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RESUMO

A unicidade ergddica do fluxo horociclico no fibrado tangente unitario de uma superficie
compacta com curvatura negativa é conhecida desde Furstenberg [Fur73]. Esta dissertagao
de mestrado, sob a orientacao dos professores Bruno Santiago (UFF) e Sébastien Alvarez
(Udelar), apresenta uma prova alternativa desse resultado, que combina um teorema devido
a Coudeéne [Cou09] sobre teoria ergoédica em espagos métricos, € um resultado em dinamica
hiperbdlica, devido a Plante [Pla72], que caracteriza quando a folheacao instavel forte de um
fluxo Anosov transitivo € minimal.



ABSTRACT

The unique ergodicity of the horocycle flow in the unit tangent bundle of a compact surface
with constant negative curvature is known since Furstenberg [Fur73]. This master’s thesis, under
the supervision of professors Bruno Santiago (UFF) and Sébastien Alvarez (Udelar), presents
an alternative proof of this result, which combines a theorem due to Coudéne [Cou09] on ergodic
theory on metric spaces and a result from hyperbolic dynamics, due to Plante [Pla72], that
characterizes when the strong unstable foliation of a transitive Anosov flow is minimal.
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CHAPTER 1

Introduction

Dynamical Systems seek the understanding of the structure of the orbits of systems as it evolves with
time. A very classical area of research within Dynamical System focus on the study of systems where
such evolution in time occur over a continuous parameter. The idea of such a system is formalized in the
concept of a flow. Precisely, a flow is amap ¢: R x M — M such that (0, z) = «x for all x € M and
such that p(s, ¢(t,z)) = ¢(s+t,z) forall z € M and s,t € R. Given a flow ¢ on M, one can wonder
what it does for each point z € M by studying its orbit:

Oyp(z) = {p(t,z) e M | t € R}

Unfortunately, the problem of studying orbits of flows is too abstract to ask for precise answers. Hence,
it is useful to require more hypotheses to the problem, for example on the set M or on the flow (. One
such possible fashion is to demand geometric properties on M and that is what we do most of the times
here.

Given a closed and connected Riemannian manifold (M, (-, -)) and a point x € M, there exists a flow
defined on the unit tangent bundle 7' M of M, that comes from its geometry, called the geodesic flow.
This flow consists in, initiating at the point x, to travel trough the geodesic that leaves x with a prescribed
direction v € T, M. With those restrictions, i.e., M = T M being the unit tangent bundle of a closed
and connected Riemannian manifold and g the geodesic flow, what can we say about the orbit O, (z, v) of
a point (x,v) € T*M?

As we will see in Chapter 3, if M has constant negative seccional curvature, the geodesic flow has
very remarkable characteristic: hyperbolicity. In particular, the tangent bundle 77" M admits an invariant
splitting

TT'M = E* & (X) ® EY,

where X is the vector field tangent to the flow and the subbundle £ contracts vectors exponentially fast
and the subbundle £ expands vectors also exponentially fast.

Those spaces are integrable, in the sense that for each p = (z,v) € T'M there are submanifolds
W#(p) and W*(p) on T M extremely related with the dynamics presented by the geodesic flow, such
that T,,(W*(p)) = E%(p) and T,,(W*(p)) = E%(p), for each p € T*M. Whenever M is a surface (of
genus at least 2 for it to have a metric of negative curvature), the subbundles £° and E* have dimension
1, and also the submanifolds W* and W,

Since those submanifolds are 1-dimensional we can parametrize them by what is called the horocycle
flow: hg: T'M — T'M. What is the dynamics of this flow? Does it interact with the geodesic flow on

13



T M? In fact, in the setting of constant negative curvature, one has:

gt © h’S = hse_t o gt, (ll)
forevery t,s € R.
p s hs(p)
gt gt
se~t
9t(p) gt(hs(p)) = hge—t(ge(p))

Figure 1.1: Relation between hg and g; for ¢ < 0.

In particular, equation 1.1 states that g; moves points in the orbit of i by a exponential rate in time.
Precisely, if we fix p € T'M, s € Rand t < 0, the geodesic flow g; send a segment of orbit h of size s
in time to a segment of size se .

The fact that the horocycle flow parametrizes the stable/unstable manifold of the geodesic flow and
from this very particular equation between them suggests that it may be interesting to study the dynamics
of hs. In general, this flow may not have the hyperbolic properties that one may be used to. For example,
horocycle flows on compact negatively curved surfaces are examples what are called parabolic flows’.
Therefore, one may turn its attention to the statistical properties of it. The main result of this sort presented
here is that the horocycle flow on a compact surface with constant negative curvature is uniquely ergodic.

The text is structured as follows: in Chapter 2 we give a brief introduction on topics in Dynamical
Systems and in Ergodic Theory that will be needed throughout the text. In Chapter 3 we take a quick
glance at the background needed on both Anosov and geodesic flows. In particular, we present the concept
of Anosov flow, and exhibit two examples of it: the suspension flow of an Anosov diffeomorphism and the
geodesic flow on a compact negatively curved manifold. Moreover, using tools from symplectic geometry,
we prove that these two examples are distinct, meaning that a geodesic flow can never be the suspension
of a diffeomorphism on a compact manifold.

Next, in Chapter 4, we establish a topological property of horocycles flows on compact negatively
curved surfaces: in this setting, the horocycle flow is a minimal flow, meaning that all its orbits are dense.
Instead of giving the classical proof by Hedlund [Hed36], we make a broad walk and present a proof of a
more general result by Plante [Pla72], and that uses the hyperbolicity of the geodesic flow:

Theorem (Plante). The weak and strong stable (unstable) foliations of a transitive Anosov flow on a
closed and connected Riemannian manifold are always minimal, unless the flow is the suspension of an

Anosov diffeomorphism.

"For a brief description of parabolic flows, see [Ulc21].
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Since we will have proved in Chapter 3 that geodesic flows can never be suspensions, we obtain the
minimality of the horocycle flow.

Finally, in Chapter 5 we prove the unique ergodicity of the horocycle flow. This result was first
obtained by Furstenberg [Fur73]. However, we present here a proof given by Yves Coudéne in [Cou(9].

Coudene’s theorem deals with measures that decomposes on special way: we say a measure 4 has a
local product structure if, in a small enough foliated chart V = L x I C M, with L. € F, the measure

1 can be disintegrated, up to renormalization of the measures, as

/Vfdu:/I/Lﬂx,s) v, ds,

for all f € C°(M). Here, ds is the Lebesgue measure on I and the v, are probability measures on L that
vary measurably on s.

With this definition we can state Coudéne’s theorem:

Theorem (Coudene). Let g;: M — M be an Anosov flow on a compact Riemannian manifold such that
the stable foliation W*(z) has constant dimension equal 1. Suppose, moreover; that the stable foliation
W*# is parametrized by a continuous flow hs: M — M, that the volume measure 1 on M is invariant

under both flows g; and hs, that p has local product structure and that
gt 0 hs = hge—t 0 gy,

foreveryt,s € R.

Then, if hs has a dense orbit, it is uniquely ergodic.

Besides being a short and beautiful proof of a classical result, this theorem has a very notable feature:

the way it is stated, the proof still works in general settings, such as the partially hyperbolic one.
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CHAPTER 2

Some preliminaries in Dynamics and
in Ergodic Theory

This master thesis is about a special class of flows. In this chapter we give a brief introduction on the
Dynamics and the Ergodic Theory of flows with some regularity.
Throughout the text, (M, g) will be closed (compact without boundary) and connected Riemannian

manifold. As presented at the Introduction, a flow ¢: R x M — M is a map satisfying:
* 0(0,z) =z forall z € M,
* o(s,po(t,x)) = @(s+t,x) forall z € M and s,t € R.

Unless we explicitly say otherwise, we will always assume the flow ¢ to be of class C”, with r > 1. In
particular, for each ¢ € R, the map ¢;: M — M defined by ¢;(x) = @(t, x), always is of class C".
The existence of flows on manifolds are intimately related to the existence of vector fields, as next

example tell us.

Example 1 (Flows and vector fields). Consider a vector field X € X"(M). Then, the Fundamental
Theorem of ODE’s guarantees that, through each point p € M, the initial value problem

admits a unique solution ~y,: R — M. Moreover, the map ¢: R x M — M defined by (t,p) — ~p(t) is

a flow of class C" such that

P _ (it ).

Reciprocally, to each flow oy on a manifold M, there is a vector field X that it integrates: one just
has to define X (p) = X (¢o(p)) = %,for eachp € M.

A general statement, as well as a proof, of the Fundamental Theorem of ODE’s can be found in
[Leel3], as Theorem 9.12, p. 212. Also, the fact that flows on compact manifolds are complete, i.e., are
well-defined over R, is proved in the same text: see Corollary 9.17, p. 216.

We now give a concrete example of a flow on a compact manifold. To do so, we explicit the

construction of the quotient T = R™/Z". Define, on R", the following equivalence relation: we say two
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points z = (x1,...,2,) and y = (y1,...,Yyy) in R™ are equivalent if and only if their difference is an
integer vector. More explicitly,

(X1, n) ~ Y1y Yn) <= (L1 — Y1, Ty — Yp) € Z".

We denote by [z] or [(x1, ..., 2, )] the equivalence class of the point x = (x1, ..., xzy). Finally, we define
T to be the quotient of R™ by this equivalence relation: T" = R"/Z".

Note that T is an abelian group with the operation:

(@1, )]+ (Y1, yn)] = (21 + Y1, T+ yn)]

Example 2 (Linear flow on T™). Let 6 = (61,...,0,) € R"™ be a fixed vector and let T" = R"™ /7" be
the n—dimensional torus endowed with the volume measure p. Define the linear flow o, on T" in the

direction of 0 as the map p,: T" — T™ such that to each [x] = [(z1,...,2,)] € T™ associates
oi(x) = [z +t0].

In this example, the linear flow ; is the solution of the following ODE on T":
dz
— =0.
dt
As presented in the Introduction, given a flow ¢ on M, we want to know what happens to its orbits:

Oy(x) = {p(t,z) € M |t € R},

for each z € M.
Since we are mainly dealing with invertible systems, it makes sense to brake the orbit of each point
x € M into two subsets: the positive semi-orbit and the negative semi-orbit by the flow ¢. Respectively,

they are defined as follows:
. (’):g(a:) ={p(t,x) e M |t >0}

* O, (z) = {p(t,z) € M [t <0}

Pelx) = [z + 6]

el

0 1

Figure 2.1: The flow ¢;(x) = [z + 0] on T? = R?/Z2.
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With these definitions, O (z) = O (z) U OF (x).

If, for a point p € M there exists a time 7' € R such that o7 (p) = p, we call the point p a periodic
point for . Also in this setting, and we say the orbit of p is closed and if 7 € R is such that ¢, (p) = p
and for all 0 < ¢ < 7, we have ;(p) # p, then we say the orbit of p closed of period 7. The set of all
periodic points p for ¢ is denoted by Per ().

In general, flows can have plenty, few, or even none periodic orbits. Even in the simple setting of

Example 2, the orbits of point through the flow behave very differently depending on the direction vector

0:

Proposition 1. Consider 0 = (01,...,0,) € R™. If each 0; is rational, say 0; = % with p;,q; € Z,
qi # 0 and ged (pi,q;) = 1 foreachi =1,...,n, then each point x € T" is periodic.

Proof. Indeed, consider ' = lem (qq, . . ., ¢, ). Then,
er(z) = [z +T0] = [z],
for all x € T™. ]

On the opposite direction of the above proposition, if « is a irrational number, then the linear flow
in the direction of # = (0, ..., 0) has no periodic points: for each x € T", the orbit ;(z) remains
in a vertical circle, on which the dynamics is an irrational rotation by a.. Hence, this linear flow has no
periodic orbit.

During the text we will focus on two different ways of studying the orbit of point = by a flow ¢: a
topological and a measure theoretic one. At this point, however, we make a brief detour in order to look at

the orbit of regular flows via foliation theory.

2.1 Dynamics and foliations

This section has as its main objective to define foliations and to present their relation to flows with certain
regularity. In particular, we want to stress out the fact that the orbits of the linear flow on T" produce
a foliation with several dynamical properties of great interest. Through this Section we follow mainly
[CN13].

Definition 1 (Foliation). Let M be a smooth manifold of dimension m. A C" foliation of dimension n in

M is a C" atlas F on M which is maximal with the following properties:

(a) If (U, ) is a chart in F, then p(U) = Uy x Uy C R™ x R™™™ where Uy and Uy are open discs in

R™ and R™™ ", respectively;

(b) If (U, ) and (V,1)) are charts in F such that U NV # () then the change of coordinates map
Yo tipUNV)—(UNV) is of the form

1/} © Qpil(‘rv y) = (hl(x7 y)7 hQ(y))a
where hy and hy are C" diffeomorphisms with (z,y) € (Uy N Vi) x (U N Va).

Whenever M admits such an atlas F, we say that M is foliated by F, or that F is a foliated structure
of dimension n and class C" on M, and call the charts (U, p) € F foliation charts.
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Example 3. Our first example of foliation is the example o a foliation defined by a submersion.

Let f: M — N, a C" submersion between manifolds M and N of dimensions m and n, respectively.
Given a point p € M we can use the local form of the submersions to obtain local charts (U, ¢) on M
and (V,¢) on N,suchthatp € U, f(p) € V,p(U) =U1 x Uy CR™ ™™ x R", and (V) = Vo D Us
and the composition ¢ o f o go_l : Uy x U — Us has the form of a projection 73 to second coordinate in
R™ = R™ "™ x R": ¢po f o !(x,y) = y, as shown in Figure 2.2 below.

_ f 7 ¥
— H\ ﬁ N |
e .”P:'

M ,f -
Q\

@ l Y

4 el
yso|o. Wofoyp

S Uy
e
T r RW

\_

-1

P
o
{
g

(V)

Figure 2.2: Local form of the submersions.

From that we obtain a C" —foliation F of dimension n on M for the foliated charts we choose, for
each point p € M, the chart (U, ¢) which satisfies the local form of the submersions with some local
chart (V1)) over f(p).

To check that F is indeed a foliation we only need to see the condition of compatibility of the charts:
let (U, ¢) and ((7, ) be charts in F such that U N’V # (). So we must prove that, on (U N U), one can

write:

pow H(z,y) = (ha(z,y), ha(y)).

In order to do that, pick p € U N U and let (V, ) and (V) be charts on N over f(p) such that, on
©(UNU) and on (U N U) we have:

¢ © f © 90_1 “P(U) 7‘-2‘4,0([] (21)

and

Yo fo(p)! 2.2)

)@((7) =m|50)
Therefore, if we write o @~ !: (U N ﬁ) — @ (U N 17) as

gop Nz, y) = (hi(z,y), ha(x,y)),
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we have:

ha(z,y) =m0 Fo ' (x,y)
=gofof toFoyp (z,y) (by 2.2)
=yofop(zy)
=vgoyorpofop (z,y)
oyt omy(x,y) (by 2.1)
oy~ (y),

Il
<) &

meaning that we can write ha(x, y) simply as ha(y), as we wished. Hence, (U, ) is a foliated chart of

the foliated structure F of dimension n and class C" on M.

Definition 2. Given a C" foliation F of dimension n on a m—dimensional smooth manifold M (where
0 < n < m). Consider a local chart (U, p) € F such that p(U) = Uy x Uy CR"™ x R™™"™. We call the
sets of the form =Y (Uy x {c}), with ¢ € Uy, the plaques of U (or of F).

A path of plaques of F is a sequence a, ..., oy, of plaques of F such that o;; N a1 # O for all
j € {1,...,k — 1}. Moreover, since we can cover M by plaques of F, we can define the following

equivalence relation on M :
p ~ q <= there exists a path of plaques a1, ..., withp € o and q € a.
The equivalence classes of the relation ~ on M are called leaves of the foliation F.

