 957, z) ldS;lJrl'

In particular, this takes place if the metric is conformally flat near infinity, which
is the case of the metric g constructed in Proposition 4.1 below. As a concrete
example, consider the half Schwarzschild space, which is M,, = {z € R%;[z| >

(m/2) w } endowed with the conformal metric

a4
G = (1 + %MZ_”) TS om0

Thus, g, is scalar-flat with a non-compact totally geodesic boundary given by
z, = 0 and a straightforward computation using (1.2) shows that

M1, ,9m) = (0 — 1)wp_1m.
This means that m,y,, 4,.) is half the ADM mass of the standard Schwarzschild
space, which is the double of (M,,, g,,) along its totally geodesic boundary A
similar remark applies for the mass invariants of the manifolds appearing in the

doubling construction used in the proof of Theorem 1.3 presented in the next sec-
tion.

4. A PROOF OF THEOREM 1.3

In the following we denote the dependence of geometric invariants on the un-
derlying metric by a subscript. In particular, we consider the conformal operators

Ly=—-a,Ayj+ Ry, an=4(n—-1)/(n—-2),
and

By =0,0/0ny + Hy, b, =2(n—1)/(n—2).
We also recall the function r(z) defined in Section 3 as any smooth, positive exten-
sion of the asymptotic parameter |z| to M.

The following result shows that, under the conditions of Theorem 1.3, the asymp-
totics of the metric g can be substantially improved. This follows an idea first put
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forward by Schoen and Yau in their celebrated proof of the classical Positive Mass
Theorem ([SY2]).

Proposition 4.1. Let (M, g) be an asymptotically flat manifold with g € M, where
T > (n — 2)/2, and assume that R, > 0 and Hy > 0. Then for any € > 0 small enough
there exists an asymptotically flat metric g € M. _. satisfying:

i) Rg > 0and Hy > 0, with Rz = 0 and Hy = 0 near infinity;

ii) g is conformally flat near infinity;

iii) \m(M@ — m(M,g)\ <e

Proof. Our argument uses the conformal method and proceeds similarly to the
proof in [LP, Lemma 10.6]. Let x : R — [0,1] be a smooth cutoff function such
that x(t) = 1fort < 1and x(¢) = 0 for ¢t > 2. For R > 0 large define xr(z) =
x(R™1r(z)) and set gr = xrg + (1 — x&r)J. We will solve

(4.22) Lgyur = XpRqur in M,
‘ Byrur = xrHyugp onX

4

n—2

for ug > 0 and R large enough, and check that the conformal metric g = up *gr
has all the desired properties.
We write ug = 1 + v and set

0 n 1
on p T
where g = Ry, — xrllg and ygr = H,, — xrH,. Thus, (4.22) is equivalent to

anLpvp = —yr InM,
bpBrvRr = —Yr oOn X,

1
LR:—AgR—Ff’yR, Br =
Gp IR

(4.23)

Forany € > 0 we have ||[yg|lco | (o) = 0and [Yrllcre (5 —0as R — oo In

[e3%

what follows we solve (4.23) uniquely for vg € C>, (M), with |jvg ||civg+5( ay =0

as R — oo.
FixO<e<7— "T_Q According to Proposition 3.3, the operator

T: C’E’f+€(M) - CgijefQ(M) X Ciquefl(E)

given by Tu = (Ayu, %) is an isomorphism.

5779
Set Tru = (Lgu, Bru). It follows from the easily established estimates

1(Agr — Ag)“)”oﬂag“fQ(M) < llgr — ché’a(M)Hu”cif“(M) )

1(8/0ng,, — 8/6779)“||c};‘+6_1(2) < llgr — 9||cg’“(M)||U||Ci=f+E(M) )

||’YRU||CE»$+€72(M) < H’YR”CE»;(M)||UHCgf+€(M) )

and
ITrullore  (m) < 1Rloremlullore o
that Tr — T is arbitrarily small in the operator norm as R — oo. From this we
conclude that T is also an isomorphism for large R, which provides a unique
solution vy to (4.23).
Now we can choose gr = gr for R large, proving (i) and (ii). It is easy to prove
that gr — gin M, _, as R — oo, so that the property (iii) also holds. (]



14 SERGIO ALMARAZ, EZEQUIEL BARBOSA, AND LEVI LOPES DE LIMA

We will now present our first proof of Theorem 1.3. We first observe that in
order to prove the inequality m(,/ 4y > 0, it suffices to assume that g satisfies the
conclusion of Proposition 4.1. Thus, we may assume that R, > 0 and H, > 0
everywhere, with R, = 0, H; = 0 and ¢ conformally flat outside a compact set
K={zeM; r(x) <C}.

Since ¥ is umbilic and H; = 0 outside K it follows that X\ K is totally geodesic.
This suggests to consider the double (A, g) of (M, g) along . More precisely,
M = M x {0,1}/ ~, where (y,0) ~ (y,1) forall y € %, and §(y,j) = g(y) for
ally € M and j = 0,1. It is easy to check that g is C*“ on M\IN(, where K is
the double of K. Observe that, if we consider the compact hypersurface (with
boundary) Xx = ¥ N K, we have that both g NA\M and on g\ induce the same
metric on ¥ and hence on Y. Also, since ¥k has nonnegative mean curvature
H, with respect to M\X and the unit normal 7, it has nonpositive mean curvature
—H, with respect to M\M and the same unit normal vector 1.

