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Abstract

We study weakly hyperbolic iterated function systems on
compact metric spaces, as defined by Edalat in [12], but in
the more general setting of compact parameter space. We
prove the existence of attractors, both in the topological and
measure theoretical viewpoint and the ergodicity of invariant
measure. We also define weakly hyperbolic iterated function
systems for complete metric spaces and compact parameter
space, extending the above mentioned definition. Further-
more, we study the question of existence of attractors in this
setting. Finally, we prove a version of the results in [4], about
drawing the attractor (the so-called the chaos game), for com-
pact parameter space.
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1 Introduction

Iterated function systems (IFS) were introduced in [15] (although
some results appeared earlier in [23]), as a unified way of generate
a broad class of fractals. Nowadays, such systems occurs in many
places in mathematics and other scientific areas, like image process-
ing [2]. IFS can also be considered as skew-products over the shift
map. Therefore, they can also be considered as random dynamical
systems, like in [10].

In [15], Hutchinson introduced the theory of hyperbolic IFS. He
considered a finite collection of contractions over a complete metric
space. He was interested in constructing attractors, both in the
topological and measure-theoretical viewpoint. Thus, he built some
operators from the IFS, which nowadays are called the Hutchinson-
Barnsley and transfer operators. This theory and the fractal theory
was largely disseminated by the book [1].

After this seminal work of Hutchinson, many authors proposed
several generalizations of his results. One direction was to weaken
the hyperbolicity assumption, allowing some weak forms of contrac-
tion. For instance, we have the so-called average contraction with
respect to a probability measure, studied in [3] and [10]. Also, we
have the ¢-contractions studied by [17] and [20].

Following this line of research Edalat [12] defined the notion of
weakly hyperbolic IFS (see the definition 1.1) as a finite collection of
maps on a compact metric space such that the diameter of the space
by any combination of the maps goes to zero. This definition allow
some non-contractions which were ruled out in the previous settings
to obtain a topological attractor.

Another way to extend the results of Hutchinson is to enlarge
the parameter space. In Hutchinson’s paper the parameter space is
always finite. In [13], this theory was extended to the case when
the parameter space is an infinite countable set. In [19] and [21]
the authors consider compact metric spaces as the parameter space.



However, in those contexts, only uniform contractions and average
contractions were studied.

One of the purposes of this article is to study these questions
in the setting of weakly hyperbolic IFS with compact parameter
space, thus unifying and extending some of the previous results.
In particular, we obtain the existence of topological and measure-
theoretical attractors. Moreover, we extend the notion of weakly
hyperbolic IFS for complete metric spaces and we discuss and give
partial results about the existence of such attractors.

Let us make some comments about our proofs. In the compact
case, the idea is to show that our definition satisfies a well known
property called point fibered property as mentioned in [5] by Barns-
ley and Vince. This property, in a stronger form, was also studied
by Maté, in [20], with the name of property (Px*). So, one step is
to prove that weak hyperbolicity implies this property. We stress
that in the complete case, we still obtain the existence of topolog-
ical attractors using weak hyperbolicity. However, we still cannot
prove the existence of measure-theoretical attractor using only weak
hyperbolicity. Nevertheless, we also have some partial results about
this.

Moreover, in the compact case we prove ergodicity of the measure-
theoretical attractor for the systems involved. Also, inspired by the
work of Barnsley-Vince in [4], we also prove that most orbits can
draw the attractor (see the precise definition below) with respect to
some special measures in the parameter space. We remark that this
property is called “chaos game” in Barnsley-Vince’s work.

The rest of this introduction is devoted to give precise definitions
and statements of our results.

1.1 Definitions

Let A be a compact metric space and X be a complete metric space.
A continuous map w : A x X — X is called an [terated Function



System (IFS for short). The space A is called the parameter space
and X is called the phase space. The space AN of infinite words with
alphabet in A, endowed with the product topology will be denoted
by © := AN. Given a fixed parameter A\ € A, we will denote by
wy : X — X the partial map generated by this parameter, which is
defined by wy(z) := w(A, z).

In this paper we shall investigate IFS with compact parameter
space.

Let us denote the map wy, _x, := wy,0...owy,, where (A1, ..., \,) €
A™. For each n € N we denote by w™ the IFS from A™ x X to X,
given by

WAL, ooy Ap, ) 1= Wy,

Let us recall the definition of weakly hyperbolic IF'S, as intro-
duced by Edalat in [12].

Definition 1.1. If X is a compact metric space and A is any compact
metric space then we say that an IFS w : A x X — X is weakly
hyperbolic if for every o € ) we have:

lim Diam(w,,. (X)) =0

n—oo

In [12] Edalat considered weakly hyperbolic IFS with finite pa-
rameter space. One of the goals of this paper is to extend his results
to the more general setting of arbitrary compact metric spaces as a
parameter space

1.2 The Topological Attractor

First, we recall the Hausdorff topology. Let us denote by K(X) the
family of all compact subsets of X. We endow it with the Hausdorff
metric as follows. Let d(z, F') = inf{d(x,y);y € F'}. The Hausdorff
metric is given by

du(A, B) = sup{d(a, B),d(b,A) :a € A,be B} for A, B € K(X)
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If X is a complete (resp. compact) metric space, it can be proved
(see [1]) that (IC(X),dy) is also a complete (resp. compact) metric
space. The Hutchinson-Barnsley operator F : K(X) — K(X) is
given by:

F(A) = [ wr(4) = w(A x A), for A € K(X).

AEA

Definition 1.2. An IFS w has an attractor A € K(X), if there
exists an open neighborhood U of A (the basin of attraction) such
that F"(B) — A in the Hausdorff topology for every B € K(X),
with B C U. If A € K(X) is a fixed point of F then we say that
A is an dnvariant set by w. If U = X then the IFS has a global
attractor.

We shall deal with attractors which might not be global attrac-
tors only in Section 6. Thus, to simplify the notation, we make the
following convention: when we say that an IFS has an attractor, but
we do not make any comment about the basin, we shall be talking
about global attractors.

Our first result gives the existence of global attractors for weakly
hyperbolic IF'S.

Theorem 1. Let w be a weakly hyperbolic IFS on a compact metric
space X and with a compact parameter space A. Then F has an
attractor K that is also a compact invariant set. Furthermore, we
have that w,, o...ow,, has a unique fized point for all o € Q) and n >
1 and also K 1is the closure of these fixed points.

1.3 The Measure-Theoretical Attractor

First, we recall the topologies on the measure space. Let (X, d) be
a complete and separable metric space and consider the space

Lip;(X;R) ={f: X = R:|f(x)— f(y)] <d(z,y) for all x,y € X}.



Let M(X) be the set of the Borel probability measures p such that
p(f) == [y fdu < 4oo for each f € Lip,(X;R). We define the
Hutchinson metric in M(X) by:

/dev—/xfdu

In [18], Kravchenco characterized the completeness of M (X) with

Hmuwwm{

JemenRﬁ-

the Hutchinson metric:

Theorem 1.3. Let X be a separable metric space. Then the space
(M(X), H) is complete if and only if X is complete.