Notice that, given a local chart (U, ¢) € F such that o(U) = Uy x Uy C R™ x R™"™ as above, if

we fix a point ¢ € Uy, the map ¢~ Uy x {c} — U is a C" embedding. Remembering that U] is

1 .
‘ U1 X {C} :
a open disc, the plaques are path-connected n—dimensional C" submanifolds of M.

Therefore, if p and g in M are in the same leaf of F, there is a path of plaques connecting the two and,
moreover, there is a continuous path connecting them because a; N vj41 # @ forall j € {1,...,k —1}

and the plaques are path-connected.
Example 4. In Example 3 the leaves are the connected components of the level sets f~'(c), where c € N.
Example 5. Let f: R? — R be a submersion defined by

fla,y,2) = a(z® +y?) - €,

where a.: R — R is a C* function such that a(1) = 0, «(0) = 1 and if t > 0 then o/ < 0.

Using the construction of the Example 3, let F be the foliation of R? whose leaves are the connected
components of the submanifolds f~'(c), for c € R.

The leaves of F are of three types, all ruled by the relation with the solid cylinder

C={(z,y,2) ER® | 2? +y* < 1},
in the following way:
(i) the boundary of C, i.e., 0C = {(z,y,2) € R3 | 22 + y* = 1} is a leaf of F;
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(ii) outside C, i.e., on the set of points (x,y,z) € R3 such that x> + y?> > 1, the leafs of F are all

homeomorphic to cylinders;

(iii) finally, in the interior of C, i.e., on the set of points (x,y,z) € R3 such that x*> + y* < 1,
the leafs of F are all homeomorphic to R? by a parametrization o: D?> — R3 from the disk
D? = {(z,y) € R? | 2% + y? < 1} 10 R3, defined by:

o(z,y) = <:vy log <a<$26+y2)>) :

M

Figure 2.3: Example of foliation coming from a submersion.

The next example is the main example of this Section and has a very dynamical nature.
Example 6. Foliations arising from vector fields without singularities.

Let X bea C” (r > 1) vector field without singularities on a compact manifold M (with dim M = m).

As we have seen in Example 1, associated to X we have a flow o(t, z) such that

X(p(t,2)) = 220

for every (t,x) € R x M.
Leti: B™~1(0) — M be an embedding of a small m — 1 disk around 0 € R™, such that i(0) = p,
that is transverse to X everywhere. Since X (p) # 0, for ¢ > 0, the map

®: B H0) x (—e,6) = M

defined by
O(z,t) = p(t,i(x))
has maximal rank at (0,0) € B"~1(0) x (—¢,¢).
By the Inverse Mapping Theorem, there is a neighborhood V' C M around p such that ! ‘V
diffeomorphism between V and a product neighborhood B™~1(0) x (—¢’,&’) € B™1(0) x (—¢,¢) of
(0,0). This is a local chart for the one dimensional foliation on M defined by the curves ¢ — ¢ (), the

is a

integral curves of X.
Therefore, from a regular vector X on M, we obtain a one-dimensional foliation F whose leafs are

the integral curves of X.
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Example 7 (Linear flow on T"). A particular case of the previous example, is the case where M = T"
and X (x) = 0 for all x € T", where 6 € R™.
From Example 2, we know that the solutions of the ODE CL% = X(z) is pi(x) = [x + t0]. Hence, in

the particular case of the foliation obtained from X, the leafs are
Ly = {pi(x) [t € R}

In the next section, Section 2.2 we will study the topology of this foliations that arises from a
dynamical systems X as a subset of T".
For now, we comment on how we could extend the relation between foliations on manifolds M and

higher dimensional analogues of vector fields.

Definition 3. A field of k—planes on a manifold M is a map P: M — G (TM)" which associates each
point © € M a k—dimensional vector subspace P(x) C T, M. In the particular case of k = 1, we call
the map P aline field.

We say a k—plane field P on M is of class C" if, for every q € M, there exist k vector fields
X1, ..., Xy defined in a neighborhood V' of q and of class C", and such that {X1(z), ..., Xx(x)} isa
basis for P(z) for every x € V.

Definition 4. Given a k—plane field P on M, we call a submanifold N C M an integral manifold of
P ifT,N = P(z) for every x € N. We say P is integrable if there exists a foliation F such that, for
every point © € M there exists a leaf F () of F such that T,, (F (x)) = P(x). Moreover, we say that P

is uniquely integrable if the foliation above is unique.

Definition 5. We say a plane field P is completely integrable if, given two vector fields X and 'Y such
that, for each q € M, if X (q) and Y (q) are in P(q), then [X,Y](q) € P(q), where [-, -] is the Lie bracket
on M.

Finally, we present a theorem of Frobenius that generalizes to plane fields the existence of tangent

foliations:

Theorem. Let P be a C" k—plane field (for k > 1) on M. If P is completely integrable, then there exists
a C" foliation F of dimension k on M such that T,(F) = P(q) for all ¢ € M. Conversely, if F is a C"
(r > 2) foliation and P is the tangent plane field to F, then P is uniquely integrable.

2.2 Topological Dynamical Systems

In this section we present some facts and definitions, that deal mostly with asymptotic features of orbits

for continuous flows.

Definition 6 (Limit set). The w—limit set of a point x € M is the closed set of limit points of the positive
semi-orbit

w(@) = () Of (vt (2)).

t>0

"Here G (T'M) denotes the Grassmannian manifold of k—dimensional subspaces of T M.
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Similarly, we define the a—limit set of a point x € M as the closed set of limit points of the negative

semi-orbit

a(z) = (1) Op (¢t (2))-

t>0

Finally, we define the limit set of a flow ¢ as the set:

L(p) = U w(z) U a(x).

zeM

Definition 7 (Nonwandering set). A point x € M is called nonwandering for a flow p,: M — M if for
any open set U containing x, and every T’ > 0, there is at > T such that

e(U)NU # 0.

Naturally, a point is called wandering if it is not nonwandering. The set of all nonwandering points for a

flow @y is called the nonwandering set and is denoted by ().

Definition 8 (Transitivity). We say a continuous flow ¢.: M — M is topologically transitive (or simply

transitive) if for every x € M its positive orbit by the flow is dense on M, i.e., (’)Z,f(m) =M.

Proposition 2 (Characterization of transitivity). Suppose M to be a compact metric space and p¢ a

continuous flow on M. Then the following conditions are equivalent:
(1) y is transitive (has a dense positive orbit);
(ii) ¢ has a dense orbit;
(1ii) for non-empty open sets U,V C M there exists t € R such that o,(U) NV # (;
(iv) for non-empty open sets U,V C M there exists t > 0 such that p(U) NV 2 (.
Proof. For a proof see Proposition 1.6.9, p. 80, on [FH19]. U

Next, we follow [FH19] on the review of the example of the linear flow on T" to check what are the

conditions on 6 that makes ¢;(x) = [z + t0] transitive.

Definition 9. We say the components of a vector 0 € T" is rationally independent if k € 7" and
(k,v) =0 then k = 0.

Proposition 3. A linear flow i (x) = [x + t0] on T is transitive if, and only if, the components of 6 are

rationally independent.
To prove Proposition 3 we need a lemma:
Lemma 1. There is no constant continuous functions f: M — R invariant by a transitive flow.

Proof. Suppose f: M — R is an ¢;—invariant continuous function and let x € M be such that
Op(z) = M.

Since f is ¢¢—invariant, there is ¢ € R such that f(O,(z)) = c. Since f is continuous, we can write:

¢ = [(Op(w) = f (0,()) = F(M),

i.e., f is constant. O

24



Proof of Proposition 3. First we show that, if 6 is not rationally independent, then (; is not transitive.
The idea here is to construct a non-constant invariant function and then use Lemma 1.

Suppose (k, #) = 0 and that not all k;’s are zero. Next, consider the function f: T" — R defined by
f(z) =sin2n(k,x).

The function is well-defined on T™ by periodicity of sin and is non-constant since rationally independence

implies that not all the k;’s are zero, and then f is not constant. However, it is ¢, —invariant:

Then, f is a ¢y —invariant non-constant continuous function from T™ to R and, hence, ¢, is not transitive.
This proves that: if ¢ is transitive, then the § components of 6 are rationally independent.
To prove the reciprocal, will be proven in Section 2.3, after we introduce the notion of invariant

measure. ]

Next we present another important concept on topological dynamical systems.

Definition 10 (Minimality). A continuous flow on a compact metric space is called minimal if every orbit

is dense.

As in the case of transitivity, the linear flow provides a variety of examples depending on the choice
of 0:

Proposition 4. A linear flow oi(x) = [z + t0] on T" is minimal if, and only if, the components of 0 are

rationally independent.

Proof. Of course, if ; is minimal, then it is transitive and then the components of # are rationally

independent.

Reciprocally, suppose rationally independence and consequently transitivity of ;. Let x be a point

on T™ such that its orbit is dense: O (x) = T". We claim that, for every other 2’ € T", we also have
O, (z") =T
Observe that:

o(x') =2 +t0

=@ —z)+z+t0
= (2’ — ) + pi(@),

so that O, (2') = (2/ — z) + Oy(x) and then Oy (') = (2’ — x) + Oy (z). Hence, O, (2') = T™ if, and
only if, O,(x) = T". This proves ; is minimal. O
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2.3 Ergodic Theory

Definition 11. Let (M, B, j1) be a measure space. We say a flow ¢: R x M — M is measure preserving
if for each t € R:

* ¢t M — M is a measurable function;
* 1 (pi(A)) = p(A) for every measurable set A € B.

Example 8. Consider, on T", the Lebesgue probability measure defined as follows. Let Leb be the
Lebesgue measure on R"™, B the Borel c—algebra, and p = 77‘ 0,1 " [0,1]™ — T™ be the restriction to
[0, 1]™ of the canonical projection of R™ to T™, i.e., p is the map defined as x — p(x) = [x] for every
x € [0,1]™.
Call a set B C T" measurable on T" if P~'(B) is measurable, and define the Lebesgue probability
measure on T" by:
u(B) = Leb (p~'(B)),

for every measurable set on T".
Since the Lebesgue measure Leb on R™ is invariant under translation, this measure (i is invariant

under the linear flow oy on T™ in the direction of a vector § € R".

As we will see in more generality in Section 3.2, the invariance of the Lebesgue (volume) measure in

this context is a consequence of the Liouville theorem (see Theorem 1.3.7, p.21 of [VO16]):

Theorem (Liouville). Let @;: M — M be the flow associated to a C* vector field X on M. Then, ¢;
preserves the volume of M if and only if div X = 0.

A consequence of the invariance of the Lebesgue measure on T™ by the linear flow ; allow us to
follow [FH19] in the proof of the if part of Proposition 3, i.e.,

Proposition. [f the components of 0 are rationally independent then p.(x) = [x + t0] is transitive.
Before proving it we need one more lemma:

Lemma 2. If o, is a continuous flow on T" and every bounded Lebesgue measurable p,—invariant

function is constant, then @y is transitive.

Proof. Let O be an open ¢;—invariant set then Yo its characteristic function is ¢;—invariant. By
hypothesis, xo will be constant for Leb —almost everywhere. Hence, Leb (O) = 0 or Leb (O) =
Leb (T™) = 1, since:

0, if xo(z) = 0 for Leb —a.e. x € T"

Leb (0) = / Xo dLeb =
" 1, if xo(x) =1 for Leb —a.e. z € T"

In particular, there are no disjoint non-empty (; —invariant open sets.

Now, let U and V' be non-empty open sets on T". Hence, the ;—invariant open sets:

U=Je(U)

teR
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and

V= U e(v

teR

are not disjoint. In particular, there are ¢y, s9 € R such that

(Pto(U) M ©sg (V) 7& 0.
Therefore, pr,—s,(U) NV # ), which proves transitivity of ¢; by Proposition 2. O

Proof of Proposition 3 - if part. Suppose ; is not transitive. Then, by the previous lemma, there exists a
bounded Lebesgue (;—invariant measurable function f: T™ — R that is not constant.

Observe that, being bounded and Lebesgue measurable on T", the function f: T" — R admits a

_ Z fk . 627r<k,x>.

kezn

Fourier expansion, say:

Since f is ¢y —invariant we have:

Y i T = f(a)

kezn

= f(pe())
= f(z +t0)

Z f 2m k,x+t0)

keZn

Z f 27rz k,z))+(2mit(k,0))

keZm

Z f 27rz (k) . e27rit(k79)

keZm

Now, since f is not constant, there exists some k € Z™ — {0} such that f; # 0. By uniqueness of the

Fourier expansion of f, we then have

e27r<k,m> _ 627ri<k,x> . eZﬂ'ilf(k,B)7
so that e27%:0) — 1 for every t € R. So, we must have (k,#) = 0. This implies that the components of
0 are not rationally independent.
So we have shown that if ¢, is not transitive, then the components of # are not rationally independent.

Equivalently, if the components of # are rationally independent, ¢ is transitive. 0

After giving the family of examples of flows that arises from C' vector fields X with +X = 0, and
after studying a little the dynamics of the linear flow on T", one could ask a more general question: given
a flow on some space, there is some probability measure that is invariant by it. For continuous flows on

metrizable compact spaces, the answer is positive.

Theorem 1 (Krylov-Bogoliouboff). Any continuous flow on a metrizable compact space has an invariant

Borel probability measure.
Proof. See Theorem 3.1.15, p. 161, at [FH19]. ]
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Poincaré Recurrence Theorem and some of its consequences

The study of systems that preserve measures have several consequences on the theory of Dynamical

Systems. One of the most important one due Poincaré:

Theorem 2 (Poincaré Recurrence Theorem). Let ¢: R x M — M be a measure preserving flow of a
probability space (M, B, n). If E C M is a measurable set with u(E) > 0 then, for p—almost every
x € E, there a sequence (t,,),, with t, — 400 such that ¢y, (x) € E foralln € N.

Proof. A proof of Poincaré Recurrence Theorem can be found in several books, such as [FH19] (as
Theorem 3.2.1 in p. 163). For its discrete version, one can look at [VO16] (Theorem 1.2.1, p. 4). ]

As claimed, Poincaré’s theorem has a very direct consequence on the dynamics of a flow p: Rx M —

M on a compact metric space M :

Corollary 1 (Poincaré Recurrence Theorem - topological version). Let M be a compact metric space and
B its Borel c—algebra. If p: R x M — M is a continuous flow and p is a o—invariant Borel probability

measure on M, then

w(Rec(p)) = u(L(p)) = p(Qp)) = 1.

In particular, u—almost every point x € M is recurrent for .
Proof. For a proof see [FH19], Corollary 3.2.2, p. 163. O

Corollary 2 (Birkhoff Recurrence Theorem). Let M be a compact metric space and p: R x M — M a

continuous flow on M. Then there exists some point x € M that is recurrent for .

Proof. Since ¢ is a continuous flow on a compact metric space, Theorem 1 say that there exists an invariant

Borel probability measure. Now, Corollary 1 guarantees that Rec (¢) # (). Hence, Rec (@) # 0. O

Ergodic Theorems

Poincaré Recurrence Theorem guarantees that, given a set of positive measure, almost every point of the
set must return infinitely many times to it. But can we have more information on how it happens? The

ergodic theorems we state next provide a statistical light on this process of recurrence.

Theorem 3 (von Neumann Ergodic Theorem). Ler (M, 3, 1) be a measure space, pi: M — M be a
measure preserving flow and f € L*(p). Then

=0,
2

T
lim H;/O foudt— Py(f)

T—~+o00

where P, is the projection of f to the subspace of invariant functions by ;.