We can extend Y to a closed hypersurface ¥’ in such a way that X"\Xx C
M\K and 7 points to the unbounded connected component of M\¥'; see Figure
2. Let H" be the mean curvature of X’ with respect to this unbounded component
and H~ be the one with respect to the bounded component, both calculated using
a smooth extension of 1 normal to ¥'. Observe that H~ = —H" = H, > 0 on
Yk, the region where g is possibly nonsmooth. On the other hand, since g is C**
in M\[N( D Y¥\Xk, we see that HT = H~ on ¥\X k. Thus, M together with ¥
satisfy the assumptions of [Mi, Theorem 1], which allows us to infer that the ADM
mass 1 yz o of the doubled manifold is nonnegative. As in Remark 3.10, this mass
is precisely 2m;/ ), so we conclude that m,; 4) > 0, as desired.

FIGURE 2. The doubling construction.

Remark 4.2. Although originally stated in more restrictive settings, the result in
[Mi] also holds in our context where ¥’ may have finitely many connnected com-
ponents and the unbounded region N determined by this hypersurface does not
need to be diffeomorphic to R” minus a ball. In fact, it is enough that N is an
asymptotically flat manifold in the classical sense. We can extend this result even

further to the case where M\ N has a finite number of ends, allowing the general-
ization stated in Remark 1.5.

We now prove the rigidity statement in Theorem 1.3. The key result is the
lemma below, which says that a manifold (), g) as in Theorem 1.3 which has
minimal mass is necessarily Ricci-flat and has totally geodesic boundary.
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Lemma 4.3. Under the conditions of Theorem 1.3, if m(ys 4y = O then Ric, = 0 and
Ay =0.

Proof. As in the proof of [LP, Lemma 10.7], we will use the variational characteri-
zation of the mass; see Proposition 2.1. We set g; = g + tk, where k is a compactly
supported symmetric 2-tensor on M. These metrics do not necessarily satisfy the
positivity conditions on the scalar and mean curvatures but we remedy this as
follows. We consider the linear boundary value problem

@20) {Lgtut = Ryu; inM,

Bgtut :ngt onE,
fort € R. If we write u; = 1 + v, this is equivalent to

_anAgt'Ut + VUVt = =Vt in M7
4.25 v
42 bup — +Fve=—%  on¥,
angt
where v, = Ry, — Ry and ¢ = H,, — H,. Since v; and +; are both compactly
supported and converge to zero in C* as t — 0, we see that ||, || coe oy =0 and

||’7t||c}g_1(g) — 0 ast — 0. Arguing as in the proof of Proposition 4.1, for small

|t| we can solve (4.25) uniquely for v; € C*% (M), with Hvt”Ci‘f(M) —0ast — 0.
4

Thus, if we set g, = u;"° g, it follows from (4.24) that

n+2

_nt2 __4 __n_ __2_
(426) R, =u, " *Lyus=u, "Ry >0, Hg =u, ""*Bgus=u, " *Hyg>0.

Notice that we have already proved that m(,; 4y > 0 for any (M, g) as in The-
orem 1.3. Hence, the assumption m(y; ) = 0 means that g is a minimum for the
mass among the metrics §;, with |¢| small. On the other hand, if & = %uthzo we
easily see that

4 1 4
Ry, dMy, = ——iRydM, + 5 R, <ug +k, g> dM,,

g
dt lt=0 n—2

and

d 4 4
— 2H; d¥; = ———uH, d% H, ( ——=1 k d¥y,.
dt’t:o 97 he U g<n2u9+ ,g> 4

Using Propositions 2.1 and 3.7, and putting all these facts together, a straightfor-
ward computation gives

d
0= = L:OWM@,)
= / (k,Ricg) dM, + / (k, Ag) dXp,.
M b
Since this holds for any compactly supported £, the conclusion follows. O

The proof of Theorem 1.3 is completed using the following lemma.

Lemma4.4. If (M, g) as in Theorem 1.3 satisfies Ric, > 0and A, = 0 then it is isometric
to R"Y with the standard flat metric.
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Proof. The double (M, §) of (M, g) along its totally geodesic boundary ¥ is a com-
plete C** asymptotically flat manifold (with an empty boundary) satisfying Ric; >
0, which is well-known to be isometric to R™ with the standard flat metric. The re-
sult follows. O

5. ANOTHER PROOF OF THEOREM 1.3

In this section we provide another proof of Theorem 1.3 which is more in line
with the classical arguments. Thus, in Subsection 5.1 we treat the case n < 7 and
in Subsection 5.2 we treat the case when M is spin.

5.1. The case n < 7. We present below another proof of Theorem 1.3 for this case,
following the ideas in [SY1, SY2].

Let us assume by contradiction that the mass m(,, 4 is negative. We will con-
struct an embedded asymptotically flat minimal hypersurface H C M and obtain
a contradiction. The boundary X will work as a barrier when constructing H.

By Proposition 4.1 we can assume that (1, g) is asymptotically flat satisfying

g=u"75and R, = 0 = H near infinity. Hence,

Au=0 inR%,
ou "
87%:0 OH8R+,

for |z| large. Thus we can write

(5.27) u(z) =1+ Clz|*" + O(|=[*"),

where C' = c¢(n)m(,4) and ¢(n) is a positive constant, so that C' < 0 by our as-
sumptions. (The proof of this asymptotic expansion is a simplified version of the
arguments used for the function v below. An alternative argument is a modifica-
tion of the one in [LP], p.83.)