Remark 1.4. We remark that Hutchinson used a different measure
space in his paper and proved his result on the existence of a measure-
theoretical attractor for a contractive IFS using Banach’s fixed point
theorem. Nevertheless, in [18], Kravchenco proved that the space
considered by Hutchinson is not complete. Kravchenco defined the
space M(X) as above and proved the completeness of this space.
Then, he proved that Hutchinson’s arguments work with this space.

Remark 1.5. The above result also works in complete but non sep-
arable spaces, provided that we restrict ourselves to measures with
separable support. See [18] for more details.

Now, let us recall the weak* topology:

Let us denote by Cy(X) the set of bounded and continuous func-
tions f: X = R. Givene > 0, v € M(X) and fi, ..., fr € Cp(X) we
define:

Vv,e, k) = {ne MX) : |u(fy) —v(fi)l <e&j=1,..k}

The weak® topology is the topology generated by the basis V' (v, ¢, k)
for each e, k,v. Furthermore, we have that pu, converges for p in
the weak* topology if and only if ui(f) — wu(f) for every f €
Cy(X). The relation between the weak* topology and the Hutchinson
topology is given by next theorem. A proof can be found in [18].
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Theorem 1.6. The Hutchinson topology and the weak™ topology
are equivalent if and only if Diam(X) < +oo. Furthermore, if
Diam(X) = oo then the Hutchinson topology is finer than weak*

topology.

When (X, d) is a compact metric space, we have the following
result on the metrizability of M(X). The proof can be found in [22].

Theorem 1.7. If X is a compact metric space and {fn}nen is a
dense set in the unit sphere of C(X) with the uniform metric, then
the function:

D(w, ) :=§;21n|/xfndu—/xfndu|

is a metric in M(X) generating the weak® topology.

Under the measure-theoretical point of view we also have a notion
of attractor. To explain this notion, we shall define the transfer
operator:

Definition 1.8. Let p be a probability measure in A. We define the
Transfer Operator T, : M(X) — M(X) by the formula:

T, (1)(B) = / u(wy (B))dp(N),

for every Borel set B and for each measure y € M(X). If a measure
u e M(X) is a fixed point of the transfer operator we say that p is
an invariant measure for w.

Remark 1.9. Sometimes we will omit the set B in the definition and
write:

Ty(u) = / W (1) dp(N).

where x is the push-forward operator.



Definition 1.10. We say that a probability v € M(X) is a measure-
theoretical attractor for w if T)'(u) "% v in the Hutchinson metric
for all 4 € M(X).

Our result giving the existence of a unique measure-theoretical
attractor in the is the following.

Theorem 2. If X is a compact metric space and w is a weakly hy-
perbolic IFS, then w has a measure-theoretical attractor v € M(X)
which is the unique fized point of the transfer operator. Furthermore,
p(U) > 0 for every open set U C A then we have that supp(v) = K,
where K is the topological attractor given by Theorem 1.

If v is an invariant measure for an IFS w, then we can define the
ergodicity of v. This notion is related with the ergodic theorem for
an IFS. See [10] for details.

Definition 1.11. Fix p € M(A) and P = p" the product measure.
We say that an invariant measure p for w is ergodic if for every
continuous function f : X — R, every x € X and P-almost every
o € Q) we have:

1 n
lim — 5 OO W, — dut
Jin 23 J (w00 (@) | s

Our next result is about the ergodicity of the measure-theoretical

attractor.

Theorem 3. If X is a compact metric space and w is a weakly hy-
perbolic IFS, then its unique measure-theoretical attractor is ergodic.

1.4 The complete case

We propose the following definition as an extension of the concept
of weakly hyperbolic IFS.

'We shall use the convention that wg, o --- 0wy, (x) = x, if j = 0.
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Definition 1.12. Let w : A x X — X be a continuous IFS, where
(X, d) is a complete metric space. We say that w is weakly* hyperbolic
if for all z,y € X and o € {2 we have:

lim d(we,. o, (), Woy. 00 (y)) =,0

n—-+o0o

where the convergence is assumed to be uniform in € and locally
uniform in X. In other words, there exists n > 0 such that for all
e > 0 there exists ng = ng(e) such that if n > ny then

A(We, .0, (T); Woy..0, (Y)) < €,
for all 0 € Q and z,y such that d(x,y) <.

In Section 5 we will prove that if X is compact, then an IFS w is
weakly* hyperbolic if and only if w is weakly hyperbolic. We state
here results in the complete case.

Our result concerning the existence of a topological global at-
tractor in the complete case is the following.

Theorem 4. Let w be a weakly hyperbolic IFS on a complete met-
ric space X and with a compact parameter space A. Assume that
(K(X),dp) is e-chainable for every e > 0. Then F has an attractor
K that is also a compact invariant set.

For the definition of an e-chainable metric space, we refer the
reader to Section 5. However, we remark that this theorem can
be applied when X is a Banach space or a complete Riemannian
manifold.

Regarding the existence of attractors from the measure-theoretical
viewpoint, we have the following result:

Theorem 5. Let (X,d) be a complete metric space, uniformly -
chainable on balls and with (K(X),dy) e-chainable, for every € > 0.
If w is a weakly hyperbolic IF'S, then there exists a unique invariant
measure v € M(X) such that supp(v) C K and in fact we get
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that supp(v) = K if p(U) > 0 for each U C A open, where K is
the attractor given by Theorem 4. Furthermore, if p € M(X) has
compact support then Tg(u) 5 v in the Hutchinson metric.

1.5 Drawing the attractor

An orbit of the IFS starting at some point x is a sequence {xj}32,
such that xy = z, 241 = Wy, (2g), for some o = {o;}72, € Q. If
an IFS w : A x X — X has an attractor A, we say that an orbit
starting at x draws the attractor if the tails of this orbit are getting
close, in the Hausdorff metric, to the attractor, i.e. if

A= lim{z,};2,, in the Hausdorff metric.
k—ro0

This concept is inspired by the so-called chaos game, studied in [4]
in the case of finite parameter space. Our last result says something
about orbits of the IFS that draws the attractor. As in [4], it is not
necessary to make any assumption of hyperbolicity for the IFS, only
the existence of a local attractor suffices. Nevertheless, in order to
be able to prove a result for the case of arbitrary compact parameter
space we needed to consider probability measures in the parameter
space that possesses a uniform lower bound for the size of balls. We
called such measures fair. See Section 6 for details.

Theorem 6. Let X be a proper complete metric space, A be a com-
pact metric space. Consider p € M(A) a fair probability measure,
and P := pN € M(Q). Assume that w: A x X — X is a continuous
IFS. Then given x € X, a P-total probability set of orbits of x draws
the attractor K of w.