Proof. A proof of this von Neumann ergodic theorem can be found in p. 164 of [FH19] in Theorem
3.24. O

Since von Neumann ergodic theorem is a statement about ergodic properties of L?—maps, we use this

opportunity to state and prove a lemma about L?—dynamical systems that will be important in Chapter 5:
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Lemma 3. Let (X, d) be a compact metric space, f: X — X an homeomorphism and |v a probability
on X that is invariant under f. Also, let 1) € L?(u) and (gi.)1. a sequence of functions also in L*(p),
such that

* gk — U
L2
e gpof=grforallk € N.

Then for pi—almost everywhere we have 1 o f = 1). In other words: the L*-limit of f —invariant functions

is still f—invariant.

Proof. First we notice that g o f — v o f. Indeed, since p is f—invariant and since gy, — 1, we have:
L L

||1/’°f—9k0f!§Z/XWJOf—gkOfIQdu
:/ [ — grl? o f dp
X

— [ 0P du= o - il 0.
X k—+oco
So, given € > 0 we have, for sufficiently large k € N,
o f—=dlla<Ilvof—grofllz+llgrof—grlla+ llgr — V2
= |vof—groflla+0+lge — 2 <2,

because gy is f—invariant for every k € N.
This shows that ||1) o f —1)[|2 = 0. Then, (¢ o f)(x) = ¢(x) for p—a.e. x € X or, equivalently, that

1 is f—invariant. O

Theorem 4 (Birkhoff Ergodic Theorem for flows). Let (M, B, j1) be a probability space, pr: M — M a
p—preserving flow on M, and f € L*(p1). Then,

for pn—almost every x € M.

Proof. For a proof of Birkhoff Ergodic Theorem for flows see Theorem 3.2.17, p.169, in [FH19]. U

Unique ergodicity

In this subsection we define the concept of unique ergodicity and give examples and conditions related to

it. The notion of uniquely ergodic systems will be the theme of the main theorem presented in this text.

Definition 12. We say a continuous flow p: R x M — M on a metrizable compact space is uniquely

ergodic if it has exactly one invariant Borel probability measure.

As in the case of topological dynamics, the linear flow ¢; on T™ provides several scenarios for unique
ergodicity. Indeed, if § = (64, ..., 0,) has rational components, then ¢;(x) = [z + t0] is periodic and
then the Dirac measure supported on the periodic orbit O, i.e.,

1,ifzc O
0,ifzr ¢ O

do(z) =
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is an invariant measure distinct from Leb on T™. Hence, in this case, ¢; is not uniquely ergodic.
However, if the components of 6 are rationally independent, we obtain unique ergodicity for the
linear flow () = [x + tf)]. To see that, we first remember a very important theorem about existence of

measures invariant under translations on the abelian group (T", +):
Theorem (Haar). About the group (T™,+), it holds:

(i) There exists some Borel measure uc on G that is invariant under all right-translations, finite on

compact sets and positive on open sets;

(ii) If ) is a measure invariant under all right-translations and finite on compact sets then 1 = cuq for

some ¢ > 0.

Proof. For a proof of this theorem for a more general case where instead of (T", 4) we have a Lie group
(G, ), see Theorem 6.3.4 on p.165 of [VO16]. O

An application of the previous theorem for the T" is the following.

Corollary 3. If 1 is a probability measure invariant under all right-translations and positive on open sets

on T" then 1 = ¢ Leb for some ¢ > 0. Moreover, since 1 is a probability, n(T™) = 1 and then n = Leb.

Now, we show unique ergodicity for ¢;(x) = [x + ] whenever the components of 6 are rationally

independent. In this case, Proposition 4 implies ¢, is minimal and we have the following:
Proposition 5. If the linear flow ¢i(x) = [x + t0] is minimal, then it is uniquely ergodic.

Proof. For this proof we follow [VO16] and show that if 1 is a probability measure invariant by ¢y, then
u = Leb.
So let 1 be a probability measure invariant by ¢; and zg € T" be fixed.

Since p is ¢y —invariant, for every ¢ € R and every continuous function f: T" — R we have

£@) duta) = [ fa+19) di(a).
Tn Tn

Moreover, since ¢, is minimal, every orbit is dense. Hence, there is a sequence (,,), with lim,, ¢,, —
+o00 such that
lim ¢, (0) = lim ¢,-60 = x.

n—-+00 n—-+oo
Since T™ is compact, for every € > 0, there is a & > 0 such that for all z,y € T" with ||z — y|| < 4,
we have |f(x) — f(y)| < e. So, if n is sufficiently large,

(x4t - 0) — (x + x0)|| = ||tn - 0 — 20| <6,

for all x € T™. In particular, |f(z + t, - 0) — f(x + 2¢)| < & for all x € T" and then,

/n(f(x)—f(ac—i-xo)) d,u,‘:

Since € > 0 is arbitrary, it follows that

/n(f($+tn~9)—f(x+xo)) dp| < e.

f@) dp(z) = | fz+ o) du(z)
" "

for all z5 € T™ and all continuous function f: T™ — R. In other words, we have shown that y is invariant

by every right-translation on T"™. From Corollary 3, ;x = Leb. O
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Whenever we know the flow is uniquely ergodic, then we get more information on the limit function

on Theorem 4:

Proposition 6. If p: R x M — M is uniquely ergodic then, for every continuous function f € C°(M),

the time averages
1 T
= o w¢(x) dt
T /0 fopi(x)
converge uniformly to a constant.

Proof. For a proof, see Proposition 3.3.33, at p. 177 in [FH19]. 0

On the other hand, we could ask if the reciprocal holds, i.e., if the uniform convergence of the time
averages to a constant implies unique ergodicity. The answer is yes as we will see in the next proposition.
Before, we define a notation that will be extremely useful, mainly in Chapter 5: given a flow

ws: M — M and a continuous function f: M — R, we write the Birkhoff sum as

t
St(f)z/ f o ds,
0
fort € R.

Proposition 7. Let ps: M — M be a continuous flow on a compact metric space M. If, for every
sequence (ty, )y, with t, — 400 such that the uniform limit

exists, the limit function is constant, then @ is uniquely ergodic.
Before proving Proposition 7 we need three lemmas:

Lemma 4. Let (X, d) be a compact metric space and {x; }1cr a family of points x; € X. Suppose there
exists v € X such that, for all sequence (ty ) with t;, — o0, there exists a subsequence (ty;); such that
lim; x¢, = x. Then,

J

lim z; = .
t——+o0

Proof. We are going to prove that for every ¢ > 0 there exists N € N such that d(z;,z) < ¢ for every
t > N. To do so, suppose it is not true, i.e., that there exists g > 0 such that for every n € N there is
some t,, > n with d(xy,,, x) > &p.

The sequence (t,), defined above is such that t,, — +00. However, doesn’t exist a subsequence

(iL’tnj ); of (x4, )n with Ty, — ¢ as j — +oo. This is a contradiction. O

Lemma 5. A system (f, 1), where f: X — X is an homeomorphism on a compact metric space and

invariant probability measure, is uniquely ergodic if, and only if, the sequence

1n71 ‘
~Y wof
Jj=0 n

converges uniformly to a constant function, for all ¢ € C°(X).
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Proof. This is a standard proof in ergodic theory and can be found in [VO16] (Proposition 6.1.1, p.
158). O

Lemma 6. Let (ty)y, be a sequence with ty, — +oc. If the Birkhoff averages

(150),

converges uniformly to a function f, then Jx fdu= Jx 1 du.

Proof. From Birkhoftf’s Ergodic Theorem we know that

(@)= lim ~8,(f)(x)

t—+oo t
exists for y—a.e. x € M. Since we are supposing that iStk (f) converges uniformly to f, we conclude
that f(x) = f(z) for p—a.e. x € M.

Birkhoff’s theorem also guarantees that

/deuz/xfdu

and hence [ f du= [y fdu= [y f du, as claim. O
We are finally ready to prove Proposition 7:

Proposition. Let p,: M — M be a continuous flow on a compact metric space M. If, for every sequence
(tg )k with ti, — 400 such that the uniform limit

lim Sy, (f)

k—+oo T

exists, the limit function is constant, then @ is uniquely ergodic.

Proof. Let (t1,)i be a sequence such that ¢;, — +oc and the uniform limit
lim S, (f)
im —
k—+oo g b

exists.
By hypothesis, the limit 1 = limg_, 4 iStk (f) must be a constant function. Now, Lemma 6 implies

Jx ¥ dp= [y f dp and, since 1 is constant and ;(X) = 1 we have:

@Z):w-u(X):w-/deuz/deu,

which gives

1
lim —
k—+o0 T

Su(h % [ fau
X
Now, by compactness of S on the uniform topology, which is given by Lemma 18, we know that for
every sequence (ty)r with ¢, — 400 there exists a such limit ¢ for (iStk ( f))k. By hypothesis, this
limit ¢) is constant and from what we have just seen, ) = [ < [ du.
From Lemma 4, .
Jdim 1500 [t

Finally, Lemma 5 implies ¢, to be uniquely ergodic. 0
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CHAPTER 3

Anosov and geodesic flows

In this Chapter 3 we present the main characters of the text. On Section 3.1 we give the definition,
highlight properties, and give the first example of Anosov flow.

On Section 3.2 we introduce the geodesic flow and discuss several of its properties. For example, we
notice it is a Hamiltonian flow, observe that in negative curvature it is an example of Anosov flow that is
never a suspension flow.

Finally, we observe that in the case of negatively curved surfaces, the geodesic flow has another flow

to which it is related: the horocycle flow.

3.1 Anosov Flows

This master thesis is about a very special class of flows, the so called Anosov flows. There are still many
unknown facts about Anosov flows, what makes them a current topic on mathematical research. We here

exhibit some introductory facts about them.

Definition 13 (Anosov flow). A flow p;: M — M, t € R, is called an Anosov flow if there exists a
p¢—invariant decomposition
TM = E"® E°® E?,

i.e., each subspace E¥, E€ and E°, is preserved by dyy, E€ is the space generated by the vector field
associated to the flow, and the vectors on E* are exponentially expanded by dy; and the vectors on E®
are exponentially contracted by dyy. In other words, there exists A\, i € R, with, 0 < A < 1 < u, such
that:

ldpe(v)|| > pt||vl|, forallt € R and v € E*,

and

|dee(v)]| < AY|vl|, forallt € R and v € E*.

The spaces E" and E? are called unstable and stable spaces, respectively.

The first example of Anosov flow we present here is the suspension flow of an Anosov diffeomorphism.

A diffeomorphism is called Anosov if there exists a f—invariant splitting
TM = E* @ E?,
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i.e., each subspace £ and F°, is preserved by df, and the vectors on E* are exponentially expanded by
df and the vectors on E* are exponentially contracted by df. In other words, there exists A, u € R, with,
0 < A <1< p,such that:

ldf" (v)|| > u"||v]|, forallv € E* and n > 0,

and
ldf™(v)|| < A™||v]|, forallv € E® andn > 0.

As in the case of flows, the spaces E* and E° are called unstable and stable spaces, respectively.
A well-known example of Anosov diffeomorphism is the Anosov Cat Map, that is defined as follows:
let A: R? — R? be the linear map defined by

Since A(Z?) C Z? and det A = 1, we have an induced map f4: T? — T? from T? = R?/Z? to itself
defined by fa([v]) = [Av], where [v] = {w € R? | w — v € Z*} € T? and the definition of f4 does not
depend on the element w in the class [v]. Now, this map f4: T? — T? is an Anosov diffeomorphism on
the torus T?, called Anosov’s Cat Map, and has very interesting dynamical properties such as topological
minimality and the fact that the set of periodic points of f4 is dense on T2. More details on Anosov
diffeomorphisms as well as an argument on why f4 is an example of them is discussed in Appendix A.

Once in possession of an Anosov diffeomorphism, there is a somewhat canonical Anosov flow
associated to it, that is obtained via a general construction from the qualitative theory of ODE’s. Let
X € X"(M) be a vector field on M and ¥ C M be a compact codimension one submanifold of M. We
call ¥ a global transverse section of X if X is transverse to 3 and every positive orbit of X through
each point p € M intersects X again in the future.

Then, if ¥ is a global transverse section of a vector field X € X"(M), the flow associated to X
induces a diffeomorphism P: ¥ — 3 that associates, for each point z € ¥ the first point P(x) such that
the positive orbit O (x) = {¢¢(x) [ t > 0} intersects the section ¥ again, i.e., for t > 0. The map P is
called the Ponincaré map associated to 3.

A very important feature of the Poincaré map is that the orbit structure of the flow ¢ associated to X
is determined by its Poincaré map (and vice-versa). For example, a point = € X is a periodic point of P if

and only if O,(x) is closed.

Suspension flow

Now we go on the other direction and from a diffeomorphism construct a flow: on this subsection we
present a construction that allow us to, for each C” —diffeomorphism f: M — M, find a flow ¢, called
the suspension flow of f, such that f is conjugated to the Poincaré map P of (.

Let M be a compact Riemannian manifold and f: M — M be a C" diffeomorphism, (r > 1).

On M x R, define the following equivalence relation:
(p,s) ~ (q,t) <= s—t=n€Z and q= f"(p).

Let M be the quotient space M x R/ ~andlet7: M x R — M be the projection map, i.e., for each

pair (p, s), the image m(p, s) is the equivalence class of (p, s).

34



For each sy € R the restriction of 7 to M X (sg, o + 1) is an one-to-one correspondence between
M x (59,50 +1) and M — 7(M X sp).

s—t
f( q

M x (50, So + 1)

so+ 1

2
—~

vy
~
——

Il 1]
SO
=

M x {so} ~ M x {sop+ 1}

Figure 3.1: The relation ~ on M x R. Figure 3.2: Restricted to M x (sg, 80+ 1), mis 1—1.

To make M a topological space, we set M with the topology induced by T, i.e., AcC M is open if

and only if 7! (ﬁ) C M x R is open. Moreover, we want to show that M is not only a topological space
but a smooth manifold.

To do so, we define an atlas for M. First, let x;: U; — Uy C R™ be local chartson M fori =1,...,k,
with Ui:1 U; = M. Now let Ui and Vi be two families of open sets on M , each defined as:

- 11 ~ 15
UZ-—7T<U1» X <—2,2)> and V}—ﬂ(Ui X <4,4>>7

fori =1,..., k. Each U; and V; is open on M. Indeed, both

= (oo (3) Yo (o)
= o ()Y e (om0

nez

and

areopenin M x R, foreveryi=1,... k.

Now, for each i = 1,...,k, define %;: U; — Uy X (—3.3) by Zi(n(p,s)) = (zi(p),s) and
Uit Vi = Ug x (,3) by yz( ( s)) = (@i(p), ).

Observe that both Z; and y; are well-defined since, in each open set U; x ( 5 2) and U; x (l g)
there exists a unique element of each class (p, s). Moreover, since the restriction of 7 to U; x ( %, 2) is
one-to-one and the same holds for the restriction of 7 to U; X ( I 4) both z; and ¥; are homeomorphisms.
We claim that A = {(Z;,U;), (i, Vi) | i = 1,...,k} is a C-atlas on M. Indeed, by making a small
notation abuse and confusing (p, s) with its equivalence class, we have:

Z; 0 %j_l(u, s) = %Z-(?c’j_l(u, s)) = El(fj_l(u), s) = (z;0 :cj_l(u), s),
gi oy H(uys) = Ty (u, 9)) = GG (u), 5) = (yi oy (u), 9).