If f; and f5 are positive functions decaying rapidly on M and ¥ respectively,
then we can find a solution to

528 {Lgv —f, inM,

Bju=fs onX.
in the form v(z) = 1 + €|z|*~" + O(|z|'~™), where we can make ¢ > 0 arbitrarily

small. (See Section 4 for the definition of L, and B,.) In fact, as in the proof of
Proposition 4.1 we rewrite the system (5.28) by making v = 1 4 1, ¢ € C>*(M),

and obtain a new system in terms of ¢, which is solvable if fl = fi—-Ry €
C** (M) and fy = fo — H, € C1* (). The solvability of this problem re-

lies on the fact that R, H, > 0, which ensures its uniqueness and allows us to use
Proposition 3.3. Observe also that f; has the same decay rate of f;, for j = 1,2,
because both R, and H, have compact support.

In order to obtain the expansion for v, we rewrite the system for ¢ in terms of the
background metric e g , which is Euclidean outside a compact set. Then we
proceed as in the proof of Lemma A .4 to estimate |z|"~2|¢(z)| by a constant which
can be assumed arbitrarily small by choosing f1 and f, small with appropriate
decay at infinity. The details are left to the reader.

In particular, in what follows we can assume that R, > 0in M, H; > 0in %,

g =u726 in the end M., and  has the asymptotic expansion (5.27) with C' < 0.
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Let us consider the unit vector field v = u_ﬁﬁ/ Jz,, defined on M, and in-
ward normal to ¥ N M,,. We can extend v to M in such a way that it is still a
unit vector on M and still normal to ¥ outside M. As in [S] we compute the
divergence of v to find that

divyy = —2(n — 1)0% +O(lz| ™),
x
near infinity. So we can choose a¢ > 0 sufficiently large such that div,v(z) > 0
whenever z,, > ag.
For o > 0 large and a > 0, we set

Too ={z=(T,zn); |Z| =0, z, = a}.

Let ", o C M be the (n—1)-hypersurface of least area having I',, , as its boundary.
This is possible because H,; > 0 along . We define

A(o) = min{areay(Ho,q); @ € [0,a0]}.

We set Hy = Hy,q, for a, € [0, ao] such that areay(H,,o) = A(o).

For R > 0 large, let us set Qp = {x € M; |z| < R}. Asin [SY1], we can choose
Ry large such that z — |z|? is a convex function for || > Ry. For each o large we
choose R, > Ry such that

{1' = (i'vxn) € Mu; |i" =0; Tp < aO} - QRU'

By the maximum principle we see that H, C Qg .

Since we have changed the metric g in such a way that ¥ has positive mean
curvature, we have div,v < 0 along ¥. By continuity, one can choose ¢, > 0 small
such that divyv(z) < 0 for any = € Qg_ such that d,(z,¥) < ¢,. In particular we
can conclude that

(5.29) Ho C{x €Qp,; dy(z,X) > €, }.

for some 0 < €, < €,. This is done by means of the divergence theorem and the
minimizing properties of H,.

Remark 5.1. If M has more than one end, the same arguments apply observing
that |z| = R, R large, works as a barrier in the other ends as well, preventing X,
from escaping to infinity.

Now the proof follows as in [S], observing that (5.29) ensures that the boundary
does not interfere when calculating the area first and second variations formula
for each H,,. The limiting area minimizing hypersurface #, obtained as o — oo, is
asymptotically flat without boundary, and we will be able to change conformally
the induced metric on H to a scalar-flat metric. In dimensions 4 < n < 7, by an-
alyzing the second variation formula of area on % we conclude that its mass is
negative, contradicting the classical version of the positive mass theorem. In di-
mension n = 3, the contradiction is given by analyzing the integral of the Gaussian
curvature of the surface H as well as its Euler number.

The rigidity statement follows as in the previous section.

5.2. The case M spin. In this subsection we establish a Witten-type formula for
the mass of asymptotically flat spin manifolds in any dimension n > 3. As a
consequence, we obtain another proof of Theorem 1.3 in the spin setting.



18 SERGIO ALMARAZ, EZEQUIEL BARBOSA, AND LEVI LOPES DE LIMA

Theorem 5.2. If (M, g) is an asymptotically flat spin manifold of dimension n > 3 as in
Theorem 1.3 then

1 R 1
(5.30) ~m(arg) = / (|v¢2 + |w|2) dM, + 7/ H|y|*dSs,
4 " 4 2 /s,
where v is a suitable nontrivial harmonic spinor globally defined on M.

We start by recalling some basic facts regarding spinors on manifolds with

boundary. The reader will find a more detailed account of this preparatory ma-
terial in [F, HMZ, HMR1].

5.2.1. The integral Lichnerowicz formula on spin manifolds with boundary. We consider
a spin manifold €2 of dimension n > 3 endowed with a Riemannian metric g. We
denote by S(2 the spin bundle of 2 and by V both the Levi-Civita connection of 72
and its lift to SQ. The corresponding Dirac operator D : I'(SQ?) — I'(SQ) is locally
given by

(5.31) D= y(ei)Veh, ¢ € T(SM),
=1

where {e;}?_; is a local orthonormal frame and 7 : T2 x SQ — S is the Clifford
product.

If S is the boundary of €2, which we assume oriented by its inner unit normal
v = —, then, given a spinor ¢ € I'(S?), a well-known computation gives the
integral Lichnerowicz formula:

R
630 [ (1vel - 1D+ Fle) a0 =~ [ (Bppias.

where
Bx =v(X)D+Vx, XeI(I'M).