2 Proof of Theorem 1

In [12] Edalat proved the existence attractors for weakly hyperbolic
IFS in the context of finite parameter space. His argumentes use

10



concepts of graph theory and are not available in our setting. Our
strategy, instead, is to take advantage of the compactness of the
phase space to show that Diam(w,, , (X)) goes to zero uniformly
in €2. We then use this fact combined with the more axiomatic
approach of Maté in [20] to show the existence of the attractor. To
prove that this attractor is the closure of the fixed points of the
partial maps w,,. ,, we apply a fixed point theorem of Jachymski
[16].

Lemma 2.1. For each n € N, the function (Ai,...,\,) € A" —
Diam(wy, x, (X)) € R is uniformly continuous with respect to the
maximum metric.

Proof. Fix ¢ > 0. Let us denote by p the metric of A and d the
metric of X. Let us define for A C X and ¢ > O:

B(A,t) :={ye X :d(y,A) <t}
Since w™ is uniformly continuous, there exists § > 0 such that if
max{p(A1, A]), .o, p(An, A2, d(z,9)} <
then
d((wa,..x,)(@), (Wx..x;) (Y)) < e
Take (A1, ..., An) and (A],...; A%) in A™ such that
max{p(A1, A]), ..o, p(An, A2)) } < 6.
We claim that:
L wx,.a (X) C B (war.xx (X))
2. Wxrax (X) C B (w0, (X),€).

Indeed, if y € wy, ., (X) then we can write y = wy, ., (z) where
v € X. Hence, if we define y* := wy« .« (2), we have

d(y,y*) = d(wy,.», (), UJ,\{...,\;;(x)) <e.

This shows that y € B (w)\I___)\;«L(X), 5) . The proof of (2) is similar.
This finishes the lemma. O
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The following is the key lemma of this section. We shall prove
that Diam(wg,. », (X)) goes to zero uniformly with respect o € Q.

Lemma 2.2. Let w be an IFS on a compact metric space X with a
compact parameter space. Then the following are equivalent.

1. w is weakly hyperbolic

2. Given ¢ > 0, there exists ng = no(e) € N such that for all
n > ng and o € Q we have

Diam(wg,. », (X)) < &

Proof. 1f w satisfies (2), then it is obvious that w satisfies (1). So,
it is enough to prove that (1) implies (2). Let us suppose that (2)
is false. Then there exists ¢y > 0, a sequence (n;y) — +o0 and a
sequence of words (with alphabet in A):

11 1 2 2 2
(01,09, .,04,), (01,02, - 01)) o
such that:
Diam(wyr, o« (X)) > & for any k € N. (1)
"k
Thus we have the following matrix builded with these words:
11 1
010y ... Oy,
2 2 2 2
0105 ... Oy O,
k_k k k k
010y . Op OO

Now, using the compactness of A and a diagonal argument we can
obtain that each column of the matrix is convergent in A. Indeed,
the first column is a sequence in A and then there exists a set N; C N
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such that {o%}en, is convergent in A. Analogously, there exists a
set Ny C N; C N such that {o}}ren, is convergent in A and so on.
In this way, we obtain a nested sequence of sets

NDODN; DNy D ...

and if we define a set N* such that its first element is the first element
of Ny, its second element is the second element of Ny and so on, we
obtain that the matrix {cré?} keN+ j<n, Das all columns convergent in A.
Therefore, for simplicity, we can suppose that the initial matrix has
all columns convergent and we can define 0 = (07, 09, ...) € ) where
each element of this sequence is the limit of the associated column.
So, to finish the proof it is enough to prove that this sequence does
not satisfy the definition of weak hyperbolicity. Indeed, fix m € N
and consider the word (o7, ...,0,,). Using that (ny) — oo we have
m < ng, for every k sufficiently large. Then it follows from (1) that

Diam(waf...ofn (X)) Z €o,

for k sufficiently large. Since (o}, ..., 0%

) LN (01, ..., 04) in the maxi-
mum metric, it follows from Lemma 2.1 that Diam(wy, _,, (X)) > €.
Since m is arbitrary, this contradicts the definition of weak hyper-

bolicity and completes the proof. O

Let us recall a property defined by Maté in [20], in his axiomatic
approach to the existence of attractors for IFS.

Definition 2.3. Let w : A x X — X be an IFS. For each o € (),
n € N, and x € X, define I'(o,n,z) := wy, ,, (). We say that w
satisfies Property P* if

(o) :== lim T'(o,n,x) (2)

n—oo

exists for every 0 € 2 and x € X, does not depend on x and is
uniform on ¢ and z € X.

13



Remark 2.4. In [4] (for instance) there is the notion of point fibered
IF'S, which is a weaker version of property P*, since it do not require
the limit to be uniform on o € 2 and =z € X.

Corollary 2.5. Every weakly hyperbolic IFS w : A x X — X, with
X and A compact metric spaces, satisfies property P*.

Proof. Take x € X and ¢ > 0. By Lemma 2.2 we have that there
exists ng = ng(e) such that:

Diam(wy, .. », (X)) < ¢,
for every o € 2 and every n > ng. Observe that
L(o,n,z) € Wy, o, (X)

and
F(O’,TL +p7 LC) € wol..Aan_;,_p(X) C wol...an(X);

and therefore we have that d(I'(o,n+p, x),['(o,n,z)) < ¢ for all n >
no and p € N. Then, the sequence I'(o,n,z) is Cauchy and thus
convergent for all z € X and o € ). Since ny does not depend on
o we obtain the uniformity on 0. Now, take 0 € 2 and x,y € X.
Then we have:

F(J,n,x),r(a,n,y) S wal ©...0 wO’n<X)7

and so
lim d(I'(o,n,x),T(o,n,y)) =0,

n—oo
which shows that the limit does not depend on z. This completes
the proof. O

Property P*, in the case A = {1, ..., N}, was proved by [20] to be
a sufficient condition for the existence of an attractor. Here, we will
prove this in the more general case of A being an arbitrary compact
space. For adapting his arguments we need some preparatory lem-
mas. The first one proves that the Hutchinson-Barnsley operator is
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continuous. The proof we give here also works in the case where X
is complete but not necessarily compact and will be used later in
this paper.

Lemma 2.6. Let X be a complete metric space and A a compact
metric space. If w: A x X — X s continuous, then the associated
Hutchinson-Barnsley operator F is also continuous.

Proof. Fix a compact set K C X. Take an € > 0. Since w is
continuous and A is compact, there exists § > 0 such that if x € K
and y € X with d(x,y) < f3, then

d(wy(z), wxr(y)) < e, for every A € A.

Assume that A € K(X) is such that dg(A, K) < 5. Let = be a
point in K and take a € A with

d(a,z) =d(z, A) < B.
Then
d(wy(z),wr(A)) < d(wy(x),wr(a)) < e, for every A € A.
In a similar manner we show that for every a € A,
d(wy(a),wy(K)) < e, for every A € A.
This proves that
di(wx(A),wr(K)) <€, for every A € A,

and thus
du(F(A), F(K)) <e,

which establishes the result. O

Observe that Corollary 2.5 defines a function I' : 2 — X, given
by
I'(o) = lim I'(o,n,z), for any = € X.

n—oo

As in [20] we have the following.
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Lemma 2.7. The map I' : Q@ — X s continuous in the product
topology on §2.