This proves that z; o :U Land 3; o y ! are C" —diffeomorphisms. For the last case, i.e., Z; o gjj_l (u, s),
we need to be a little more careful: since gj—l (u,s) € V; we pick (f(xj_l (u)),s — 1) € Uj that satisfies
(f(a:j_l(u)), s—1)~ (x;l(u), s). We then obtain:

Tioy; (u,s) = Ti(7; ' (u,9)) = Ti(f(z ' (w)),s — 1) = (2:(f (2} (u)),s — 1),
proving that z; o ﬂj_l(u, s) is also a C" —diffeomorphism. This shows that A is a C" atlas.
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Actually, we can consider M as a C™ manifold since, from Whitney’s Embedding Theorem, there is

a smooth manifold structure on M such that the maps Z; and y; are C" diffeomorphisms. !

Observe that 7 is a C"—local diffeomorphism since, restricted to Uy x (—%, %), the composition
15
11
let % be the unit vector on M x R whose orbits are the lines {p} x R, for p € M. Define,

or

X(?T(p, S)) = dTr(p,s) ’ a(pa t)‘

Ziomo (z; ! x Id) is the identity, and also, restricted to Uy x (%, 2) the map gj; o 7 o (z; ' x Id). Now,

From the definition of the relation ~, it is straightforward to see that X (7 (p, s)) = X (7 (f(p),s — 1))
and that X is a C"! vector field on M.

S+ 1 50

Figure 3.3: The vector field X on M.

If we call ¥ C M the projection of M x {0} by , i.e., & = 7(M x {0}), the vector field X is
transverse to 3 and its orbit through p = 7(p, t) is 7({p}, R).

It can be shown that the positive orbit of X through a point p = 7(p,0) € 3 return to 3 again for the
first time at the point ¢ = w(p, 1) = w(f(p), 0). Moreover, the Poincaré map associated to the transverse
section X is f: X — 3 defined by f(7(p,0)) = 7(f(p),0). Hence, the map h: M — ¥ defined by
h(p) = 7(p,0) is a C" diffeomorphism which conjugates f and f, ie., fo h=ho f.

A comment on suspension flows that will be extremely important for this text is that, even if the

dynamics before the suspension is topologically mixing, the suspension doesn’t need to be:

Proposition 8. If o, is the suspension flow of a diffeomorphism f: M — M then isn’t topologically
mixing.
Proof. We follow the ideas in [Day20]. As before, write the suspension flow ¢,: M — M, where
M = M x R/ ~ and, for small values of ¢, ¢ (x, s) = (z,s + t). Consider U,V C M open sets and fix
U' =U x (0,1/4) and V' = V x (0,1/4) open sets in M.

Notice that, for a € (0,1/4), we can identify U x {a} C U’ with f(U) x {0} by takingt = 1 — a.
Indeed, we just have to notice that, for all x € U:

Spt(waa) - (wvt—i_ a) = (‘737 1) = (f($)70)

This implies that, for each x € U, diam ¢ (x x (0,1/4)) = 1/4.
Now, suppose there exists 7' such that o7 (U’) N V' # (. Since diamw x (0,1/4) = 1/4 for all
u € U and diamwv x (0,1/4) = 1/4 for all v € V, the observation on the last paragraph shows that

/ /
er1/4(U) NV =0,
!For instance, see Theorem 0.19 on p- 9 of [PD12].
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proving that ¢, cannot be topologically mixing. O

In fact, there is a deeper result in that sense, that is proven in [Day20]. To present it here, we need a
generalization on the construction of the suspension flow. The next definition follows the one given in
[BS02].

Definition. Given a map f: X — X and a function h: X — R bounded away from 0, consider the

quotient space
My, ={(z,t) € X xRT |0 <t < h(x)}/ ~,

where ~ is the equivalence relation (x,h(x)) ~ (f(x),0). In this setting, the suspension of f with height

function h(z) is the flow pi(x,s) = (f™(z), s") where n and s’ are given by:

n—1

D h(f(@) +8 =t+s,

J=0

and

0<s" <h(f"(x))

This definition generalizes the previous construction, since there we have taken the height function i
to be h(x) = 1. Together with the smooth structure of M and the regularity of f on the previous case, this
allowed us to obtain several properties for the quotient space M and the suspension flow ;. To obtain the

topologically mixing property for ¢; we need to make hypothesis on the roof function A:

Theorem. Let X be a compact metric space and f: X — X be a topologically mixing homeomorphism
with dense periodic points. A suspension flow over X is topologically mixing if and only if the height
function h: X — R is not cohomologous to a constant k, i.e., if there isn’t a continuous function
g: X = Rsuchthat h(x) — k = g(f(z)) — g(x) forall z € X.

The last paragraphs explained some of the difficulties for the suspension flow to be topologically
mixing even if the base dynamics f is. However, if we ask for the diffeomorphism f: M — M to be

Anosov, then it is a somewhat stronger assumption: the suspension flow will be an Anosov flow.

Proposition 9. The suspension flow vy : M — M of an Anosov diffeomorphism f: M — M, is an

Anosov flow.

Proof. To see this, fix a point (z,0) € M. We need to show that there are contracting and expanding

subspaces F's and £, respectively, in T(xﬂ)ﬁ such that
ToM = E* @ (X) ® B

This occur since, at each point x € M, such spaces E® and E* are defined in T, M and the vector field X
defined above is transverse to T, M in T{, o) M.
Moreover, this decomposition is invariant by dy; : T(L@)/]\Z — T%@,Q)JTI . Indeed, if 0 <t+s <1,

we have that o (z,0) = (z,t +0) and T, )M = E*(x) & (X) @ E¥(z). Ift + 5 = 1, then
th(ﬂj', 9) = (:E?t + 0) = (f(l’),()), and hence d@t(xae) = (dfan) and

Ty, (2)M = T pr0)M = T f(2),00M -
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Now, since f: M — M is an Anosov diffeomorphism, the decomposition E*(z) @& E"(z) is invariant
under df, the decomposition E*(x,0) @ (X (z,0)) ® E*(x, 0) is invariant under dyy, i.e.,

dpt (E°(2,0) © (X) © E%(2,0)) = E*(¢pi(,0)) © (X (01(2,0))) © E*(p1(x,0))-

Finally, for each section ¥; = M x {t} of the suspension manifold, we have that gpn‘zt = f". Since f
is Anosov and the uniform expansion and contraction with respect to each space £* and E* occur in a
regular interval gap, we must have uniform expansion and contraction for ¢; on E* and E* as well. This
proves the flow ; is Anosov on M.

O]

After Proposition 9 we are now able to give the first concrete example of Anosov flow:

Example 9 (The suspension flow of the Cat Map). When the Anosov diffeomorphism is the Cat Map
presented above, the construction of the suspension flow, allows us to find a vector field X on a 3-manifold
(T? x R/ ~), whose associated flow is Anosov, and such that its Poincaré map is conjugated to the Cat

Map, and hence has all its interesting dynamical properties.

S (;Us 3) s (Q1 t)
s—t=0-1
) g q= fa(p)

i
s=0 t=1

Figure 3.4: Suspension manifold for the Cat Map.

Stable manifold theorem for Anosov flows

Just as in the case of Anosov diffeomorphisms, Anosov flows have important and beautiful theorems that
make solid the theory and give tools for us to seek results. The first major result we present here is the
Stable Manifold Theorem for flows:

Theorem 5 (Stable Manifold Theorem). Let g;: M — M be a C" (r > 1) Anosov flow on M. Fixt > 0
and let \, i € R, with, A\ < 1 < p, be as in definition of Anosov flow, i.e.,

ldge(v)|| > pt||v|, forallt € R and v € E*,

and
lldg: (v)|| < Xt||vl|, forallt € R and v € E*.

Then, for each x € M there is a pair of embedded C" —discs, W% (x) and W}**(x) (the local strong

loc loc

stable manifold and the local strong unstable manifold of x, respectively) such that:

(1) To(Wige(x)) = E*(2) and To,(Wigt(x)) = E*(x);

loc

(i1) gu(Wis(x)) C Wis(an(x)) and g (Wt () © Wisk(g—i(x)). for every t > to > 0;

oc loc
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(7i1) for every 6 > O there exists C(9) such that
d(gi(2), 9u(y)) < CON+ 8)d(x,y), fory € Wis(x) and t > 0
d(g—+(x),g-t(y)) < C(0) (1 — 0)d(z,y), fory € W (z) andt > 0;

(iv) there exists a continuous family U, of neighborhoods of x € M such that:

Wiio) = {u € M | 0 € Upgoy forallt > 0and tmn_dor(v).1(0)) = 0},

Wikt (z) = {y €M | g-4(y) € Uy_,w), forall t > 0and lim d(g-4(y),g-+()) = 0} :
Proof. A proof of the stable manifold theorem for flows is presented at Theorem 17.4.3, p. 545, in
[KH97]. O

Whenever it is important to specify the size of the local stable/unstable manifold, we will use the

following notation (for example for the weak unstable manifold):
Wi(x)={y e M |d(g—+(x),g9-+(y)) < e, forallt > 0}.

A particular consequence of the Stable Manifold Theorem for Anosov flows is the existence of
foliations on the manifold M that are related to the dynamics.

The Theorem implies that each tangent bundles E*, E°, E* @ E¢, and E° & E°, are uniquely
integrable? and give rise to foliations tangent to it. For each bundle we have the analogue foliation as

follows:

Bundle | Foliation

E*®©E | F
EwE | F
EU F’U/M
ES ISS

We call 7** and F*° by the unstable and stable foliations, respectively, and 7* and F* by center-
unstable and center-stable foliations, respectively. An important comment to make, is that the leafs of each
foliation is of the same class of differentiability of the the flow. However, for the regularity of the foliation
itself, we may only ask for it to be C°. For more details on the regularity of the invariant foliations, see
[PSWOIT].

The second major theorem we need to state is known as the Product Neighborhood Theorem. To do
so, we first introduce some notation: let d,,, ds, dy., dss be the metrics induced by d on the leaves of the
foliations F*, F*, Fu* JF*° respectively. Define, for z € M and é > 0, the following sets:

Bs(z) ={ye M : d(z,y) <d}

By (z) ={y € W"(z) : du(z,y) <3}

Bj (z) ={y € W(x) : ds(x,y) <3}
(z) ={y €e W"(z) : duu(z,y) <}

Bi* (z) = {y e W* () : dus(z,y) <5}

2See Definition 4.
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Theorem 6. (Product Neighborhood Theorem) There exists dy > 0, not depending on x € M, such that
for § < &g the functions

G: Bj (z) x Bj* (x) = M
H: B§® (x) x B§ (x) - M

given by

G (y,2) = B3; (2) N Bs§' (v)
H (y,z) = B35 (2) N By (y)

are well defined and are homeomorphisms onto its images.

This images are called product neighborhoods of x. The proof uses Theorem 5 and simple techniques
from hyperbolic dynamics. It can be found in Section 6.2 of [FH19] and, more precisely, it is a consequence
of Proposition 6.2.2 and Theorem 6.2.7 of the same reference.

Another very important theorem on hyperbolic dynamics that also has some geometric flavor and is
related to the Stable Manifold Theorem is the A—Lemma (also known as Inclination Lemma). We present
here two versions of it (Propositions 6.1.7 and 6.1.10 at p.335 of [FH19]):

Theorem 7 (\-lemma for fixed points). Suppose p is a hyperbolic fixed point of a smooth flow p,: M —
M and D is a disk that intersects W*(p) transversely. Then, the sets ©i(D) accumulate on W*(p) in
the C' —topology, as t — +oo. Specifically, for any disk A in W(p) and any € > 0, there is an instant
t > 0and D' C D such that dci (pi(D'), A) < e.

The second version treats more explicitly what happens at the center-unstable manifolds:

Theorem 8 (\-lemma for flows). Suppose p is a hyperbolic periodic point for a flow p,: M — M, of
least period T > 0, and suppose T, M has splitting T,M = E° © E° ® E“. Let D be an embedded disk
that intersects W*(p) transversely in some point ¢ € W*(p) such that dim D = dim E" + 1. Then, for
any € > 0, there exists an order N € N such that, for each n > N, there is an embedded disk D,, C D
containing q such that p;, (Dy,) is e—close to W (p) in the C'* —topology.

An useful way to understand the dynamics of a system is to restrict ourselves to the set of periodic
points of ¢y, denoted by, Per (¢;). Now, we present two theorems that corroborate the claim we’ve just

made.
The first one is about how big (topologically) the set of periodic points may be: its closure is at least

as big as the non-wondering set. Before stating it precisely, we need a definition:

Theorem 9 (Anosov Closing Lemma). Let M be a closed and connected Riemannian manifold and

i M — M an Anosov flow. Every recurrent point x € M is approximated by a periodic point.

Proof. See Corollary 18.1.8, p. 570, from [KH97]. OJ
Corollary 4. The periodic points of @, are dense in Q(¢p), i.e., Per () = Q(¢).

Proof. See Corollary 5.3.22, p. 298 of [FH19]. O
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The next result is about the structure of Per (). It states that this set can be broken into smaller
invariant and disjoint pieces, each of which is transitive when the dynamics is restricted to it. These pieces

are called basic sets for the dynamics.

Definition 14 (Basic sets). Lef ¢,: M — M be an Anosov flow on a closed connect Riemannian manifold
M. A closed subset A C M is called isolated if there is a neighborhood V of A (isolating neighborhood)

such that A = (\,cg 1 (V) Moreover, if we also have that |, is transitive, the set A is called a basic

A
set.

Theorem 10 (Spectral Decomposition). For an Anosov flow @s: M — M on a closed connected manifold

M, there exists a finite family A1, ..., Ay of compact disjoint invariant basic sets such that

Per (p) = A1 U---UAg.
Proof. For a proof check Theorem 5.3.37, p. 302, of [FH19]. O

Back to the problem of how big or representative the set of periodic points are, we may ask whether
its closure is equal to the hole manifold. By Corollary 4, we know that, if ¢; is an Anosov flow, this
question is equivalent as asking whether the non-wandering set is the whole manifold. More precisely, the

following holds:

Theorem 11. Let ¢;: M — M be an Anosov flow on a closed connected Riemannian manifold M. The

following properties are equivalent:
(i) The spectral decomposition of v has only one piece, which is M itself;

(i) Q(p) = M;
(7i1) Per (p) = M;
(iv) @y is topologically transitive;

(v) All center-stable leafs are dense, i.e., W*(x) = M forall v € M;

(vi) All center-unstable leafs are dense, i.e., W*(x) = M forall x € M.

Proof. The proof of this theorem is, in some extent, a consequence of Theorem 10. A proof can be found
in p.342 of [FH19], being the proof of Theorem 6.2.10 of such text. O

It was a long standing conjecture the claim that if p,: M — M is Anosov flow, then Q(p) = M.
Unfortunately, this conjecture was disproved in [FW80], at least in the generality it was presented.

Nevertheless, there are very interesting examples for which the conjecture works, namely the sus-
pension flow of an Anosov diffeomorphism and the geodesic flow on a manifold with constant negative

curvature.

Proposition 10. If f: M — M is a transitive Anosov diffeomorphism on a closed connected Riemannian

manifold M, then ¢, : M — M its suspension flow is an Anosov flow such that Q(p) = M.

The statement that the suspension flow of an Anosov diffeomorphism is itself an Anosov flow was the
content of Proposition 9. Hence, to prove this Proposition 10 we need to check that if f is transitive, its

suspension flow satisfy €2(¢) = M. In order to do that we need a lemma:
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Lemma 7. If f: M — M is an transitive Anosov diffeomorphism on a closed connected Riemannian

manifold M, then f is topologically mixing.
Proof. The proof of this Lemma 7 will be done in detail in Appendix A, precisely in Theorem 26. [

Proof of Proposition 10. Now, consider two non-empty open sets U , V on M. We need to show that
there exist some s € R such that ¢ (U) NV # 0.