For our purposes it will be convenient to rewrite the left-hand side above in
terms of the mean curvature H of S. We first note that S carries the spin bundle
SQ|s, obtained by restricting S to S. This becomes a Dirac bundle if its Clifford
product is

Y (X)p=v(X)(W)e, Xel(TS), ¢el(SQ]s),
and its connection is
1
(5.33) Vie=Vxp— ifyT(AX)@7

where A is the shape operator of S. The corresponding Dirac operator DT :
I'(SQ|s) = I'(SQs) is

n—1
Ty = T(£I)VT
DTy = Zlv (f;)V], -
j=
A well-known computation shows that

H
(5.34) DTy = Pidn By,

so that (5.32) is equivalent to

R H
63 (WI2 DgP + gsoP) = | <Duo— %w>d3-
Q 4 S 2
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5.2.2. A boundary value problem for spinors. Here we follow [GN] and discuss a cer-
tain boundary value problem for spinors on an asymptotically flat manifold with
a non-compact boundary . We start by observing that if v is the inward unit nor-
mal to ¥ then the linear map ¢ = iy(v) : SM|x, — SM]|y, is a self-adjoint involution.
Thus, we have a (pointwise) decomposition,

(5.36) SM|y, =V, & V_,

corresponding to the eigenbundles of ¢, thatis, Vi = {¢ € SM|s;ep = +p}. We
denote the corresponding projections by P1 : SM |y — V4,

Po=g(dte),
and we set ¢ = ¢4 + ¢_, p1r = Pro. Itis easy to check that DTP, = P DT.
Proposition 5.3. If p € I'(V) then (D7, ¢) = 0.
Proof. We compute

(DT, ) = (DTPryp, Pry) = (P:DTp, PLp) =0,

where in the last step we used that the decomposition (5.36) is orthogonal. O

It turns out that the projections P, define nice boundary conditions for the
Dirac operator D of M. More precisely, the following result holds.

Proposition 5.4. If (M, g) is as in Theorem 1.3 and ¢ € T'(SM) satisfies V¢ € L?(SM),
then there exists a unique & € L (SM) solving the boundary value problem

D¢ = —-D¢ in M
& = 0 on X

Proof. The assumption V¢ € L?(SM) implies, via (5.31) and Cauchy-Schwarz, that
D¢ € L*(SM). The result is then an immediate consequence of [GN, Corollary
3.16]. O

5.2.3. The proof of the Witten-type mass formula. In this subsection we prove Theo-
rem 5.2 by showing that the mass formula (5.30) holds true. As already mentioned
above, our proof adapts Witten’s well-known argument as reported in [LP] to the
class of asymptotically flat manifolds we consider here.

We first claim that, starting from an arbitrary asymptotically flat coordinate sys-
tem {z;}, we can always produce another such coordinate system {z/} such that
Jgan = 0 along ¥ near infinity; see Remark 3.10. Indeed, it follows from (2.12) that
Vin+0,,) =O0(r"""" forl = 0,1,2. Also, from (2.13) we see that A = O(r—"1)
and VA = O(r~7~2). Thus, the claim is verified if we choose {z/} so that 2/, = z,,
and d,, = —n along ¥ and extend this to the whole asymptotic region in the ob-
vious manner. In such a coordinate system, we can use the simplified expression
(3.21) to compute m (/4.

With this preliminary remark at hand, we start the proof by fixing a constant
spinor ¢ with respect to the given asymptotically flat chart, which means that
0;¢ = 0 in the asymptotic region. Moreover, we may assume that |¢| — 1 and
¢_ = 0 along the boundary of this region. We extend ¢ as zero to the rest of
Y, so that ¢_ = 0 everywhere, and finally we extend ¢ to the rest of M in an
arbitrary manner. The well-known formula for the spin connection shows that
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V¢ € L*(SM), so we may find £ € L(SM) as in Proposition 5.4. It is immediate
that
(5.37) Y=+ ¢
satisfies
Y. = 0 on X

We now apply (5.32)-(5.35) in the usual way to the region M, with boundary
YU Sf;l to obtain

2, B 2)d = T iz, — 1 *d
[ (v ur)ar = [ wrosas 3 [ Hpas,

+R (Bup, ¥) dS!'7,
spt

{DwOinM

where n = —v is the outward unit normal and & denotes real part. The boundary
condition ¢)_ = 0 implies, via Proposition 5.3, that the first integral in the right-
hand side vanishes. By sending r — +oo we get

R 1
[ (ver s Fuop) o = =3 [ mpas,
M 4 2 /s
bl R [ ) dSiE
so we must check that
1
n—1 _ ~
(5.38) TEIEOOER - <V,7w,w> s = 4m(M7g).

r,+

We use (5.37) to split the integral as
R st = R [ (Va8 [ (Vo) dSy
+§R/ (V6,6 dS! +m/ (V& ¢) dSI31

As explained in [LP], algebraic cancellatlons and the decay propertles of Vg and £
imply that the first three terms eventually vanish at infinity, so we must evaluate
the fourth one as r — +o0.