Proof. Let us denote by p the metric of A. Fix ¢ € 2 and € > 0. By
Corollary 2.5 we have that there exists m = m(e) € N such that

d(wy, ©...0w,, (x),I'(c)) < e for all o and z.
Now, using that w™ is continuous we get a > 0 such that if
ploy,o1) < a,...plor,om) < a,

then
d(Wa,...00, (T), Wor. oz (7)) < € for all m.

Let U be the neighborhood of ¢ in the product topology given by:
U= B,(01,a) X ... x By(0p,a) x A x ...

Therefore, if 0* € U, then:

(I'(e%),T(0))
d(I'(0), wo,..0n ()
d(Wo, ..o, (T), waf‘.a;“n(l’)) +d(r(a*)7waf-..a* (z))

m

VAN S VAN
&.

3e.

This shows that I' is continuous. O

Finally, we shall use the fixed point theorem of Jachymski [16].
This theorem is a generalization of Banach’s fixed point theorem.

Before state it we need a definition.

Definition 2.8. Let (X, d) be a metric space. We say that a map
T : X — X is an asymptotic contraction, if d(T™(z), T™(y)) "= 0
for all z,y € X and there exists n > 0 such that this convergence is

uniform if d(x,y) <.
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Theorem 2.9 (Jachymski). Suppose that (X, d) is a complete metric
space and T : X — X is a continuous asymptotic contraction. Then
there exists x € X such that:

d(T"(y),x) "ZE°0 for all y € X.

For a proof, se [16].

Proof of Theorem 1. Notice that if A € IC(X) then we can write

FHA) = | .o (4).

oeN

Define
K :=T(Q)={lim I'(o,n,x) : 0 € Q}
n—o0

and notice that, by Lemma 2.7, K is a compact set. So, it remains
to prove that K is an attractor. In fact, given B C X a compact
set and € > 0 we have by Corollary 2.5 that there exists ng = ng(e)
such that:

d(I'(o,n,x),I'(0)) < e forall n > ng, 0 €Q, and z € B.

Fix n > ng. Then, for all y € F™(B) there exists z € K such that
d(y,z) < e and analogously given z € K there exists y € F"(B)
such that d(y, z) < e. This shows that dg(F"(B), K) < ¢ if n > ny.
Therefore, lim,,_, » dg(F"(B), K) = 0. Using that F is continuous
we have that K is the unique compact invariant set of w.

To prove the statement on the fixed points, take ¢ = w,, o...ow,,,
with ¢ € Q and n > 1. Then we have that:

g™ (%) =Wy, ©...0 Wy, O ... 0 Wy, O ... 0 Wy, (T)
where the first block appears m times. Then,
d(g™(x),9™(y)) < Diam(wy, © ... 0 Wy, 0...0 Wy, O ... 0 Wy, (X))
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and by weak hyperbolicity we get that d(¢"(x),¢"(y)) — 0 for
every x,y € X and this convergence is uniform in X. By Theo-
rem 2.9, g has a unique contractive fixed point which we denote by
Joy..0n- Lo finish the proof, let us prove the density of the fixed
points using the same arguments of Hutchinson in [15]. Consider
Agy..0p = Wq,..0,(A). Using the invariance of K one obtains that

K= | ws.0(K)

01...0p

and
Koy.op = U Ko, .opopsr-
Op+1
It follows that
KD>Ky; D..D Ky, D .

By compactness of K and by weak hyperbolicity one obtains that
this nested intersection is a singleton, which we shall denote by £,
for some o = (01,...,04,...) € Q. Now, k, € K4, 5, and ¢y,..0, €
Ko, ..s,- By weak hyperbolicity we get

ke = lim ¢o,..0,,
p-}OO

which ends the proof. m

3 Proof of Theorem 2

We want to show that every weakly hyperbolic IFS has a measure-
theoretical attractor. Since the iterates of the transfer operator de-
pend on the behavior of the sequences I'(o, n, x), Corollary 2.5 will
be a key tool. Indeed, in [20] Maté also proved that for an IFS
with finite parameter space, Property P* implies the existence of
a measure theoretical attractor. Here we extend his arguments for
arbitrary compact parameter spaces.
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The proof consists in showing that the iterates of a Dirac mea-
sure under the transfer operator converge to a probability mea-
sure, which is invariant by the IFS. Then, we proceed to show that
d(T)p, T}6,) — 0, for any probability measure . A key technical
point is to establish the continuity of the transfer operator, which in
fact is our first lemma.

Lemma 3.1. If w: A x X — X is continuous and X is compact,
then for all p € P(A), the transfer operator T, is continuous in the
weak® topology.

Proof. Suppose that p,, — p in the weak* topology of P(X). We
will show that T,u,, — Tpu.
Indeed, take f € C'(X) and observe that

/dep,un:// fowxdundpz/ /fowxdpdun.
ANJX X JA

Note that the function ® : X — R, defined by = — [, f o wx(x)dp
is continuous.
Since p, — p in the weak* topology, it follows that:

/@dun%/ Dd .

X X
//fow)\dpd#n_)/ /fowxdpd/,a.
xJa xJa

This completes the proof. O
Now, we can prove the existence of an invariant measure.

Lemma 3.2. For every a € X, the sequence of measures {T)}(d,)}
is convergent on the weak® topology in M(X). As a consequence,
v =1im {77 (d.)} is an invariant measure for the IFS w.
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Proof. We have to prove that {T7'(d,)} is a Cauchy sequence in

M(X). By Theorem 1.7 it is enough to prove that [ fdT3(0a) is a

Cauchy sequence of numbers, for every f € C°(X) with ||f|lo = 1.
By definition of the transfer operator we have that:

/de" f oI'(o,n,a)dp".
Take n > m. Then, using that p is a probability, we get
/ R fol(o,m,a)dp™dp" ™ = A fol(o,m,a)dp".
Hence,

’ / FdT" (54 / FdT™ (6,

fol(o,n,a)dp"

A

— fol(o,m,a)dp™
Am

< |foT(o,n,a) — fol'(a,m,a)|dp".
AT

Since f is uniformly continuous, there exists 0 > 0 such that if
d(z,y) < 6, then |f(x) — f(y)| < e. By Corollary 2.5, there exists
ng = ng(e) > 0 such that if m,n > ng, then

d(I'(o,n,a),I'(o,m,a)) < 0.

Therefore, {T7'(d,)} is a Cauchy sequence. Since M(X) is complete,
there exists v = lim {77'(d,) }. By Lemma 3.1 it follows that v is an
invariant measure. [

The next step is to prove that v is in fact a measure-theoretical
attractor for the IFS.
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Lemma 3.3. For all p € P(X) and a € X the sequences {T™(0,)}
and {T"(n)} have the same limit in the weak® topology. As a conse-
quence, T3 () % v in the weak® topology if u € M(X).