By construction of the suspension manifold M, we can suppose, without loss of generality, that
U=Ux Iy and V =V x Iy, where U and V are open sets on vertical sections M x {ty} and
M x {ty} of M , respectively, for tyy, ty € R, and Iy and I ; are small intervals.

Iy

M x {tU} M x {tv}
Figure 3.5: The open sets Uand V.

From Appendix A we know that the transitive Anosov diffeomorphism f: M — M is also topologi-
cally mixing. So, given & > 0 there exists N > 0 such that, if n > N then f™(U) NV # (). In particular,
since M is compact, there exists N > 0 such that, if n > N then f™(U) is e—dense on M.

Since ¢, is the suspension flow, it is tangent to the vector field %, so by its action the interval Iy, will
intersect the section p4(M X t7) for an infinite number of instants s. In particular, there is some s > N
such that ¢ (M x {t;y}) NV # 0. Since we took s to be greater than N, the set f1¢/(U/) will be e—dense
on M. So, by first reducing the choice of & > 0 if necessary, we have that ¢ (U) NV # 0. O

Example 10. Since the Anosov Cat Map fa: T? — T? on T? is transitive, we have )(f4) = T?. By the
previous proposition, its suspension flow o also satisfy Q(p) = T?, where T? is the suspension manifold

of T? obtained by the suspension of fa.

The next example, the geodesic flow on a manifold with constant negative curvature, is the main topic

of this text and we reserve the next section to introduce it.

3.2 Geodesic Flow on 7'M

Let (M, (-,-)) be a closed Riemannian manifold of dimension n, where (-, -) is a Riemannian metric on

M, and let V denote its Riemannian connection.
Definition 15 (Geodesic). A curve v: I — M is called a geodesic if
le’}// =0.
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Given a coordinate system (U, ), with U an open set around a point p € M, write X; for the vector
field X; = 52- on U. Since { X1, .. , we can write Vx, X; = >, T'¥; Xy The
real valued functions Fk’ are called the Chrtstoffel symbols of the connection V in the chart (U, x).

Proposition 11. A curve v: I — M is a geodesic on M if and only if, in any coordinate system,

s Z Ty = (3.1)

forallk=1,...,n

Proof. The proof of this fact follows immediately from a computation in local coordinates.
O

Given a manifold M, the tangent bundle 7'M of M is defined as the disjoint union of tangent spaces
T,M overallp € M, i.e.,
T™ = | | T,M
peEM
and is also a manifold, now of dimension 2n. Remember that v € T, M if and only if there exists a
smooth curve v: I — M, from some interval I around 0 € R to M, such that v(0) = p and v/(0) = v.

Moreover, observe that ||7/(t)]| is constant for every ¢ € I. Indeed,

Ll = )

=2 <v'y"7,’7,>
— 0,

since V.,v" = 0.

From the theory of ODE’s, we obtain two properties: first, for each point p € M and vector v € T, M
there is a unique geodesic v: I — M with v(0) = p and +/(0) = v, defined on its maximal interval of
definition I. To prove it, we must solve the system of equations (3.1). Secondly, since ||| is constant,
the maximal interval of definition is, in fact, R, i.e., the geodesics are defined for all values ¢ € R.

Notice that each vector w € T; M, where ¢ is a point in the selected local coordinate system, can be
written as w = Y _,_, yxXk. So, the point (¢, w) € TU is written as (1, ..., Vn, Y1, - - -, Yn) and these
coordinates give a smooth structure on T'M..

So, each curve (t) on M determines a curve (y(t),~'(t)) on TM. If v is a geodesic on U C M that

is written in local coordinates as y(t) = (y1(¢), ..., vn(t)), the curve

t (), (), (), - (D)
on T'U is a solution to the system
G =

J N , fork=1,...,n, 3.2)
% - - Ziy‘j Fijyiyj

on the coordinate system (1, ...,Zn, Y1, -.,Yyn) on TU. Hence, solving the second order system of
equations (3.1) on U is equivalent to solving the first order system (3.2) on T'U.
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Lemma 8. There is an unique vector field G on T'M whose flow linear are precisely the solutions to the

system of equations (3.2).

Proof. 1f such a vector field GG exists, it must be unique. Indeed, let (U, x) be a coordinate system on M.
Then, on these local coordinates, G is uniquely defined be (3.2).

To prove existence of the field GG, define it on each coordinate system by the local expression given by
(3.2). Since in the intersection of two coordinate charts the local expressions of G agree, the vector field
G is well-defined on all 7M. O

Another way to state Lemma 8 above is to say that there exists an unique vector field G on T'M whose

flow lines are of the form ¢ — (y(t),~/(t)), where - is a geodesic on M.

Definition 16. The vector field G defined on Lemma 8 is called geodesic field on T'M and its solution is
called the geodesic flow on T M.

Applying the Fundamental Theorem of ODE’s (see Example 1 for a brief discussion) to the geodesic
field G on T'M at the point (p,0) € T'M, we obtain the following:

Theorem. For each p € M there is an open set U of TU, where (U, x) a coordinate system around p,
and such that (p,0) € U, and there are a positive number 6 > 0 and a C*°—map g: (—6,0) x U — TU
such that t — g¢(q, w) is the unique trajectory of G that satisfies the initial condition go(q,w) = (q,w),
for each (q,w) € U.

The Geometry of TM

We make a small detour into symplectic geometric and Hamiltonian dynamics, in order to obtain new
information on the geodesic flow. More precisely, we show that the geodesic flow is Hamiltonian and,
hence, has no divergence. This will be used to show that the geodesic flow cannot be an example of

suspension flow.

Definition 17 (Symplectic manifold). A symplectic form on a manifold M is a nondegenerate, closed
2-form w on M.

Proposition 12. Let M be a manifold and w € Q?(M) be a 2-form on M. Then, w is nondegenerate if

and only if M is even-dimensional, say dim M = 2n, and w"™ = w A - - - A w is a volume form on M.
Proof. For a proof, see Proposition 3.1.5, p.166, and Proposition 3.1.3, p. 165, of [AMO08]. 0

As a consequence we observe that, if w € Q%(M) is nondegenerate, M is orientable. Denote the

standard volume by
(-2
n!

w™.

Q, =

The first example of symplectic manifold is the euclidean space R?" with the following form: if

(1,...,Zn, Y1, - -, Yn) are the coordinates of R?" define

n
w = Z dxi N dy;.
i=1
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A less obvious symplectic manifold is the tangent bundle 7'M of a Riemannian manifold (M, (-,-)).
In order to define a form on 7'M we need to study first its tangent bundle, i.e., 7T M.

Let m: TM — M be the canonical projection, i.e., if § = (p,v) € T,M C T'M then 7(#) = p. For
each 0 = (p,v) € T M, the tangent space TyT' M has a decomposition on subspaces that will be very
useful for us.

Define the vertical subspace V' () as the subspace of TyT M of vectors that, for ¢ = 0, are tangent to
curves X : (—¢g,e) — T'M of the form

t— (p,v + tw),

where w € T}, M. In other words, V' (0) := ker dmy.

Now, for the same 0 = (p,v) € T'M, we define another subspace of 7T M as the kernel of a
map Ky: TyTM — TM as follows: let £ € TyT M and X (t) be a curve on 7'M with X (0) = 6 and
X'(0) = &. Call y(t) = 7w o X (t) and define:

K@(g) = V’Y’X(O)a

where V is the Riemannian connection of (M, (-, -)).
This map Ky is well-defined (i.e., it does not depend on the curve X') and is linear (see [Kni02], p.455,
for details). Set H(6) = ker K.

Lemma 9. For each 0 = (p,v) € T M, the following hold:
(1) H(0)NV(0) = {0},
(74) dim H(0) = dim V' (0) = dim M;
(1i1) TyTM = H(0) ® V(0);
(iv) The restrictions dTrg}H(g): H(9) — T,M and K(’}V(e): V(0) — T,M are linear isomorphisms.

Proof. Observe that item (7i7) is a direct consequence of items (¢) and (i7). For proofs of items (i), (i7),
and (7v), see [Kni02], p.455. O

As a direct consequence of the above lemma, the map (dmg, Kg): TyT'M — T, M x T,M defined
by £ — (dmp(§), Kg(&)) is a linear isomorphism between Ty 7'M and T, M x T, M. We the identify

H(0) ~ {(w,0) | we T,M},
and
V(0) ~{(0,w) |weT,M},

and call H(0) the horizontal subspace of TyT' M and V' (6) the vertical subspace of TyT' M. With the
above identification we write £ € TyT'M as & = (&, &y), where &, = dmp(€) and &, = Kp(€).
An useful application of the identification between Ty T"'M and T, M x T}, M is that, in this notation,

the geodesic vector field GG (see Definition 16) can be written as
G(0) = (v,0), 3.3)

for each 0 = (p,v) € T'M (for details see p.455 of [Kni02]).
With the decomposition TyT' M = H(6) @ V() in hand, we can define a Riemannian metric on 7'M
that makes the subspaces H () and V' (6) orthogonal:

45



Definition 18 (Sasaki metric). At each 6 = (p,v) € T'M, define the Sasaki metric at 0 by

(&,m)5 = (dmg(€), dmo(n))r(oy + (Ko (€), Ko(n))r(a)
= (&ny M) (6) T+ (v M) m(0)
= <£h7 77h>p + <£U7 "7v>pa

Jorall &, m € TyT M.

Also from the decomposition TyT'M = H(0) & V(0) we can use the Sasaki metric to define a
symplectic form w on T'M. For § = (p,v) € T'M, define wy as

wa(§,m) = (Kg(£), dma(n))x(9) — (Ko(n), dma(§))x(6) = (§vs n)p — (M, En)p- (3.4

We are going to show that w is a symplectic form on T'M. It is clearly nondegenerate. To see it is
closed, define a 1—form © on T'T'M by taking, for each 6 = (p,v) € T M, the map O: TyTM — R
defined by ©y (&) = (0, dmp(§)). Writing § = (&r, &) € H(0) x V(0), we have: Og(§) = Op(&n, &) =
<'U, §h>p'

Lemma 10. The 2—form w and the 1—form © satisfy:
doO = w.
In particular, w is closed.
Proof. See Lemma 1.2, p.456, of [Kni02]. O

Example 11. From Lemma 10 above we conclude that the pair (T M,w), where w is the differential form

defined by (3.4), is a symplectic manifold.

The form w defined by 3.4 has a very important property for our goals.

Hamiltonian Flows

In this subsection we show that the geodesic flow on T'M is a particular case of a more general type of

flows, namely the Hamiltonian flows.

Proposition 13. For each 6 = (p,v) € T'M, the form w defined by (3.4) is invariant under the geodesic
flowgi: TM — TM, ie., forallt € Rand &,m € TyT' M, we have:

wo((dgt)e(€), (dge)o(n)) = wo(&,m).
Proof. See Lemma 1.3, p.457, of [Kni02]. ]

Definition 19. Ler (M,w) be a symplectic manifold and H: M — R be a given C" (r > 1) function.
The Hamiltonian vector field X iy of the function H is determined by

(X, Y) = dH -Y,
for all vector field Y € X"~Y(M). If we write 1 for the contraction operation, we may write:
1x, (w) =dH.
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Proposition 14. Let (¢*,...,q", p1, ..., Pn) be the canonical coordinates for w (so thatw = > | dg' A

dp;). Then, in these coordinates,

0OH OH
Xy = —— ) =J-dH
H <8pz ) aqz ) J-d )

0 I
where J = ( 0) . Thus, (q(t), p(t)) is an integral curve of X g if and only if the following equations

hold:
d¢' _ OH
dt — Op;
dp; _ _9H '’ 3.5)
dt —  d¢
fori=1,... n.
Proof. See Proposition 3.3.2 at p.187 of [AMO08] for a proof. 0

The equations 3.5 are called Hamilton equations of the system (M, w, Xr).

Now we present a proposition that is the central property that we want the geodesic flow to satisfy:

Proposition 15. Let (M, w, X ) be a Hamiltonian system and @ be the flow of X . Then, div Xy =0

and, for each t, p;w = w and @ preserves the volume €),,.

Proof. For a proof of this proposition see Proposition 3.3.4, p. 188 of [AMOS], together with the proof of
Liouville’s Theorem, at p. 69 of [Arn13]. ]

Definition 20 (Volume measure). Define on M the volume measure m induced by the volume form, i.e.,

for measurable set B contained in some coordinate domain we set:

m(B) = /B Q.

Theorem 12 (Liouville). Let p;: M — M be the flow associated to a C* vector field X on M. Then, @;
preserves the volume of M if and only if div X = 0.

Proof. For a proof see Theorem 1.3.7, p.21, of [VO16] or, alternatively, Liouville’s Theorem, at p. 69 of
[Arn13]. O

Corollary 5. Every Hamiltonian flow preserves the volume measure.
Example 12. Let (M, (-,-)) be a symplectic manifold and let H: T M — R be a map defined by
1
H(pa U) - §<U7 U>p'

Then, a curve v: I — M is an integral curve of Xyz if, and only if, vy is a geodesic. In particular; this
shows that the geodesic vector field is Hamiltonian.
Indeed, let 0 = (p,v) € TM and § € TyT M. If we write Xy = (X,Y) and § = (&r, &) we have:

W0<€7XH) = <€U7X>p - <§h7Y>p'
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Now, let Z: (—e,e) — TM be a curve with Z(0) = 0 and Z'(0) = . By writing (t) = wo Z(t)
we may also write Z'(0) = (7'(0), V,Z(0)). So,

dHp(§) =

(0 ) V,Z(0))
&)
&) — (€, 0)
= wp(G(0), ),

d
Cdt
1
T 24t
=(Z
= (v,
= (v,

by the representation of the geodesic field G given in (3.3).

Since we are interested on dynamical properties of the geodesic flow g;: T'M — T'M, it is worth to
study it on a compact manifold. Since, even if M is, T'M need not to be compact, we should study the
flow somewhere else.

Observe that, as we showed in the beginning of Section 3.2, the norm of +/ is constant. Therefore, if
we want to analyze the geodesic flow, we can restrict ourselves to unit vectors. To do so, define TYM, the

unit tangent bundle of M, by:
T'M = {(p,v) |z € M, v € T,M and ||v|| = 1}.

Now, T M is a compact 2n — 1 manifold and the restriction of g; to 7'M is well defined in the sense
that g,(T*M) C T' M.
Next, we present a classical theorem due to Anosov (see [Ano67]) that describes the dynamics of the

geodesic flow on the unit tangent bundle of a negatively curved complete manifold.

Theorem 13. Let (M, (-,-)) be a complete Riemannian manifold such that there are constants 3 > «a > 0

satisfying — 3% < K < —a? for all its sectional curvatures. Then its geodesic flow is an Anosov flow.
Proof. See Proposition 3.2, p.474, of [Kni02]. O

Corollary 6. The geodesic flow g;: T*M — T M on the unit tangent bundle of a compact Riemannian

manifold M with constant negative curvature is an Anosov flow.

It may be interesting to say some words on what happens outside the curvature hypothesis, i.e., the

hypothesis that all sectional curvatures are bounded as follows:
_62 S K S —062,

where § > « > 0 are constant.

Outside these hypothesis there are all sort of behavior: from a result due to Klingenberg from the
70’s (see [Kli74]), neither the sphere nor the torus admit Riemannian structures whose geodesic flows
are Anosov. This means that for positive curvature (such as in the case of the sphere), we could never

formulate a general result such as Theorem 13.
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If, instead of positive curvature, we allow non-negative curvature, one can find examples! Donnay
and Pugh present in [DP03] examples of embedded compact surfaces in R? such that its geodesic flow is
Anosov. So in non-negative curvature we have both Anosov and non-Anosov behaviors.