In order to handle this limit we note that asymptotic flatness means that

g” = 51’]’ -+ aij, al-j = O(’I’iT).
Hence, the coordinate frame 0; can be orthonormalized to yield
1
e; = 0; — Qaijﬁj + O(’I“_T)7
which gives
(539) €;-ej = 0y - 8j . —l—O(T‘_T),

where from now on we represent Clifford product by a dot. Following [LP] we
introduce the (n — 2)-form

w = ([er-, em-|p, &) e1u€p 1d M.
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A straightforward computation gives
dw = —4 (<Bez¢u €> - <¢7 Bel£>) ejudM,

where
1
(5.40) Be, =V, +e D= (m+e-emn)Ve, = §[el-,em-}Vem.
In particular,
1
(5.41) / (Be,&, p)erndM —/ (Be,#, &)eradM = 7/ w.
n—1 sn—1 4 Sn—2
r,+ r,+ T

In Witten’s original argument, the boundary term in the right-hand side of
(5.41) vanishes because the integration in the left-hand side is performed over a
closed sphere. In our case, S, + is a hemisphere and this terms contributes with
an integral over S;'~ 2=08"" o ! which, as we shall see, vanishes at infinity. To see
this we integrate by parts to get

R <veL§7 ¢> ejudM R <(Bez — € D)§7 ¢> ejadM
Sl Sty

1
— %[ Byt OedM+-% [ w
sn—1 4 g2
T+ T

—R (el : Df, (b) eleM
Sn71

= ?R/ Cl¢£eleM+ ?R w

Sp—2
‘HR/ (1" D, ¢) e;udM,
spt

where in the last step we used (5.37) and the fact that ¢ is harmonic. Again due
to the decay properties, the first integral in the right-hand side above vanishes at
infinity. Also, the standard computation as in [LP] shows that

. 1 A
Iim R <el . D(ﬁ7 ¢> el_ldM = lim - / . (gij,j — gjjyi)/ut'dST’Jrl.
st

r——4o0 sn—1 r—+4oo 4
T+
Thus, it remains to check that

(5.42) lim % w = 0.

r—+00 S;sz
Using (5.39) and restricting to ¥ in the asymptotic region we have
(5.43) W =400 O - ,€) 0000 dM + (O(rT) - §,€) Do 10, dM.

Since 9,0,2dM = dS"? = O(r"~?2) we see that the last term in the right-hand
side integrates to zero at infinity. On the other hand, if { means transpose conju-
gation then (e, - e,°) = e, - e,- and hence (0, - 9,)T = 0,, - 9, - +O(r~7) by (5.39).
By using Clifford relations in the asymptotic region we get
0 = —2gan
= Q-0 +0, Oy -
= OO 400 0n) +0(r77),
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which gives 9, - 0,,- = O(r~ 7). Thus, the first term in the right-hand side of (5.43)
also integrates to zero as r — +o00. This completes the proof of Theorem 5.2.

With Theorem 5.2 at hand, we can easily produce a proof of Theorem 1.3 in the
spin case. First, it is immediate from (5.30) that a spin manifold as in Theorem
1.3 satisfies the mass inequality m(,; 4 > 0. Moreover, if m(,, ;y = 0 then (M, g)
carries a non-trivial parallel spinor, say ¢. In particular, g is Ricci flat. Also, since
iv -1 = 1 along ¥, we see after differentiation that AX - 1) = 0 for any X tangent
to X. Since (M, g) actually carries as many parallel spinors as the model space
(R%, ), we conclude that X is totally geodesic and the rigidity statement follows
from Lemma 4.4.

APPENDIX A.
THE PROOF OF PROPOSITION 3.3

In this technical appendix we present a proof of Proposition 3.3. The argu-
ment follows from a series of lemmas which, taken together, establish the mapping
properties of the operator 1" appearing in that proposition. Our proof is inspired
by the ideas in [CSCB], where the case of manifolds without boundary is treated.

Lemma A.1. If2—n <~y < 0 there exists C = C(n) > 0 such that, for all u € CZ(R"}),
we have

lullco@n) < CllAullcy_,@n) + CllOu/dnllco_ (orr)-
Proof. We set ¢(z,y) = |z — y|> " + |z — y|* ", where ¥ = (y1, .., Yn—1, —Yn) if
Yy = (Y1, ..., Yn). Observe that Ay¢(z,y) = 0 for any z,y € R”, and %Mx, y) =20

for any x € R} and y € R’;. Then, for any y € R} with |y| < R, Green’s formula
yields

(n—2wp_1uly) = /EW win o(z,y)Au(z)dz

ou
- d
/268R1,|x|<R ¢(,y) o, (x)dogr(x)

ou
i /-TERLM_R o 9) 5, (@)dor(@)

_ / 99 (¢, y)u(z)don(z).
wERi

Jo|=R OF

Choosing R > 2|y| and using the fact that u € C2(R?; ), one can check that
ou
/ 8(,9)| S () |don(z) < )R
z€RY,|z[=R T

Also, since

< C(n)R'™",

8 2—n
§|x—y|

for any u € R™ with R > 2|y|, we get

/xER”7$|—R ’%(%y)U(x)’ng(x) < C(n)R".
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Hence, taking the limit as R — oo in Green’s formula above and using the hypoth-
esis v < 0 we obtain
ou

(AD) (1= Dwnru) = - [ depdulede— [ ooy g @)da)
zERY zEIRY Tn
Since 2 — n < 7, we can use the fact that
[P [ eyt e o) < Clolyp
zeRY mE&Ri

for any y € R", so that it follows from (A.1) that

Wl < [ ey )i

_ ou
O[T y)| 5 @)|do (),
xEBRi Tn
< of Wl au@)er o
zERi
v [ eyl | 2 @) do(2)
c€ORT Oy~ llC_, (oRY)
ou
< C A 0 n C —_
< Clau@les e + Ol 7@
which proves the lemma. O