Proof. As before, it is enough to show that if ||f|lo = 1, then
| [ fdT™ (1) — [ fdT™(6,)| goes to zero. Take e > 0. Notice that

/de"(,u):/n/XfoF(a,n,x)d,udp”.

Since p is a probability we have that
foTl(o,n,a)= /X foT(o,n,a)dp.
Hence, we get
‘ / FAT" () / FaT" (5,)
< /A /X |foT(o,n,z) — fol(o,n,z)|dudp™.

From the uniform continuity of f and from Corollary 2.5 we have
that the right-hand side of (3) is less than e for every large n. This
finishes the proof. ]

Now, to conclude the proof of Theorem 2, it only remains to
prove that the support of v is the attractor K.

Define for each A € A the map 1, : Q — Q by na(01,09,...) =
(A, 01,09, ...). Notice that I'ony = wy oI

Lemma 3.4. IfP is the product measure in ) induced by p € M(A),
then we have that I'*(P) = v.

Proof. We will prove that ['*(P) is a fixed point of the transfer oper-
ator for w, since we already know that 7}, has a unique fixed point.
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For that, we begin observing that P is a fixed point of transfer op-
erator to the IFS n : A x 2 — Q. Since ' ony, = wy o', we can

write
T,('(F) = / w} (T (B))dp()) = / I (5 P)dp(\)
_ ( / <n§P>dp<A>) (@),
This establishes the lemma. ]

By Lemma 3.4 and opening of the measure p, we get:

supp(v) = I'(supp(P)) = K.

and this finishes the proof of Theorem 2.

4 Proof of Theorem 3

To prove Theorem 3 we use the ergodicity of the shift map g : Q —
), which is given by

ﬁ(al,ag, ) = (0'270'3, )

Recall that the product measure P in €2 is an ergodic invariant mea-
sure for the shift map. The key tool for relate the shift map with the
IF'S is the skew product map 7: Q x X — Q x X, which is defined
by

7(0,2) = (6(0), wy, (2)).

Indeed, let us show how to relate ergodic averages for the IFS
with ergodic averages for the skew product. Fix f : X — R continu-
ous function. Let us extend f to 2 x X by f': 2x X — R, constant
in the first variable. In other words, f’(o,z) = f(x). This implies
that

fld(P x v) = /del/. (3)

OxX
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Now, observe that

fr(Tox) = f(B"(0),ws, o ... 0w, (x))

So,
1 n—1 . 1 n—1
- Zf’ (T]<O', .:1:)) = f(wg, o ... 0wy, ()). (4)
=0 =0

We have the following general result, which allows us to obtain
an invariant measure for the skew product from an invariant measure

for the IF'S.

Lemma 4.1. Let X and A be compact metric spaces. If p € M(X)
15 an invariant measure for an IFSw : Ax X — X, then the measure
P x p is invariant by 7.

Proof. We want to show that for every integrable function f : {2 x
X — R one has

| rord@xm = [ saexw. (5)
QOx X Ox X

For this we shall interchange the order of integration and use a suit-
able split of €2. To be precise, observe that the product measure in €2
coincides in cylinders with the product measure in A x €. Since the
o-algebra of both spaces is generated by cylinders, it follows that the
two measure spaces coincide. Therefore, we can split any integration
in ) as an integration in A x . Using this, one can write

- f(B(0), we, () d(P x p)

_ //f ), s, (2)) dudP
_///f ), wy, (x)) dudpdP.
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By invariance of p and integrability of = — f (8(0),z) for all o, we

//f ), W, (7)) dpudp = /f , @) dp,

for all o € €2. On the other hand, by invariance of P with respect to
B in €2, and integrability of o — f(o,x) for all x € X, we get

/Qf<5<a>,x> dP:/Qf(mx)dP

Using these two facts and interchanging the order of integration we
have that

///f ), Wy, (z)) dudpdP = //fam dpdP.

This finishes the lemma. O

have

Proof of Theorem 3. Let K C X be the unique attractor of w and
v the unique invariant measure.

We want to show that for all z € X, P-q.t.p. ¢ € €2, and for any
continuous function f : X — R we have:

nlljg() - Zf We, © ... 0 Wy, (T)) = /dev. (6)

The initial step is to show that the limit on the left side of (6) exists
for P-a.e. 0 € Q.

By Lemma 4.1 and the Ergodic Theorem on 7, we obtain that
for P x v-a.e. (0,x)

ff(o,x) = lim — Zf (77 (0, 2)) (7)

n—oo 1N

exists.
Consider the set

0" = {0 € Q; there exists x € X such that f*(o,z)is defined} .
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We claim that P(2*) = 1. In fact, let us suppose that for some
A C Q, with P(A) > 0, if 0 € A, then f*(o,z) do not exist for all
x € X. By Fubini’s Theorem, this implies the existence of a set of
positive [P x v-measure in 2 x X such that f*(o,x) do not exist, and
this is an absurd with (7).

Now, let us see that Corollary 2.5 implies that if f*(o, x) exists for
some z € X then f*(o,y) also exists, for all y € X, and f*(o,x) =

f(o,y).
To prove this, fix (o, ) such that f*(o,x) exists, and y € X. By
triangle inequality we only have to prove that

LS P ew) - £ (Fle)] =0, ®)

n“

when n — oco. Let us prove this. By Corollary 2.5 we have that that
for all 0 > 0, there exists ng = ng(d) such that if n > ng, then

sup d (Wa, © ... 0 Wy, (@), Wq, © ... 0 Wy, (b)) < § foralla,be X.
a€el)

In particular, given a,b € X, o € , and n > ng we have
d (W, ©...0 Wy, (a),w,, ©...0w, (b)) < 0. 9)

Now, take € > 0. By uniform continuity and the above remark,
there exists n; > 0 such that if n > nq, then

|f(wg, ©... 0wy, (a)) — fw,, o...0w,, (b)] <&,

for all a,b € X.
Take ny > n; such that 2% < €, where

C = max {|f(w(,j 0 ...0 Wy ()], |f(waj o... ow(,l(y)|}.

0<j<m
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Therefore, if n > no, then

LS (P o) - £ (P (o)

n “—
ni—1
1

= =~ |/ (Plo2) =1 (F(oy)]

n Y —

S o) - F (P o)

Jj=n1i
2n,C —
_ ny +(n ni)e
n n
< 2e.

This shows the desired. Thus, f*(o,z), for o € Q*, is constant in
x. Since the ergodic theorem applied to the skew product 7 implies
that

[fdP xv)= fd(P x v),
QxX QxX

by equalities (3) and (4) it only remains to prove that f*(o,z) is
constant for P-a.e. o € €. For this, we use the ergodicity of (8, P).
Indeed, if we prove that

f*(5(0->7$) :f*<0',$), (10>

then from the ergodicity of (3, P) it will follow that f*(o,x) is con-
stant for P-a.e. o € ().