In fact, the proper setting of the curvature hypothesis is indeed the one presented in Theorem 13. Even
in strictly negative curvature, there are counter-examples. In [MR20], ftalo Melo and Sergio Romaiia
show that there are a class of embedded surfaces in R? negative curvature, but such that its geodesic
flow is not Anosov. The issue here is that either their curvature is unbounded bellow or is asymptotically
zero. In particular, the hypothesis on Theorem 13 are the correct ones, in the sense that we could find

counter-examples otherwise.

Example 13. Let S be a compact orientable surface with genus at least 2. It follows from Proposition
4.5, p.167 of [DF92], that we can endow it with a Riemannian metric with constant negative curvature.

This gives explicit examples of Anosov geodesic flows.

Since the suspension of an Anosov diffeomorphism is already an example of Anosov flow, one could

ask if the new and the old examples are, indeed, different.

Proposition 16. A geodesic flow on the unit tangent bundle T' M of a n-dimension manifold M, is never

a suspension.
The proof of this fact follows from the following lemma:

Lemma 11. On T' M, there is no codimension one smooth closed submanifold that is transverse to the

geodesic flow gy.

The proof of Lemma 11 we present here follows what is done in Lemma 2.52, in p.49 of [Pat12].
Before we start, we need to clarify one point: since dim 7'M = 2n — 1, T' M has odd dimension and
hence, it cannot admit a symplectic form (and of course, cannot be a symplectic manifold). Instead, it

admits a contact form.

Definition 21 (Contact manifold). A 1—form « on an orientable manifold N of dimension 2n — 1 is
called a contact form if the (2n — 1)—form

a A (da)™1

never vanishes. A pair (N, «) of an odd-dimensional manifold and a contact form is called a contact
manifold.

One can define a contact one form o on T M as follows: for = (p,v) € T*M and & € TyT' M we

set
ag(§) = (£, G(0))5™ = (dma(£), v)p, (3.6)

where G is the geodesic vector field and w: T'M — M is the canonical projection.

Proposition 17. The 1—form « and the symplectic form w on T'M are related by the following formula:
w = —da. (3.7)
Proof. For a proof, see Proposition 1.24 in [Pat12]. O
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Corollary 7. The 1—form « is a contact form on T' M.
Proof. See Corollary 1.29 in [Pat12]. O

Given a contact manifold (/V, «) there is an unique vector field X on NN, that satisfies:

ixoa =1

Zdeé =0

This vector field X called characteristic vector field (or Reeb vector field) and its flow is called charac-
teristic vector flow.
Note that the characteristic flow preserves «. Indeed, by Cartan’s magic formula, we know that

Lxa = dixa+1xda = 0 where £y« stands for the Lie derivative. In particular,

d
0 e ﬁ = — *
X« dt tzo(wta)’

ie., oja = a.
In the case N = T M and « is the contact form defined in (3.6), we have that the characteristic flow

of « is the geodesic flow. Indeed, for § = (p,v) € T' M, we have
ap(G(0)) = (dme(G(0)),v) = (v,v) =1,
i.e., 1qop = 1. Also, for & € TyT' M, we have:

1 (dag)(§) = dag(G(0), ) = —wa(G(0), &) = —dHy(§) = 0,

since dHy (&) = (Kg(€),v) and since & € TpT'M lies in TyT* M if and only if K4(¢) = 0. From the

previous paragraph, the geodesic flow preserves the contact form o on 7M.

Definition 22 (Liouville measure). The volume measure induced by the volume form o A (da)" =1 on
T M is called the Liouville measure. Whenever M has finite volume, the volume form o A (da)™ ! has

finite integral over T M and, hence, gives rise to a probability measure.
After introducing the contact form o on T M, we are ready to prove Lemma 11:

Proof of Lemma 11. Suppose ¥ is a codimension one closed submanifold in 7' M and that X is transverse

to the geodesic flow gy, that is, at each point = (p,v) € ¥ C TM, we have:
TyT'M = TyX & (G(H)).

Consider now the symplectic form w on T'M defined on (3.4). Let i: ¥ — T M be the inclusion
map and let *w denote the pull-back of the form w by the inclusion i. We claim the pair (X, i*w) is a
symplectic manifold.

In order to prove the claim, recall that the geodesic vector field G is the characteristic vector field of
the contact form «, defined in (3.6). Since X is transverse to the geodesic flow, we have 7Y C ker cv. In

fact, since « is a non-degenerate contact form:
dimkera = (2n—1) — 1 =dimT%,
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and hence T = ker a.
On the other hand, for a contact form «, the restriction of da to ker «v is non-degenerate. Then, da
restricted to X is symplectic. Since we know, from Proposition 17, that —da = w, the pair (3, i*w) is

symplectic.

A consequence of this conclusion is that, since X is a codimension one manifold in TIM, and i*w™ 1

is nondegenerate 2n — 2 form on ¥, i*w" ! a volume form in ¥. So,

/ Wl £ 0.
b

On the other hand, by definition of w, w™~! coincides (up to a sign) with (da)" ™! = d(a A (da)"2).

Then, since we are supposing ¥ to be without boundary, Stokes’ theorem implies:

/2 Pl = /2 i (d (a A (da)"2))
— /Z d(i*d (a A (do)™))

_ / i*d(a A (da)™2) = 0,
0%
ie., [y i*w™ 1 = 0. This is a contradiction. O

Proof of Proposition 16. Suppose, by contradiction, that the geodesic flow g;: T'M — T'M is a
suspension flow, i.e., that there exists a diffeomorphism f: > — 3 from a n — 1-dimensional closed

manifold to itself such that:

(i) T'M = ¥ xR/ ~, where ~ is the equivalence relation defined in the construction of the suspension

flow (in Subsection 3.1);
(7i) the geodesic vector field X = % is transverse to X;
(7i1) the Poincaré map of g; is conjugated to f.

Since ¥ ~ ¥ x {0}, we can think of ¥ as a codimension one closed submanifold in 7M. By
property ii above, the vector field X is transverse to 3, providing a contradiction with Lemma 11. Hence,
the geodesic flow on 7' M can never be a suspension of a diffeomorphism.

O

s X

A -
% x {e} ¥ x {2}
Figure 3.6: A small portion of the manifold 32, for small & > 0.
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As we claimed at the very end of Subsection 3.1, we now prove that an Anosov geodesic flow is an

example of a transitive flow.
Theorem 14. An Anosov geodesic flow g;: T M — T M is always transitive.

Proof. From Theorem 11, proving g, is transitive is equivalent as showing that (2(¢) = M. Since the
geodesic flow is a Hamiltonian flow, Corollary 5 implies that the Liouville measure zc on 7" M is invariant
by g¢, i.e., (g¢)spt = p.

From Poincaré Recurrence Theorem, i—almost every point in M is recurrent for g;.> Since, the

Liouville measure  has full support, i.e., supp (1) = M, we have:

M = supp (p) = Rec (g;) € Q(g0) € M,
and then Q(g¢) = M, proving the claim. O

At this point, we presented two examples of Anosov flows: the geodesic flow on negatively curved
manifolds and the suspension flow of an Anosov diffeomorphism. Proposition 16 shows that they are,
indeed, two different examples. However, one can ask whether they are dynamically different: can they
be topologically conjugated?

The next chapter is devoted to prove a theorem that show this question has a negative answer. Placing
together Theorem 14 with two results from next chapter (namely Theorem 15 and Proposition 19), we
prove that an Anosov geodesic flow is topologically mixing. This is never the case of a suspension flow

with constant height function, as we will discuss in further detail through Chapter 4.

The case of surfaces and the horocycle flow

Whenever the manifold M is a 2—dimensional surface .S, the geodesic flow acts on the 3—dimensional
manifold 7S. If we also ask for S to have constant negative curvature, Corollary 6 implies that the
geodesic flow g;: T'S — TS is an Anosov flow.

Since it is an Anosov flow, the tangent bundle of 7''S admits a decomposition of the form
T(T'S) = E" & E° @ E°,

on unstable, center, and stable spaces. The Stable Manifold Theorem (Theorem 5) guarantees that, through
each point (z,v) € T1S, we have well-defined 1—dimensional integral manifolds to E* and E*: the
unstable and stable manifolds W*"(z,v) and W*(zx,v).
These can be parametrized as flows that we call stable and unstable horocycle flows, respectively.
By calling the stable horocycle flow h: T1S — TS, we have the interesting property that relates it

with the geodesic flow g;:

Proposition 18. Let 0 = (p,v) € T'S and s,t € R. Then,
gt © hs o g—t(e) = hse*’5 (9)

Proof. For a proof see, for example, Property 3.3, p. 119, in [Dal10]. O

3See, for example, Theorem 1.2.4 on [VO16].
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CHAPTER 4

Minimality of invariant manifolds

In the spirit of the examples given in the previous chapter, we keep on studying transitive Anosov flows.
There, we introduced two different examples of Anosov flows: the geodesic flow on negatively curved
manifolds and the suspension flow of an Anosov diffeomorphism. From Proposition 16 we concluded that
they are, indeed, two different examples. In this chapter we prove even more: that their dynamic are also
of a different nature.

The main theorem of this Chapter 4 establishes a dichotomy for transitive Anosov flows. It shows
that such a flow is a suspension flow, or that it is minimal, i.e., that the leafs of the stable and unstable
are dense. Next we show that this minimality property implies the topologically mixing property. As a
consequence, we conclude that a geodesic Anosov flow is topologically mixing and, therefore, cannot be
topologically conjugated to a suspension flow.

Throughout this Chapter 4, M will be a closed and connected Riemannian manifold and ¢;: M — M
an Anosov flow of class C" (with » > 1) on M. We remember that, by definition of Anosov flow, there

exists a ¢y —invariant decomposition
TM =E"@® E°® E®,

i.e., each subspace £, E° and E?, is preserved by dip;, E° is the space generated by the vector field
associated to the flow, and the vectors on E* are exponentially expanded by dy; and the vectors on F£*
are exponentially contracted by dy;. Remember also that the spaces £ and E* are called unstable and
stable spaces, respectively.

By the Stable Manifold Theorem (see Theorem 5 above), we know that each of these tangent bundles
are uniquely integrable and give rise to foliations tangent to it. For each bundle we have the analogue

foliation as follows:

Bundle | Foliation

EveEe| F
E*@E | F?
Eu ‘F'U/UJ
ES fSS

Now, since the bundles are originated by the dynamics of the Anosov flow ¢, it would be a natural

work to look out for this new interplay between that flow and the foliation we have obtained by integrating
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those tangent bundles. On that direction, J. Plante shows on his 1972 paper [Pla72] an interesting property
that each leaf of these foliations must satisfy:

Theorem 15. Let p;: M — M be an Anosov flow on a compact and connected Riemannian manifold. If
py Is transitive then all (weak) stable and unstable manifolds are dense on M and, if some strong stable
or unstable manifold is not dense, then @y is the suspension of diffeomorphism defined on a codimension

one compact submanifold.

Note that Theorem 15 reveals a striking difference between transitive Anosov flows and transitive
Anosov diffeomorphisms. Indeed, as we show in Appendix A, for a transitive Anosov diffeomorphism
f: M — M, every stable and unstable manifolds are dense on M (i.e., f is minimal) and f is topologically

mixing.

Warning: during the text we will call a flow minimal in two different contexts. It will
have the meaning that all its orbits are dense, that is the notion for a general dynamical
system. Also, it will have the meaning that all stable and unstable leafs are dense, that
will be used for Anosov flows. Observe that an Anosov flow cannot be minimal in the

sense that all its orbits are dense, since it has periodic points. From the context, it will be

clear to which meaning we are referring to.

As Theorem 15 indicates, the case for flows may be different. In Example 10 we have seen that
indeed there are examples of transitive Anosov flows that are the suspension flow of some diffeomorphism.

Whenever that is the case, the flow cannot be mixing. More precisely we have the following propositions:

Proposition 19. Let oi: M — M be a transitive Anosov flow on a closed and connected Riemannian

manifold M. If ¢y is minimal, then @y is topologically mixing.

Proof. The proof of this proposition is very similar to what is done in the case of diffeomorphisms. In
fact, we simply adapt the proof given in Appendix A for Theorem 26.

Lemma 12. If every (strong) unstable manifold is dense in M, then for every e > O thereis R = R(e) > 0
such that every ball of radius R in every (strong) unstable manifold is dense on M.

Proof. Letx € M and notice that W*"(z) = (Jp o Wg" (), where W5"(z) represents the local (strong)
unstable manifold of diameter R around x. Since W**(z) is dense, there is R(x) > 0 such that Whin ()
is £/2—dense on M. Moreover, since the foliation W*" is continuous, there exists a §(x) > 0 such that
Wi (y) is e—dense for all y € Bs(,)(z).

Since we are supposing M compact, there is a finite subcollection B’ of the collection B := { Bs(,) () |
x € M} that still covers M. By taking R to be the maximum R(x) associated with the balls on B, we

obtain an uniform radius R such that every R-ball in some unstable manifold is dense on M. O

Now let U, V' C M be non-empty open sets and x € U. Inside U, consider D C W**(z) N U a small
disc of (strong) unstable manifold; and inside V' consider a small ball B, of radius .

Since D lies inside the (strong) unstable foliation there is A > 1 such that d(p¢(), pi(y)) > Ad(z,y)
forall ¢ € Randall x,y € D. So, there exists 7' > 0 such that diam (¢7(D)) > 2R. Hence, by Lemma
12 above, (D) is e—dense on M. Therefore, (D) N B: # () and, in particular, o (U) NV # (.
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Moreover, since o7 (D) C @i (D) C W (z) forall t > T,
diam(p¢(D)) > diam(pp(D)) > 2R,

forall t > T'. And then, ¢(U) NV # () for all t > T, proving that ¢ is topologically mixing.
O

On the other hand, as we have proved in Proposition 8, if we know that ¢ is the suspension flow of
an Anosov diffeomorphism, then it cannot be topologically mixing.

Throughout the rest of this Chapter 4 we present the proof of Theorem 15, that is given in [Pla72].

4.1 Density of (weak) invariant manifolds
In this section we prove the first part of our claim:

Theorem 16. Let M be a compact and connected Riemannian manifold and ¢;: M — M be an Anosov
flow of class C" (withr > 1) on M. If Q(¢¢) = M, then:

Ws(z) = We(z) = M,

forall x € M.

Proof. We prove the theorem for W*(z) (the stable case is similar). Since we are assuming the manifold

M to be connected, we restrict ourselves to prove that the closed non-empty set W% (x) is also open.

In order to do that, let z € W¥(x) and let N(z) C M be a product neighborhood for z in M. We
shall prove that

Per (¢) N N(z) C W (x)

and to do so, consider p € Per () N N(z) (which exists by Corollary 4). Moreover, let ¢ € N(z) be the

intersection point of W2 (p) and W}!(2), i.e., {q} = W} .(p) N W} (2).

loc

loc

Figure 4.1: The product neighborhood N (z).

Since p € Per (¢) and g € W _(p), the w—limit set of ¢ coincides with the orbit of p:
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and hence p € w(q). On the other hand, since ¢ € W;“!(2) we obtain ¢ € W"(z) C W*(x) and, because
Wu(z) is saturated by the flow ¢;, we must have w(q) C W*(z). Now, since p € w(q), we conclude that
p € Wi(z).

Hence, we have shown that for every point z € W“( ) there is an open neighborhood N (z) such that

N(z) C N(z2) =Per(¢) N N(z) C W¥(x),

proving that W“( ) is, more than a non-empty closed subset of M, also an open one. This shows that
Wu(z) = M. O

4.2 Minimality of the strong unstable foliation

The minimality of the strong stable and unstable manifolds is a little more subtle: it may not even occur.