Lemma A.2. Let (M, g) be an asymptotically flat manifold with g € M., 7 > 0, and
boundary ¥, and let v € R. Then the following assertions hold:

(a) There exists C = C(M, g,~) > 0 such that, if u € C,*(M), Agu € C’SfQ(M) and
du/dn, € Cif‘l(Z), then u € C2*(M) and we have

||UH03‘“(M) < CHAgu”cgfz(M) + CHau/a’?g”cifl(z) + OHU”CQ(M)-

(b) Assume that g = 0 outside a compact set and 2 —n < v < 0. Then there exists
C =C(M,g,v) > 0and a compact set K C M such that, for all u € C?/(M),

lullcoary < CllAgullco ) + Cllou/Ongllco sy + Clluller x)-
In particular, if g = § outside a compact set and 2 —n < v < 0, then there exists

C = C(M,g,v) > 0and a compact set K C M such that, if u € C,%”‘(M), then
u € C2(M) and we have

||u||c$“(M) = C||A9u||C2’_°‘2(M) + CII3U/3ngllc;fl(g) + Cllull e (x)-

Proof. We can identify the end M., with R?\{z € R}, |z[ > 1} under the given
asymptotically flat chart. For R > 1 we will denote by K the compact set M\{z €
Myo; |z| > R}. Finally, for any subset Q C M, we define ' = QN X.

For the proof of item (a), we set A = {z € My; 1 < |z| < 4} and A={ze
Muo; 2 < |z| < 3}. For R > 1 we also set Ag = {& € Mw; R < |z| < 4R} and
ﬁR = {x € Mw; 2R < |z| < 3R} so that 4; = Aand A; = A. Let0 < x <1
be a smooth cutoff function satisfying y = 1in A and x = 0 in M\4, and let
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u € CL*(M). We set ug(x) = u(Rx) for z € A and define a metric gr on A by
(9r)ij(x) = gij(Rz).
It follows from elliptic regularity that u € C};%(M) and

(A2)  Ixurllezaca) < CllAgL (xur)|coeay + CllO(xur)/Ongg | c1.e (o0 4)5
for some C' = C'(M, g). Observe that

(A.3) HUR”cz.a(,Z) < ||XURH0210(A)7

(A4) [Agr (xur)lcon(ay < CllAgpurlcoaiay + Cllurlcrea)

and

(A5)  0(xur)/Onggllcra(oray < CllOur/Ongg[lcraoray + Cllurllore(oray
so that
(A6) [[urllcencq) < CllAgrurllcoe(a)y + ClOur/Inggllcr.e o a) + Cllurlicrea)-

Expanding this in terms of C° norms, multiplying by R~ and rewriting the result
in terms of v and g, we get

(A7) ||u||c?,»°<(AR) < CHAgu||CS*_°‘2(AR) + C”au/ang”c}/fl(a'AR) + C||U||c§~a(AR)~

Since this holds for R arbitrarily large, we conclude that u € C2*(M).
Combining (A.6) with a well-known interpolation inequality, namely,

[vlcracay < €llvllozaiay + Cle)|lv]lcocays

and procceding as in (A.7) we obtain

HU||c§=a(ZR) < CHAgu”cng(AR) + C||8u/8ng||cifl(a'AR)

+C(@)lullog(an) + ellul gz
Hence,
||“||c$“(M\K2) < OHAgU”cng(M\Kl) + C||5U/3ng||c;g(z\a/;(l)
+C(O)llullcoan k) + ellull oz an i, )
which implies
(A.8) ||U||c$v”(M\K2) < C”AguHchz(M) + Cllau/ang‘lcifl(z)
+C(€)||u||CQ(M) + 6”“”0?,»‘*(1\/1) :

Let us now consider a smooth cutoff function 0 < § < 1 satisfying § = 1 in K3
and ¢ = 0 in M\ K,. By elliptic regularity,

[ullozesy < NOulleze iy < CllAg(OW)[| o,y + CllOOU)/Ongll0re 00 k)

< ClAgullcoar,) + Cllow/Ongllcreor sy + Cllullere xy)
< CllAgullcoa(r,) + Cll0u/Ongllcre o k) + Cle)]ullcor,)
+ellullezo(xy)s
so that
(A9) lulloza(ry) < C”AguHchz(M)+C||au/a77g||c}yfl(z)

+C(Ollullegany + €llullgzaar.

The estimate in item (a) follows immediately from (A.8) and (A.9).
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In order to prove item (b), assume that ¢ = § in M\Kg, R > 1, and consider
a smooth cutoff function 0 < 8 < 1 satisfying § = 1 in Kr and § = 0 in M\ Ksg.
Since (1 —6)u has support in M, the restriction of (1 —6)u to M., can be seen as a
function v € C2(R?" ). Hence, according to Lemma A.1, there exists C = C(n) > 0
such that

||’U||02(R1) < C||A’U||0372(JR1) + C||3U/31En||cgfl(am)-

Thus,
HUHCQ(M\KQR) < C||Agu|\cg_2(M\KR) + C||au/3779||03_1(2\afKR)
+Cllullor (o i)
which clearly implies the estimate in item (b). O

Lemma A.3. Let (M, g) be as in Lemma A.2 and consider the operators L = A, + h and
B =09/0n, + hwhere h € C¥5 (M)and h € CH{ (). If2 —n <~ < 0, we define
by T'(u) = (Lu, Bu) the operator