We are left to show (10). Let us denote by Z;’L;o a; the sum
when a; is omitted and let y = w,, (z). Then we have the following
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estimation

3

< |ff>| % | (e, © ... 0wy (7)) = f (w5, © . 0 10y (1))
_ f@)

1
+ = N (W), 0 0 wpo), (7)) = f (Waie), © - 0 weon, (1)
=0

<.

Using the same argument applied to estimate (8), only using (o)
in place of o, we see that the right side of the above inequality
converges to zero when n — oo. This establishes (10), and completes
the proof. n

5 The Complete Case

In this Section we will study the more general case of complete phase
space.

Definition 5.1. Let w : A x X — X be a continuous IFS, where
(X,d) is a metric space. We say that w is weakly* hyperbolic if for
all z,y € X and o € 2 we have

lim d(wm.,.an (IE), Wey...o0 (y)) =0

n—-+00

and this convergence is uniform in €2 and locally uniform in X. This
means that there exists n > 0 such that for all ¢ > 0 there exists
ng = no(e) such that if n > ng, then

d(wa1...an(x)v w01---0n(y)) < 57

for every o € 2 and every z,y such that d(z,y) < n.
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Our next result says that in the case of compact phase space the
two definitions (weak and weak® hyperbolicity) are the same.

Theorem 5.2. Let us suppose that A and X are compact metric
spaces. Then an IFS w : A x X — X 1s weakly* hyperbolic if and
only if it is weakly hyperbolic.

Proof. Suppose that w is weakly hyperbolic. If 0 € Q and z,y € X
then

d(Woy. 0, (T), Wo,. 0, (y)) < Diam(wy, 4, (X)).

Since w is weakly hyperbolic, we obtain that

lim d(wy,. o, (%), Ws,..0,(y)) = 0.

n—oo

By Lemma 2.2 this convergence is uniform in {2 and X, which implies
that w is weakly* hyperbolic.

Reciprocally, assume that w is weakly* hyperbolic, and take o €
Q. By compactness of X we get sequences (x,) and (y,) on X such
that

Diam(wy, ., (X)) = d(Wey..0n, (Tn), Wey..0n (Yn)), for all n € N.
Since {wy, o, (X)} is a nested sequence, it is enough to show that

d(wglmonk (@n,), We, ..o, (Yn,)) — 0, for some sequence ny — oo.
(11)
For this, we can use the compactness of X and get subsequences
., — x and y,, — y on X. We will show that n; is the desired
sequence. Indeed, take ¢ > 0 and consider n > 0 given by the
definition of weak® hyperbolicity. There exists k; € N such that if
k > ki then

Tn

d(zp,,r) <n and d(yn,,y) <. (12)

Since we are assuming that w is a weakly* hyperbolic IF'S, we obtain
ko € N such that if £ > ko then

A(Wo,...00,(7) Wa,...0, (1)) <€ (13)
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Finally, consider kg = max{ky, k2}. If &k > ko by using (12), (13) and
the local uniformity of definition 5.1 we get

d<w0'1~~0'nk (Tny ), Woy...on, (Yn)) < d(wg,. Oy, (T Woy...on, (z))
+ d(w,, .. onk< z), Woy...on, (y))
+ d(we,.. Unk< ) Woy...om, (Yni )
< 3e.
This shows that (11) holds and completes the proof. O

5.1 Proof of Theorem 4

We shall prove the existence of an attractor in the complete case.
Our arguments require a mild technical assumption on the phase
space, which we now define.

Definition 5.3. Let (M, d) be a metric space. Given ¢ > 0 and
x,y € M an e-chain joining x and y is a sequence xo = z, 1, ..., T, =
y of points in M and such that d(z;, z;41) < €, forevery i =0, ...,n
1. The number n 4 1 is the number of elements of the chain. We
say that M is e-chainable, if for any x,y € M there exists an e-chain
joining x and y.

Later we shall provide examples of e-chainable metric spaces.

Proof of Theorem 4. We will prove that the Hutchinson-Barnsley
operator is an asymptotic contraction on (C(X),dg). Take ¢ > 0.
Consider n > 0 and ng = ng(e), given by definition 5.1. Let us
suppose that dy (A, B) <7, for some A, B € K(X). We have that

U W, .o, () and F*(B U We, o (

ceQ,xzeA ceyeB

If 2 = wy,.4,(a), with a € A then, using that dg(A, B) < n, it
follows that there exists b € B such that d(a,b) < 1. Then, we
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obtain
d(Wg, ..o, (@), Wy, ..o, (D)) < € if 1 > ny.

Analogously, if ¢ = w,,._,,(b), with b € B, then, there exists a € A
such that d(a,b) < n and we have

d(wo,..0, (), W ..., (b)) < € if > mo.
Therefore,
dy(F"(A),F"(B)) < ¢ for all n > n,.
It remains to show that
d(F"(A), F*(B)) =0

for any A, B € K(X). Since K(X) is n-chainable, there exists com-
pact sets {Ky,..., K,} with K1 = A/ K,, = B and dy(K;, Ki11) <
nifl<i<n-—1.So

du(F"(A), F*(B)) < du(F"(A), F"(K))
+ o dyg(F(Kaor), F'(B)),

and then we have that dy(F"(A), F*(B)) — 0 when n — oo.
By Theorem 2.9 we have an atractor K € K(X) that is also an
invariant set, since F is continuous by Lemma 2.6. The proof is now
complete. O

As application we have two settings where our result applies.

Corollary 5.4. Let (X,||.||) be a Banach space and d its induced
metric. If w is a weakly hyperbolic IFS on (X,d) then F has an
attractor K that is also a compact invariant set.

Proof. Let us prove that (IC(X),dp) is e-chainable for every ¢ > 0
and apply the last theorem. First we claim that if B € K(X), and
x € X, then, there exists a continuous map ¢p : [0, 1] — (X)) such

that ¥5(0) = B and ¢p(1) = {z}.
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To prove this claim, let us define the map ¢ : [0,1] x X — X
given by ¢(t,y) = tx+(1—t)y and the partial map ¢, : X — X given
by ¢¢(x) = ¢(t,x). Consider the map v : [0, 1] — K(X), defined by

1/’@) = ¢t(B)~

Clearly ¢ is continuous and so 9 (t) is compact for all ¢ € [0, 1]. Also,
¥(0) = B and ¥(1) = {z}. It remains to prove that 1) is continuous.
In fact, given € > 0 there exists § > 0 such that if [t; — 5| < § then
d(¢, (b), ¢, (b)) < g, for every b € B. Hence, if |t; — t3] < § then
dy((t1),¥(ta)) < € which proves the continuity of ¢ and finishes
the claim.

Given A, B € K(X), we can define a continuous map & : [0, 1] —
KC(X) such that £(0) = A and £(1) = B as follows: fix an arbitrary
point x € X and put

£(t) = ¥p(2t), for t €0, %]

and ]
E(t) = Ya(2 —2t), for t € [5, 1].