However, if this happens in our setting, we have a side effect that may be useful in several occasions':

Theorem 17. Let M be a compact and connected Riemannian manifold and ¢,: M — M be an Anosov
flow of class C" (withr > 1) on M. If Q(¢y) = M, then there are exactly two possibilities:

(i) The strong unstable (stable) manifolds through every point x € M is dense on M, i.e.,
Wuu(x) = M,
for every x € M;

(7i) If there exists x € M such that W““( ) # M, then there exists an Anosov diffeomorphism
f: K = K on a compact codimension one C'-submanifold K C M such that the Anosov flow o,

is a suspension of this diffeomorphism.

The proof is a little bit long and follows through several steps, which we state without proof for a
moment in order to prove this Theorem 17. The theorem states a dichotomy, so let’s suppose that there

exist such a point € M such that its strong unstable manifold is not dense, i.e., such that W« (z) # M.
(a) First of all we can suppose that z is, in fact, a periodic point of ¢, since

Lemma 13. I[f W"" (p) is dense on M for all periodic point p then W"" (x) is dense on M for all
x € M.

Since we’re supposing that there exists a point x € M such that W% (z) # M, this Lemma implies
the existence of a periodic point p € M such that Wuu(p) # M, i.e., there exists a point p € Per ()

such that its strong unstable manifold is not dense on M.

(b) In this case, where there exists p € Per () such that W4u(p) # M, we obtain a fibration:

Lemma 14. [fp € Per (p) is such that W (p) # M, then:

* M is a fiber bundle;

* with base space S 1.

'See, for instance, Section 4.4.
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* with fiber K = Wu(p);

* and oy is the suspension flow of an homeomorphism f: K — K.

It is important to notice that this lemma does not resume the proof of Theorem 17: at this point, this
fibration only exists at the topological level and we still want two major improvements. First we must

check that the set K = WW“%(p) is, in fact, a compact C' 1_submanifold of codimension one in M ; second,

we need f to be an Anosov diffeomorphism. In order to complete the proof we need two more lemmas:

(c) The first one translate the condition W“%(p) # M that has to do with a single leaf with a global
property on the whole foliations F“* and F°°:

Lemma 15. [f some strong unstable (stable) manifold is not dense on M, then the foliations F**

and F*% are jointly integrable.

(d) The second and last lemma allow us to obtain an integrability condition on the bundle we are studying:

Lemma 16. The foliations F** and F*° are jointly integrable if and only if the splitting E* & E° is

integrable.

In possession of the Lemmas 13, 14, 15 and 16 we are able to prove Theorem 17:

Proof of Theorem 17. By Lemma 16 we obtain a codimension one foliation on M tangent to E* & E°.
Consider a leaf L of this foliation such that L C W%(p) = K. We will prove that L = K.
Since W"%(p) C L, it is clear that L =K,sowe only need to check that L is a closed subset of M,

or equivalently since M is a compact manifold, we only need to see that L is compact. Suppose that is
not the case, i.e., that exists a point z € L \ L and a pair of points u and v in L that are both near x on M

but are very far from each other on L, as in Figure 4.2 bellow.

Figure 4.2: The points v and v on L and z on L \ L.

Since T'L = E* @ E°, the flow ¢y is transverse to L and hence we can refine our choice on u and v
in such a way that ¢;(u) = v for some ¢ > 0 small (as in Figure 4.3). Hence, in one direction, we have
v € L C K; on the other hand, v = ¢4 (u) € p(K). So, ¢ (K) N K # (). This is a contradiction with
Lemma 14. Therefore, L = K.

We have concluded that K is a closed leaf of a codimension one C"-foliation, with » > 1, and
therefore a compact codimension one C''-submanifold of M. Last, we claim that f: K — K is an
Anosov diffeomorphism.

To see that, notice that f is the restriction of ¢, to the closed submanifold K C M and, hence, f
is a local diffeomorphism. It will follow from the proof of Lemma 14 that, if ¢;(K) N K # (), then
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L

Figure 4.3: Refining the choice of u and v.

vi(K) = K. Hence, f is surjective and this implies that f: K — K is a diffeomorphism. Additionally,
since T, K = E"(x) @ E*(z), K is a hyperbolic set for f and so, f is an Anosov diffeomorphism which
has suspension flow ;. ]

4.3 Proofs of the lemmas

Lemma 13
Lemma. [f WY (p) is dense on M for all periodic point p then W"" (x) is dense on M for all x € M.

Given an arbitrary leaf W € F““, we need to show that W = M. In other words, given an arbitrary
point z € M and ¢ > 0 we need to show that every leaf W € F"* intersects B.(z). To do so we shall
use the compactness of M, the density of the periodic points of ¢, and the hypothesis that W"* (p) is
dense on M for all periodic point p.

These hypothesis will guarantee a finite covering of M with balls centered on periodic points. An
important step of the proof is to find an instant ¢ such that each ball B¥*(p;) of the covering intersects the
fixed ball B, (x) at the same time.

To do so, we need a beautiful result from Number Theory that generalizes the approximation of a real
number by rationals to a more general setting, namely: given a m X n matrix A € M, (R) with real
entries and an arbitrary real number € > 0, are there lattice points & € Z™ and h € Z™ such that the rows
of Ak and h are arbitrarily close? As in the case where A is a real number, the answer is yes. We reserve

the Appendix B to answer this question and the consequence of this fact that is used to prove Lemma 13.

Proof. We need to show that fixed x € M and an e—ball B.(z) around it, every leaf W of F“* intersects
Bc(x). This is the path we follow.
For r > 0, we shall call N,.(z) the following open set containing x:

Ny (z) = U Bl (y).
yeBy(z)

It follows from Theorem 6 that, given such r > 0 there exists = 0 () such that Bs (x) C N, ()
for all x € M. It is worth noticing that § doesn’t depend on = € M it follows from the Stable Manifold
Theorem (Theorem 5 above) that the size of the embedded discs is uniform regarding to . Now, fix r > 0
and let § = 0 () be the associate ¢.

Observe that, given § > 0 and the open cover Uye v Bsj2 (y) for M, there is a finite subcover
Ule By (i) of M. Now, since the set of periodic points is dense on M, in each of the balls By, (y;)

there is a periodic point p; and hence,

Bsy2 (yi) € Bs (pi) ,
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and then M = Ule Bgs (ps).

By hypothesis, we know that W"*(p; ) is dense for every ¢ = 1, ..., k. In particular, this leads to the
conclusion that {¢; (B*" (p;)) | t € R} is dense on M for each ¢ and, hence, intersects B, (z) eventually.
The next claim says that we can obtain an uniform time ¢ such that the image of B/*(p;) by the flow

intersects B,.(x) at the same ¢ foralli =1,..., k.

Claim. There exists t > 0 such that

o (B (pi)) N Br () # 0,

foralli=1,...,k.

Proof. By hypothesis, W% (p;) = M forall i = 1,...,k. So, there is 7" > 0 such that B}" (p;) N
B, (z) # (. By continuity of the foliation and since we are dealing with a finite number of points
{p1,...,pk},exists A € (0,1) small enough such that, if ¢; is the period of the point p; by the flow, then:

[t < Ati = @i (Bf* (pi)) N Br (z) # 0, (4.1)

forall: =1,...,k.
Now, consider the diffeomorphism ¢;,: M — M. Since the strong stable and strong unstable

manifolds are invariant by it, we obtain:

lim diam (¢ne, (BY (pi))) = oo.

n—oo

Since BY" (p;) is a bounded subset on W** (p;) that contains p; and since m¢t; is always a multiple
of p;’s period for m € N, the set ., (B (p;)) always contains p;. Hence, there is a n; € N such that,

if m > n;, then

Bt (pi) € me; (B (pi)) - (4.2)

We now need the approximation lemma from Number Theory that we mentioned before the proof and

that we prove at Appendix B:

Lemma. Forall A t1,...,ty € (0,+00) and ng € N, there are ny,...,ny > ng and t € R such that
Ingti — t| < M,

foralli=1,... N.

The above lemma guarantees the existence of ¢ € R such that [t — n;t;| < At;, foralli =1,... k.
Writing ¢ = n;t; + €;, we obtain |&;| < At;. By noticing that ¢, (B/*" (pi)) = ¢, (pn;t; (BY* (pi))), it
follows from (4.2) that ., (B} (ps)) € @ (B (ps)) -

By the implication (4.1) above, it follows that ., (B%* (p;)) N By () # 0 and, therefore,

et (B (pi)) N Br (x) # 0,
foralli =1,..., k. This proves the claim. ]
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Back to the proof of Lemma 13, fix £ > 0 given in the Claim we have just proven and consider
o_t (W) € F“, where W is an arbitrary leaf of 7“*. Since M = Ule Bs (pi), thereis j (1 < j < k)
such that p_; (W) N Bs (pj) # 0. Moreover, the Claim implies ¢; (B (pj)) N B, (x) # 0, i.e., there
exists ¢; € B (p;) such that d (¢; (¢;) , ) < r, for each j.

Also notice that, being Bs (p;) € N, (p;), we have p_ (W) N N, (p;) # 0 and, by Theorem 6, there
is an unique point y € p_¢ (W) N W (q;). Therefore, by applying the flow to g; and y, the distance
between these two points does not increase. So, if d (g;j,y) < r it follows that d (¢; (g;) , ¢ (y)) < 7,

and then:
d(z, 0t (y) < d (@, (q5)) +d (e (g5) 0t (y) < 2r.

Since ¢ (y) € W, we have shown that W N By, (x) # (), for an arbitrary r > 0, and this concludes
the proof of Lemma 13. 0

Lemma 14

Before proving Lemma 14, we need a general statement on flows acting on metric spaces:

Lemma. Let (M, d) be a compact metric space and p: R x M — M a continuous flow. If K C M is

compact, then

U= J e (K)

a<t<b

is closed.

Proof. Letp € U. There are ¢, (z,,) with t,, € [a,b] and x,, € K such that

Since K is compact, there exists a subsequence x,,, converging to some x € K as k — +o00. Again
by compactness, there is some subsequence ¢, , now of (t,, ),, which converges to some ¢ € [a, b].
J

By the flow’s continuity, the sequence SOtnk]_ (wnk]) converges to ¢; (x). Since it also converges to p,
we conclude that ¢, () = p € U, showing that U C U, and hence that I/ is a closed set. ]
We now are able to prove Lemma 14:
Lemma. If p € Per () is such that W4 (p) # M, then:
e M is a fiber bundle;

e with base space S 1.

* with fiber K = Wuu(p);

* and oy is the suspension flow of an homeomorphism f: K — K.

Proof. Let T € N be the period of the point p through ¢. Since W**(p) is invariant by ¢, we have:

Ue ) < e (W0)

teR teR

= U & (W)

0<t<r
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Since, by the previous Lemma, Jy<,<, ¢t (W““ (p)) is closed and, by Theorem 16, W"(p) is dense
on M, we obtain:
M= ] & (W““(p)) :
to<t<t

Now, let K C Wu%(p) be a non-empty minimal set with respect to the following conditions:
(i) K is a closed subset of M
(11) K is F"“—saturated;
(131) K is invariant by the ., i.e., o (K) = K.

The existence of a non-empty set K C Wuu(p) satisfying properties (i), (ii), and (iii) above, is
guaranteed by Zorn’s Lemma. Now define U = UtG[O,T] ot(K). We claim that i/ = M.

In order to see that we notice that K is ¢y —invariant, F*—saturated (since K is F“"—saturated) and
closed (by compactness of M and by the flow’s continuity). Moreover, being ¢/ non-empty and being F™*
a minimal foliation (by Theorem 16), we must have I = M.

At this point, we know that I/ = |, €lo,7] 1 (K). However, to prove Lemma 14, we still need to put

some effort on checking two important assertions:

(a) the union in X is, in fact, disjoint:

U e®) = || #u(K);

te[0,7] te(0,7]

(b) the minimal set K is actually Wu(p).

The statement (b) is pretty direct: since p € K and since K is F*“—saturated, we must have
W (p) C K. Therefore, since W4“(p) satisfies (7), (i7) and (4i7), we conclude by minimality, that we
must have Wt (p) = K.

To prove (a), let t € [0, 7] be such that

K= KN (K) #0.

Since ¢;(K) is closed, ¢,—invariant, and F"*—saturated (by the invariance of the strong unstable
foliation by ), minimality implies K C Kj. In particular, this leads to K C ¢;(K) and hence
p-1(K) C K.
Naturally, the set ¢_;(K) also satisfies the properties (4), (ii) and (ii7), and by minimality we have
K C ¢_4(K) and hence:
K = p(K).

So now, we have the information that K = ;(K) is equivalent to K N (K) # (). With expectations

that this equivalence leads to something, define:

G={seR|KnNgi(K)#0}
={s eR| K = ¢s(K)}.
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This set is clearly non-empty since 0 € G and, in fact, it is an additive subgroup of (R, +). Indeed, if
a,b € G, then
Pa+b(K) = @a (05 (K)) = pa (K) = K
and
Y—a (K) = ¢—a(va (K)) = K.

Consider now sg = inf (G NR~(). We claim that sy = 7. To prove it, one should ask what cannot
occur: the only thing that could happen to make the claim false is that s = 0; otherwise, if so > 0 then
sgp = T, since 7 is the period of p € K.

So, suppose by absurd that sg = 0. In particular, assume that G accumulates at 0. Being an additive
subgroup of R, this implies G = R. We are going to show that actually, in this case, G = R. To do so,
consider € R and a sequence (t,), C G with t,, — t. Since t,, € G for every n > 1, we have

thn (K> = K’
for all n > 1. Since the flow is continuous and K is a compact set (it is closed on M), we conclude that:

dp (e, (K), 3(K)) = 0

as n — oo (here dp is the Hausdorff’s distance on M). So, p;(K) = K and then G = R.

By definition, we have just proven that ¢, (K) = K for all ¢ € R and, in particular, that

K= U ot (K).
teR

Since ¢; (K) is F"—saturated and since the union of saturated sets is still saturated, we conclude that
along with non-empty and closed, K is also F“—saturated. So, applying Theorem 16 once more, we
conclude that K = M.

However, this cannot occur! Since K C Wu4(p), if K = M, we would conclude that W« (p) = M,

a contradiction with the hypothesis of this Lemma 14. So, 0 < sg and as discussed above, so = 7. This

shows that

U e (K) = U er(K) = |_| et (K).

teR te(0,7] te[0,7]

To conclude the proof of this Lemma, we only need to observe carefully what we have done: first, by
these observations a and b we have
M = |_| ei(K),
tel0,7]

since Y = Ute[o,r] ©¢(K) is a non-empty, closed, and F"—invariant set. Moreover, if we consider
the projection from M to S' given by the map which associates ¢;(K) + ¢ (mod r) and the maps

h = ;| K, to get the fibration and homeomorphism claimed at the Lemma’s statement. O

Lemma 15

To give a complete proof of Lemmas 15 and 16, and hence to establish Theorem 17, we need to define
what are jointly integrable foliations.

Let N = G (Bj§(x) x B§" (x)) be a product neighborhood of a point € M as in Theorem
6. If y and z are at the same strong unstable manifold on NV, then there exists 6’ > 0 such that the

F,.: B; (y) — By (2) given by the projections onto the strong unstable manifolds is well defined.
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Definition. The foliations F*“ and F*° are said to be jointly integrable on N if, for y, z and &' as above,

we have:
Fy . (W™ (u) N Bj (y)) € W™ (Fy,. (u)) N B (2)

where u € By, (y) . Moreover, we say that F** and F*° are jointly integrable if each point on M belongs
at a product neighborhood N where both F** and F*° are jointly integrable. In this last case we also

call the bundles E" and E* jointly integrable.