T:C2(M) — CY% (M) x C%(5).
If T is injective then there holds
(A.10) ||u||03*“(M) < CHLuHcng(M) + CHBUHCifI(z)a
forall w € C2*(M) and some C = C(M, g, 7, 1Bllcos anys lIBllcre () > 0.
Proof. We retain the notation in the proof of Lemma A.2. We consider a smooth
cutoff function 0 < 6 < 1 satisfying # = 1 in M\K, and § = 0 in K;. Since
the support of ¢ is contained in M\ K, it makes sense to define 8z, R > 1, by
Or(z) = O(R~'x), which is supported in M\Kpr C M. Also, define the metric gr

on M by gr = 0rd + (1 —0r)g, so that gr = § in M\ K3g. For later use we observe
that

(A1) 9—9r =0r(g —9).
By the last assertion in Lemma A.2 there exists C' > 0 such that
(A.12) ||“Hc$ﬂ(M) < CHAgRUHcgfz(M) + C”au/angR”cifl(M) + Cllullor (5 )

for some large R’ > 2R.
Let us first estimate ||(L — AgR)U”CO,az( ) Using the standard coordinate ex-
02,

pression for the Laplacian we can verify that
1(Bgn = Ag)ull o, ary < Cllgr = gllcgn a1Vl o car
+Cllgr = gllci=on Vol ooe (ar
<Cllgr - g||cg’a(M)||“||c$=‘*(M) ‘

Also, using (A.11) we have

lgr — g”Cé"’(M) < Clor(g - 5)||03=Q(M)
< Cllg=llope )
< CR7lg = dllcre angp -

where the constant C is independent of R, which implies

1(Agn = Ag)ullgoe, (ary < CR™ |lull gz ar)-
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On the other hand, writing u = (1 — 8r)u + Ogu we have

||hu‘|cgf2(M) < Jlh(1 - 0R)u||02f2(M) + HheRU”cgfz(M\KR)

< Rllcog an (X = Or)ullco.o ary + 1hllcoe ey 10Ul 00 (a1 )
< Cllhlleog nllulloosuon + B Nhllcog anpllulcos
<

Clllullooaeam) + B Nullmegary)
where the last constant C' depends on ||A| o o (M) Thus,
(A13) (L = Agp)ullgne,ary < Cllullcontienn + CRT + R ullgzear
Similarly, if we make use of (2.12) we obtain
A18) (B 0/on)ulern ) < Clullerowmn +
+O(R™ + B |ull o sy,
where C' depends on HEH el (x)r 80 that (A.12), (A.13) and (A.14) lead to
HUHC$'”(M) < C||LUHcgf’2(M) + O Lu — AgRUHcng(M)
+CHBUHC;_&1(2) + C||Bu — du/dng, Hcy_”l(z)

+Culler (kp)
C”LuHcgfz(M) +C(RTT + Riﬁ)”“”ci%mj)

IN

O Bulgr, sy + Cllullero e
Hence, if we choose R large we finally obtain the key estimate
(A.15) lullczeary < CliLullgo.e, () + CllBullgre, sy + Cllullete (k) -

The rest of the proof of Lemma A.3 will follow by a contradiction argument
using the injectivity assumption and (A.15). Indeed, assuming that (A.10) does
not hold we can choose {u;}32, C C2*(M) satisfying

1= ||Uj||03*’(M) 2 jHLujHCsz(M) +j\|BUj||c§fl(z:) :
In particular, as j — oo,

Luj — 0 in C5%(M)

A.l6
(A.16) {Buj =0 in C% (%)

Since ||uj||03,w(M) = 1 we can assume that {u;} converges in C**(Kp/). Then,
using (A.15) with u = u; — uy, we see that {u;} is a Cauchy sequence in C2*(M).
Hence, this sequence converges in C2:*(M) to some u € C2:*(M) with |[u]| o2 () =
1. The fact that T = (L, B) is a continuous operator together with (A.16) implies
that Lu = 0 and Bu = 0. Thus, u = 0 by the injectivity hypothesis. This contradicts
the fact that ||| c2e ) = 1 and concludes the proof of Lemma A.3. O

Lemma A.4. Let (M, g) be an asymptotically flat manifold as in Lemma A.3. If 2 — n <
v < 0 consider the operator

T: CE’,?(M) — CSfQ(M) x Cif&(z)'
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given by T'(u) = (Agu, Ou/0n,). If g = 6 outside a compact subset of M then T is an
isomorphism.

Proof. We use the notation in the proof of Lemma A.3. Choose R large so that g = ¢
in M\ K and consider the subset M\Kr C M, which we still denote by M.
Then the diffeomorphism

¢ B (0\{0} = Mo, () = 2/f?
extends to a coordinate system ¢ : B}, , (0) — My U {oo}. Moreover, if {9;}7, is
the canonical frame on B};_, (0), then ¢ induces the coordinate frame {¢.9;}", on
Moo U {o0}.

Define a metric § = ¢*¢g on M, where ( is a positive smooth function on M
satisfying ((¢(z)) = |z| for all = € B},_,(0)\{0}. Observe that § can be extended
to a smooth metric on M U {oo} = KU My, U {o0}, still denoted by g. In fact, for
any z € B},_,(0)\{0}, we have Gy, (4:0;, ¢.0;) = 6.

In this setting, let us consider the problem of finding u € C2:*(M) satisfying

—Agu=f inM,
(A17) al _F ony.
87757

for given f € C:%(M) and f € C % (S). We first assume that f and f are com-
pactly supported.