Once we have defined this continuous map, it can be easily seen that
there is an e-chain joining A and B, for every € > 0. O]

Corollary 5.5. Let (X, g) be a complete Riemannian manifold. Let
d be the metric induced on X. Suppose that w is a weakly hyperbolic
IFS on (X,d). Then F has an attractor K that is also a compact
mvariant set.

Proof. Fix a point z € X. Take B € K(X). For any b € B, consider
a geodesic v, : [0,1] — X joining b and x. By a reparametrization,
we can assume that the domain of every <, is the unity interval.
Since geodesics vary smoothly, the set () = {v(t);b € B} is a
compact set and we have a continuous map ¢ : [0,1] — K(X) with
¥(0) = B and ¥(1) = {z}. The rest of the proof is analogous to
that of the preceding corollary. O]
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5.2 Proof of Theorem 5

Here we give a result about invariant measures on the complete set-
ting. Our arguments for this require a stronger form the e-chainable
property, which nevertheless is satisfied by our previous examples.

Definition 5.6. Given a number € > 0, we say that a metric space X
is uniformly e-chainable on balls if for every ball B(a,r) C X there
exists an integer k = k(a,r,¢) such that for every z,y € B(a,r)
there exists an e-chain, with at most k£ elements, joinning = and y.

Remark 5.7. From the proofs of Corollary5.4 and 5.5 one sees that
every normed vector space and every complete manifold are examples
of uniformly e-chainable metric spaces on balls, for every ¢ > 0.

Proof of Theorem 5. To prove that there exists a unique invariant
measure v € M(X) such that supp(v) C K, the arguments are the
same used in the proof of Theorem 2 and then we only recall the main
steps. In fact, since K is a compact invariant set then wy(K) C K
for each A € A and then we can work with w|x : A x K — K. If
p € M(X) is such that supp(p) C K then it is obvious from the
invariance of K that supp(T,(1)) C K and then the map T, |k :
M(K) — M(K) is well defined.

1. The first step: For each a € K, the sequence of measures
{T(64)} is convergent on the weak* topology (or Hutchinson
metric) in M(K).

2. The second step: For each pp € M(K) and a € K, the se-
quences {717 (0q)} and {77'(11) } has the same limit on the weak*
topology (or Hutchinson metric).

3. The third step: The transfer operator 7, is continuous on the
weak* topology(or Hutchinson metric) in K.

4. The last step: If v denotes the measure given by first step then
supp(v) = K.
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It follows from the steps above that the measure v is the only
invariant measure for w such that supp(r) C K and in fact supp(v) =
K.

To prove the last statement we proceed as follows.

Let 1 € M(X) be a probability measure with compact support.
We want to show that

H(T)(n), T, (v)) = 0, when n — oo.

Since for any point a € K, T}'(d,) — v, when n — oo, in the
Hutchinson topology, it suffices to prove that

H(T)(w), T, (64)) — 0, when n — oo.

p

Indeed, given f € Lip,(X;R), since

/ fdTy (u / . foTl(o,n,x)dp"du

/ fdT}(6a f oIl'(o,n,a)dp™ = / fol(o,n,a)dp"dpu,

X JAn
| im0~ [ rarz,

< / |f oT(0,n,z) — fol(o,n,a)dp"du
X JAn

we have that

< [ [ o). 0o na)ddn
X n
and thus
HT 0. T362) < [ G (14)
where &,(x) = [, d(I'(o,n,x),T(0,n,a))dp".

33



Now, take r > 0 such that supp(u) C B(a,r). Then, [, &.du =
fB(M) &dp. We claim that &, — 0 uniformly in B(a,r). Indeed,
take 6 > 0. Since X is uniformly n-chainable on B(a, ), there exists
an integer k = k(a,r,n) > 0 such that for every # € B(a,r) there
exists an n-chain xg = x,...,x, = a, with at most k elements. By
weak hyperbolicity, there exists ng = ng(2) > 0 such that n > n,

k
implies that

d(T(o,n,z),l(o,n,y)) <

| >

for every o €  and for every pair x,y € X with d(z,y) < n.
Therefore, if n > ny we have that

d(l'(o,n,z),[(o,n,a))

n

< Zd(F(a,n,xj), I'(o,n,xj41))
=0

< Zn: 0 <0

=~ ~ k 9

for every o € (), and it follows that
/ d(I'(o,n,x),[(o,n,a))dp™ <4,

for every x € B(a,r). This proves our claim.
By claim and inequality (14) we conclude that

H(T} (1), T(6)) = 0,

finishing the proof. O]

6 Drawing the Attractor

Here we take inspiration from [4] to give a result about how to vi-
sualize the attractor through orbits of the IFS instead of computing
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the full Hutchinson-Barnsley operator. The result we shall prove is
closely related with the so-called chaos game, which is studied in [4]
for IFS with finite parameter space.

For the convenience of the reader, let us recall some definitions
given in the introduction.

Definition 6.1. An orbit of the IFS starting at a point z € X is a
sequence {x}7, C X such that g = z, g1 = wy, (), for some
sequence {A;}72, € Q in the parameter space.

Definition 6.2. Given an IFS w : A x X — X with attractor A, we
say that an orbit starting at x draws the attractor if

A= lim{x,},2,, in the Hausdorff metric.
k—o0

Given an IFS w : A x X — X with attractor A (with basin U)
and a point x € X we shall denote by A(zx) C Q the set formed
by the sequences { .}, such that the correspondent orbit =y = =,
x = wy, (rx—1) draws the attractor.

Our goal is to prove that there exists a “large” set of orbits which
draws the attractor of the IFS. More precisely, consider a probability
measure m in the space 2. We would like to say that for every
x € X, the set A(z) has full measure. In [4] the authors consider,
for a parameter space A = {1, ..., N}, a probability measure m over
Q) such that there exists a € (0,1/N] such that the set

{0 € Q;V n, j there exists a probability at least a that o,, = j}

has total probability. For instance, the Bernoulli measures in {2 are
an example of such measures. In our case, we consider measures in
the parameter space with a uniform lower bound for the size of balls.

Definition 6.3. We say that a probability p € P(A) is fair if there
exists a positive function f : (0,400) — (0, 1] such that

p(B(A,0)) > f(6), forevery A€ A.
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There are plenty of examples of fair measures, such as the Lebesgue
measure in R™ and the Haar measure of a Lie group. We will use
P = p", as before.

Recall that a metric space is said to be proper if every closed ball
is compact. With these notations, Theorem 6 restates as follows.

Theorem 6.4. Let X be a proper complete metric space, and w :
A x X — X a continuous IFS. Suppose that w has an attractor
A with local basin of attraction U. Then, for every point x € U,
P(A(z)) =1.

We remark that the class of probabilities used in [4] seems to
be more general than those we consider here, but we don’t have
any definitive assertion about this. Before proving Theorem 6.4 we
prepare some lemmas. The first one is quite elementary and we left
its proof to the reader.