By eventually multiplying f and f by real constants and using the notation of
Section 4, this is equivalent to

Lyu—Rqu=f inM,
Byu—Hyu=f onX%

and using that L;(¢* "u) = (""" 2Lgyu and B;(¢* "u) = (" Byu, this becomes

L‘” _r—4 — —n—2 3 M
(A18) GV C,QRQU C,n . f inM,
Byjv—-(*Hpu=("f on,

where v = (?"u. Now we shall find v € C>°(M U {cc}) solving

Lyv— (¢ *Ryu=¢(""2f inMU/{oo},

(A.19) {Bgv B (72Hgv =(¢f onX U {0},

so that it solves (A.18) in particular. To that end, it suffices to prove uniqueness for
(A.19). Thus, suppose that v satisfies

Lyjv— ¢ *Ru=0 inMU/{oco},
Bjv—(?Hyuy=0 onXU{oo}.

Then elliptic regularity implies that v € C*°(M U {oo}) and we shall see that ac-
tually v = 0. Since multiplication is continuous in weighted Holder spaces (see
[CSCB, Lemma 1)), it follows that ("~2v € C5_, (M) for any k > 0. But u = (" %v
satisfies

0
—u:O ony,

{Agu =0 inM,
g
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which implies v = 0, as we can check by a simple integration by parts. Hence,
v = 0 and we have uniqueness for the problem (A.19). (In particular, T"is injective.)
Thus, we can always find a solution v € C*°(M U {oc}) to (A.19) and hence a
solution u € C’,%*O‘(M ) to (A.17) in case both f and f are Compactl_y supported.

We now consider the general case where f € CSf‘Q(M )Jand f € Cif‘l(E). We
want to find u € C2*(M) such that (Lu, Bu) = (f, f). f 0 < a1 < aand v < <
0 we can find sequences {f;}72; C C>*(M) and {ﬁ}jﬁl C C(X) such that, as
J — +oo,

”fj - f||02‘1°‘_12(M) — 0, ||f] - f||c}y~1‘1_11(2) — 0,
and
||fj||c$f2(M) < C||f||03f2(M) ) ||fj||c§i"1(2) S C|f||c§’f1(2) )

By the special case already proved, we can find u; € CES (M) such that (Lu;, Bu;) =
(fs, f;)- It follows from Lemma A.3 that, as j, k — +oo,

”uj - uk”cfflal(M) < CHfj - fk”c:’l"_12(M) + CHfJ - kaC:l“_ll(E) — 0,
and
lusll 2o ary < CHfchgfz(M) + CHfj”C;fl(z) <C.
Hence, we can assume that u; — wu in C2,*'(M) for some u € C2*(M). As a
consequence, Lu; — Lu in C’S;(J‘_IQ(M ) and Bu; — Buin C’if’_ll(E), as j — oo, and

the result follows from the fact that Lu; = f; — f in C0'*%, (M) and Bu; = f; — f
in C1%1 (%0). 0

Proof of Proposition 3.3. First observe that all the operators 7" as in the proposition
are injective, as we can see by applying the maximum principle. Let C be the set
of all these operators and let C C C be the subset of isomorphisms. We consider C
with the operator norm topology. It follows from the Implicit Function Theorem
that C is open in C. We will prove that it is also closed.

We set X = CS%(M), Y = C}/f‘l(E) and consider X x Y with the norm

I Dllxsy = 1 llx + 1 Flly-

Let T; € C be a sequence converging to some T’ € C under the operator norm || ||,.
We shall prove that T is surjective.

Given (f, f) € X x Y we must find u € C2:%(M) such that T'(u) = (Lu, Bu) =
(f, ). Let us write T; = (L;, B;). By hypothesis, there exists u; € C2*(M) satis-
fying (Lju;, Bjuj) = (f, f), so that, by Lemma A.3, there exists C' > 0 such that

lujll 2= ary < I Pllxxy

for all j. In particular, u; is uniformly bounded in C2*(M).

If we choose a; € (0,«) and v; € (v, 0), it follows from [CSCB, Lemma 3] that,
by eventually passing to a subsequence, we may assume that u; — uin C2,*1 (M),
for some u € C2*(M).

We just need to prove that Lju; — Lu in C°(M) and Bju; — Bu in C°(%)

to conclude that (Lu, Bu) = (f, f). Observe that | T — T}||,, — 0 implies that
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|IL — Ljllop = 0and || B — B,||,p — 0. We also have

(A.20)

[ Lju; — Lullcoary < [L(ug —u)|lcoary + (L — L)wjllcoary -

The first term on the right-hand side of (A.20) converges to zero because u; — u
in C2:%1(M). As for the second one,

I(L

j L)uj”CU(M) < ”(Lj - L)uj”c'3f2(1u) < ”Lj - L||op||”j||c§=“(M) — 0,

since ||uj||C3,a(M) is uniformly bounded. This proves that || L;u; — Lul/co(ary — 0.

The proof that || Bju; — Bul|co(s) — 0 is similar, which proves that C is closed in C.

Finally, we need to prove that C is connected and contains an isomorphism.
Using the notation in the proof of Lemma A.3, we consider the family of met-
rics gr for R > 1, and observe that the operators of the form (—A,,,0/0ny,)

are isomorphisms, according to Lemma A.4. We set L, = —A

+th, Bt -

J1-t)—1

d/dng,,_, . +th,and define T = (Ly, B;) fort € [0,1) and T = T. Then {Ti }1¢ (o1

is a continuous family of operators in C connecting (—A,,,d/d1,,) to T. This fin-
ishes the proof of Proposition 3.3. O
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