Lemma 6.5. Let X be a complete metric space and C' C X compact.
Then X is proper if and only if B(C,r) is compact for every r > 0

From now on, we assume that we are under the assumptions of
Theorem 6.4. Note that, since F is continuous (see Lemma 2.6),
we have that A = F(A). The next lemma provides some (uniform)
control for the speed of convergence of the iterates F*({z}) to the
attractor, but for points x close to the attractor. This control will be
one of the key points to prove Theorem 6.4. This lemma was proved
in [4] for A := {1,..., N}. The proof is the same, and we give it here
just for the sake of completeness.

Lemma 6.6. Let w : A x X — X be a continuous IFS of a proper
complete metric space X and compact parameter space A. Suppose
that w has a local attractor A with local basin U. Then for any e > 0
there exists an integer N = N () such that for any x € (B(A,e))NU
there is an integer m = m(x,e) < N such that

dy (A, F"({x})) <

B~ M
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Proof. Without loss of generality we assume that B(A,e) C U. If
x € B(A,¢) then, there exists an integer m = m(x, ) > 0 such that

i (A, F"({a})) < ¢

by definition of an atractor. Since F is continuous, there exists
r, > 0 such that for every y € B(x,r,) we have

dy (F"({z}, F"({y})) <

Y

co| ™

and thus dy (A, F"({y})) < §, for every y € B(x,7,). Since X is
proper, B(A,¢) is compact and so there is a finite set {x1,...,2,}
such that

B(Ae) | Blai,ra,).
i=1
Let N = max{m(x;,€);i = 1,...,n}+1. Then, for every x € B(A,¢),
there is i € {1,...,n} such that = € B(x;,r,,) and therefore

dir (A, F"({2})) < 7.

with m = m(x;,€) < N. This proves the lemma. O

Now, we will use continuity of the IFS w to control orbits of
nearby points. The main issue here is that this can be done uniformly
in B(A,¢) due to compactness.

Lemma 6.7. Let w : A x X — X be a continuous IFS of a proper
complete metric space X and compact parameter space A. Suppose
that w has an attractor A with local basin U. For every ¢ > 0, and
every integer N > 0, there exists 6 = 0(g, N) such that for every
m < N, ifx € B(A,e) and d(o;, \;)) <0 in A, i =1,...,m then

d(wy,, 0...owy, (x),w,, (x)o...0wy (x)) <

N
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Proof. Fix € > 0. The proof goes by induction on N. Since B(A,¢)
is compact, the case N = 1 follows by uniform continuity. Suppose
that the the lemma holds for N, and let us prove that it also holds
for N + 1. Again, since Y = UY_ F"(B(A,¢)) is a compact metric
space, w restricted to this set is uniformly continuous. Hence, there
exists d; = d1(¢, N) > 0 such that if A\y,on € A and a,b € Y with
d(Ay,on) < 61 in A and d (a,b) < §; in Y, then

d(wyy (a),wy, (b)) < €.

By the induction hypothesis, there exists d; = do(V, €) such that if
d(N;,0;) < 09 for every i = 1,..., N — 1, then

d (w,\m1 0 ...0 Wy, (T), Wyp_, © ... 0 Wy (:z:)) < 0.

Therefore, if § = min{d;,do} and d(A\;,0;) < 6 for every i = 1,..., N,
it follows that

d(wxy ©...0 wy, (T), Wy © ... 0w, (7)) < g,

and thus the case N + 1 is true. This completes the proof. ]

The next lemma reduces the proof of Theorem 6.4 to a proof of
a simpler statement.

Lemma 6.8. Fix a point x € X. Suppose that the following property
holds

o for each ¢ > 0 there exists K. > 0 such that for every L >
K. one has a set B, C Q with P(Br) = 1, and such that
if o € B and if xp = Wy, (Tg—1) is the o-orbit of x then
dH(A, {xk}kZL) <eE.

Then, there ezists B C QN A(x) with P(B) = 1.

Proof. Let B. = Np>k.Byr. Clearly we have B. C Q, with P(B;) = 1.
Moreover, for every z-orbit {11 = wey, (%)}, generated by some
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sequence 0 = (o) € B. satisfies dg(A,{zr}r>r) < ¢, for every
L > K.. Now, we take ¢, = % and define B = N,B.,. Obviously,
P(B) = 1. Moreover, it is easy to see that B C A(z). Indeed,
take 0 € B and consider {z;} the orbit of = generated by o. For
any ¢ > 0 we can take a large n with ¢, < ¢. Since 0 € B,
we have that L > K. implies dy(A,{zt}tr>r) < €, < €. Thus,
A = limy,oo{xk x>, wich proves that B C A(z). This establishes
the lemma. ]

Now, we give the proof of Theorem 6.4.

Proof of Theorem 6.4. We shall apply Lemma 6.8. So, let us fix
e > 0 and exhibit the integer K.. By definition of an attractor,
there exists K. such that k > K. implies that

dp(F*({z}),4) <e,

in particular, given any sequence {A\;}32; € 2, the correspondent

orbit satisfies
x, € F*({z}) C B(4,¢),

for every k > K.. Take L > K. and let us construct the set By,.

The key observation is that for any point a in B(A,¢), we can
find a finite sequence of parameters that “corrects” the orbit of a,
making it visit every portion of A.

To be precise, consider a set {ai,...,a;} C A such that A C
U'_B(aj, §). Observe that if a set R C B(A,e) has non-empty
intersection with every ball B(a;, §) then dg(A, R) < e. In virtue of
this, we say that a finite word {07y, ...,0,} C A corrects a point a if
there exists ny,...,n; C {1,...,n} such that

€
0. 0wy (a) € B(ay, 5)
Now, observe that Lemma 6.6 implies that for each a € B(A, ¢) there
is a finite word Aq, ..., \,,,, such that

We

"j

wy,, ©---owy,(a) € B(ay, Z),
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and the length m of this word is bounded by some constant N =
N(e). Applying the same reasoning with w,, o ---ow,,(a) in the
place of a, we find a second finite word, with the same bound on
its length, so that the orbit of a under this two blocks of words
now visits both balls B(ay, ) and B(ag, §). Continuing in this way
we can find a finite correcting word with length at most [N, which
means that the orbit of @ under this word visits every ball B(a;, §).

Also, by Lemma 6.7 there exists § = §(e, N) such that for every
finite word with the same length of this correcting word and d§-close
to it, the correspondent orbit of a visits every ball B(aj, 5).

Since p is a fair measure, we have that the P-measure of the set
Co={0€Q; or41,...,004n corrects x, }
is at least f(0)"V. By the same reason, the measure of each set
C; = {a €, Or4jiN41s -+ OL4(j+1)IN COTTECES xL+le}

is at least f(5)"N. Moreover, since this sets are independent events,
it follows that

p(V(@ - ) <@~ ) < (1 F6)™)-

Therefore, p(U;C;) = 1.
By construction of the sets C}, for every o € U;C; the correspon-
dent orbit satisfies

ACB ({xk}kZL, 6) ,
and since L > K. we also have that {xy}r>r C B(A,¢). Thus

dH(A, {l’k}kZL) < €.

Therefore, putting By, = U;C} the result is proved. O]
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