At this point we should observe that the knowledge of a foliation to be jointly integrable gives extra
information on the holonomy F; .. Whenever u € B (y) and we consider the image of the strong stable
leaf through u by the holonomy, we obtain a continuous curve. At first, this curve do not need to be at the
strong stable leaf through F, . (u). To ask that the foliation is jointly integrable is precisely to ask, in fact,

this curve is entirely contained on the strong stable leaf through F), . (u).

W=iz)

W {y)

W= (hol{u))
Wt (u)

TN

W (u) hol (W** (u))

Figure 4.4: F,(W?**(u)) # W** (F,. (u)), i.e., non-jointly integrable foliations.

We now are able to prove Lemma 15, which claimed:

Lemma. If some strong unstable (stable) manifold is not dense on M, then the foliations F** and F*°

are jointly integrable.

Proof. By Corollary 4 there is a point p € Per (¢) such that W*%(p) # M, and therefore we are in
conditions to apply Lemma 14 and then think of M as a fiber bundle with fiber K = WT(M

That K is F“*—saturated it is clear. Here we are going to show that K is also F*®—saturated and
then show that this two conditions happening simultaneously implies jointly integrability.

To see that K is indeed J*°—saturated, we proceed by contradiction: suppose that is not the case, i.e.,
that there exists a point v € K such that 75%(v) € K. Therefore exists another fiber K’ = ;(K) for
some ¢t € (0, 7), such that

F ()N K % 0.

Pick a point u € F*°(v) N K’, as in the Figure 4.5 bellow.
Now, we use the homeomorphism h: K — K defined in Lemma 14. Since h = ¢.|x, the map h

sends fiber to fiber we have, in one hand:
d(h"(u),h"(v)) > dg (K',K) > 0.
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B II'\; ] ( 1")

Figure 4.5: v € F*(v) N K’

However, since u € W*°(v) we must have d (h™(u), h™(v)) — 0 as n — oo. This provides a contradic-
tion and shows that K is also J**—saturated.

Now we wish to prove that the fact that K is both /“*—saturated and F*°—saturated, implies that
the foliations F** and F*° are jointly integrable. To do that suppose, once again, the opposite: that
they are not jointly integrable. Then there are y, 2z € M such that F,,(W?**(y)) # W** (Fy. (2)), for
z € Wk(y).

loc

W=(z)
z e Wit (y)

W= (hol{y))

hol (W= (y))

Figure 4.6: The failure of jointly integrability.

Since K is simultaneously F"* and F*° saturated, the sets W}“*(y) and F,,(W;“*(y)) are both

loc

contained in the same fiber, since F), is the holonomy map and just moves W;“!(y) along F"*.

Now, for small enough ¢, if we apply the flow to £, (W“%(y)), we must have

i (Fy=(Wige () "W (Fy=(y)) # 0,

(see Figure 4.7) and hence o(K) N K # (), a contradiction. Hence, F** and F** are jointly integrable.
O

Lemma 16

Finally, to prove Lemma 16, we remember Definition 4, where we define what means a foliation to be

integrable:

Definition. Let M be a smooth manifold and let E C TM be a continuous subbundle of the tangent
bundle. We call E integrable if it is the tangent bundle of a C%'-foliation, i.e., a C° foliation with C'
leafs.

Lemma. The foliations F** and F*°° are jointly integrable if and only if the splitting E* & E° is

integrable.
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W (2)

W% (hol(y))

@1 (hol (Wii(v)))

Figure 4.7: Applying the flow to Fy. (W% (y)) for small enough ¢.

Proof. If E* & E° is integrable, is quite straightforward to see that F“* and J*° are jointly integrable.
Indeed, call T'(F"®) = E" & E®. Since the holonomy of W**(x) trough F** is tangent to £, it follows
that F,.,(W*(z)) = W5%(Fy.(x)), for z € W"%(x). Since = and z were taken arbitrarily, it follows that
F* and F*° are jointly integrable.

Reciprocally, suppose the foliations are jointly integrable. Then, through each point x € M there
exists an embedded C''-submanifold of M, say L,, such that its tangent space T} (L,) is E* ® ES. What
we need to do is to check that this collection of C''-submanifolds is, in fact, a foliation.

To do so, call by F such a collection. We are going to construct a foliated chart to F. To do so,
through each point g € M, consider  a C'—embedding of an open disk B(z) of L, around x to
R 1L,

Applying the flow to B(zo) for small enough ¢ > 0 we obtain an open set ¢ := [}, 5 p+(B(0)) in
a way that the flow map B(xo) X (—0,0) — U defined by (z,t) — ¢;(z) is an diffeomorphism onto its
image.

Moreover, since doi(E} & E3) = E7, () D B3, (1) the flow sends “leafs”? in F to “leafs” in F. So,
defining the map v: U — R™~ x R by ¥ (¢4(z)) = (n(x),t), we obtain a C* —foliated chart around z
in M. Now, varying zo € M, gives a C' —foliation F tangent to E* @ E°. Thus, is integrable. O

4.4 Horocycle flows are minimal

Theorem 15 shows that a transitive Anosov flow on a compact Riemannian manifold is minimal or is a

suspension flow. This has a very nice implication in the case of geodesic flows:

Theorem 18. The horocycle flow associated to a geodesic flow g;: T'S — T'S on the unit tangent

bundle a surface of constant negative curvature is minimal.

Proof. Indeed, since W""(z) = {hs(z) | s € R} and since g; cannot be a suspension flow, Theorem
15 implies that W**(z) is dense for every x € M or, equivalently, the orbit of = by hg, i.e., Op(z) =
{hs(x) | s € R} is dense for every x € M. This shows that /4 is a minimal flow. O

%At this point we don’t know already that the elements of F are leafs of a foliation.
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CHAPTER 5

Unique ergodicity of the horocycle
Flow

We now establish an important property of the horocycle flow: an ergodic one. In order to do so, we need
to analyze finer structure of measures on M that are invariant under a flow vs: M — M that is transverse
to a foliation F on M.

Recall that, if ¢;: M — M is an Anosov flow on a closed Riemannian manifold M, we have a local
product structure on M. In particular, there are foliated charts on which the plaques are unstable manifolds

and charts on which the plaques are strong stable manifolds, transverse to the previous one.

Wes(2)

loc
BRI
l%c (Z)

Figure 5.1: A product neighborhood with transverse leafs from F* and F*°.

Throughout this Chapter we will study measures that respect this local product structure.

Definition 23. We say a measure p has a local product structure if, in a small enough foliated chart

V =Lx1ICM,with L € F, the measure | can be disintegrated, up to renormalization of the measures,

[ s [ [ s

forall f € C°(M). Here, ds is the Lebesgue measure on I and the v, are probability measures on L that

as

vary measurably on s.

With that definition in hands we can state the main theorem of this chapter:
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Theorem 19. Let g;: M — M be an Anosov flow on a compact Riemannian manifold such that the
stable foliation W**(x) has constant dimension equal 1. Suppose, moreover, that the stable foliation W **
is parametrized by a continuous flow hs: M — M, that the volume measure 1 on M is invariant under

both flows g¢ and h, that p has local product structure and that
gt o hs = h‘se*’5 © gt,

foreveryt,s € R.

Then, if hs has a dense orbit, it is uniquely ergodic.

We follow a very elegant proof by Yves Coudeéne [Cou09]. Surely the flow g, mimics the geodesic
flow, which has all the properties on the theorem, as we shall see bellow.
The proof presented here follows from a series of lemmas. Being a theorem on ergodicity, we recall

the definition Birkhoff sums associated, now associated with the flow hg:

Mﬂ@=£fwwm%,

where f: X — R is a continuous function. Through this Chapter, unless stated otherwise, the expression
S¢(f)(x) will always refer to the Birkhoff sum associated with the flow hs.
To make the proof of the main theorem of this Chapter clearer, we restate Proposition 7 from Chapter

2 as a Lemma, and stated specifically to the flow h:

Lemma 17. [If, for every sequence (i) with ty, — oo such that the uniform limit

exists, the limit function is constant, then hg is uniquely ergodic.

So, the main work is to show that, with the hypothesis on the theorem, we can achieve the hypothesis
of this Lemma 17. Since we have proven Lemma 17 as Proposition 7 in Chapter 2, it will imply unique
ergodicity of hs.

To see that the hypotheses of Theorem 19 implies the hypothesis of Lemma 17 we use following chain

of lemmas:

Lemma 18. Let M = {M;(f)}i>0 be a family of functions defined by

1
MWWZAmemmmw.

Then M is equicontinuous and each of its accumulation point on C°(X) is a constant function.
Lemma 19. With respect to Si(f) we have:

(1) the family S = {%St(f)(x)}t>0 has compact closure on C°(X);

(2) each accumulation point of S is constant.

As we shall see in a while, the hypothesis on Theorem 19 prove Lemma 18 and also we prove that

Lemma 18 implies Lemma 19. Nevertheless, with the lemmas in hand, it is easy to prove Theorem 19:
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Proof. From Lemma 19, we know that if (¢)x is a sequence with ¢;, — 400, then

lim S, (f)

k—+oo g

has a limit (since S has compact closure on C°(X)) and this limit is constant. Now, unique ergodicity

follow from Lemma 17. O

5.1 Proving the three lemmas

The three lemmas follow the logical chain:

Lemma 18

' J( 7
Lemma 19

' \L 7
Lemma 17

N\ J

First, we use the hypothesis of Theorem 19 to check Lemma 18: namely we strongly use the
hyperbolicity of g; and the relation between g; and h and the invariance of the Liouville measure p under
both flows.

For the proof of Lemma 19 we use Lemma 18, the relation between ¢; and hg given by the equation

gt o hg = hg.—t 0 g4, and the existence of a dense orbit by h.

Lemma 18

Lemma 18 is where the heart of the proof relies. To prove it we need to break it into two pieces: first we
show that the family of functions M = {M(f)}+>0, where

1
My(f) () = /0 £ (9ot (ha(2))) ds,

is equicontinuous and then we prove that all its accumulation points on C°(X) are constant functions.
Before proving equicontinuity, we need several lemmas that explore the hyperbolicity of the flow g,

the relation between g; and hg and finally the fact that the measure 1 is invariant under both flows. One

example is the following Lemma 20, where we use the fact the we are asking the flows to be Anosov,

hence of regularity at least C':

Lemma 20. Locally, the Liouville measure p satisfy the local product structure as in Definition 23, where
L € F" is the center-unstable leaf and I € W? is a stable leaf which is parametrized by h.

Proof. This Lemma is a direct consequence of the characterization of the measure ;v done in Proposition
4.1.4, on p. 68 of [Alv13].
O
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For the next Lemma, set V;, C M to be a open subset of the product neighborhood N (zg) of the
point g € M, i.e., we may think as N (z¢) as a subset of W¥(x¢) x W5%(xy).

Since the flow hg parametrizes the one dimensional submanifold W*%(xg), any point z € N (zo)
can be described as a pair (y(x), s(x)), where y(x) € W¥(xq) is the projection of x onto W*(x() and
s(x) represents the projection of x on W*%(z(). On that setting we define, for every point in N (xg), the

neighborhood V, of x defined as
Ve = B(y(2),6) x (s(z), s(hi(x))),

where B(y(x),d) is a ball in W*(xg) and (s(x)), s(h1(z))) an open segment contained in the one-
dimension submanifold W**(x).

W () Wwes ( = )

§

s(hyl(x)) 4. ‘_,__,__"ml,”
L) S—

y(z)

Figure 5.2: The neighborhood V. Figure 5.3: Local coordinates for x € V.

Lemma 21. The family of functions ﬁ)(vx converges to mxvxo in L?(u), as * — xo.

Before proving this Lemma 21, we need more two lemmas:

Lemma 22. Let (X, X, p1) a probability space and (1), a sequence of measurable functions 1, : X — R,
uniformly bounded, i.e., there is C > 0 such that ||, ||cc < C for all n € N. Suppose 1, converge

pointwise to a function 1: X — R. Then, 1 is integrable and

lim / @bnd,u:/ Y dps.
n—+oo Jx X
Proof. Define the function f(z) = C for all x € X, so that
[Yn(2)] < f(2),

forall z € X and all n € N. Since u(X) = 1, we have that [, f du = C - u(X) = C < 4o00. Hence,

by the Dominated Convergence Theorem, we know that v is integrable and that

lim/ wnd,u:/lim¢ndu:/1/)d,u.
noJx x n X

O

Lemma 23. Let (X, d) be a compact metric space and . a Borel probability measure on X with full
support. Then, for every x € X and r > 0 there is some 0 < § < r such that y (0B(zx,6)) = 0.

Proof. Suppose the contrary, i.e., that there exists some zg € X and some ry > 0 such that for all
0 < 6 < 7o we have p (0B(z,9)) > 0.

70



We claim that there exists some constant C' > 0 and a sequence (7,), with 7, € (0,79) such that
41 < T and
1 (0B(x0,m)) > C,

forallm € N.
To prove the claim, notice that for each 6 € (0,79) there exists some n = n(d) € N such that
11 (0B (z0,0)) > L. So, if we define

S, = {5 € (0,70) | 1 (9B(x0,5)) > 711}

we have (0,7¢) = U:{g Spand S, C S, 11 foralln € N.
Since (0, 7p) is uncountable, there is some 1y € N such that .S,,, must also be uncountable. Now, take
a monotone decreasing sequence on .Sy, say (7, )n, and take C' = n% This proves the claim.

Back to the proof of the main statement, notice that

U 0B(xg,rn) = |_| 0B(xo,ry) € B(xg,10)

n=1 n=1
and hence:
- oo
1> p (B(ivoﬂ”o)> > (U 33(960,7%))
n=1
oo
— 1 <|_| aB(aUg,rn)>
n=1
oo
= 1 (0B(x0, 7))
n=1
>n- C)
for every n € N, (since r,, € S, for every n € N). This absurd concludes the proof. O
Proof of Lemma 21. The idea is to prove that ﬁXVz converges to ﬁXVzo almost everywhere and
x "KO

then use Lemma 22 to obtain the L?—convergence.
To do so, we first show convergence for the characteristic functions xy, . For, choose § > 0 such that
p(0Vy,) = 0 (which is possible by Lemma 23). Notice that, for all z € M \ 9V,,,, we have

T—TQ

Indeed, there are two options: first z € M \ V. In this case there is an open neighborhood O, of
such that, for all z € Oy, we have xv, (2) = xv,,(2) = 0. On the other hand, if z € V;,, we also have
an open neighborhood Oy, of xg such that for all z € Oy, the equality xv, (z) = xv,,(2) = 1 hold.
Hence, for almost every z € M, xv, () = xv,, (2) as x — xo.

The previous statements can be made formal. To do so, we use the neighborhood

Vao

B(y(wo),8) x (s(wo), s(h1(x0)))
($075) X (0’ 1)7
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we (‘LU) ” Z Wu (J:U)

Figure 5.4: 2 € M \ V. Figure 5.5: z € V.

where again B(zo, ¢) is aball in W*(x(). By continuity of 5 we have that, when x — x, the coordinates
y(x), s(x) and s(hi(x)) tend to y(xg) = xo, s(xp) = 0 and s(hq(x¢)) = 1, respectively.

This local understanding allow us to give a more precise assertion to what happen to the maps xv;,
and yy, applied to z € M \ 9V, when z — xy. Indeed, the previous paragraph implies, in particular,
that V. converges to V, on the Hausdorff topology, and then z € V,,, implies xy, (2) — 1 = XV,, and
z € M\ Vy, implies xv, () — 0 = xv,,, as claimed.

Now, let (x,,), to be any sequence on M \ 9V, with z,, — xo. We will show that

IXVe, = XV ll2 = 0,

as n — 4o0.

Indeed, xv,, (2) = Xv, () pointwise for u—a.e. z and forall n € N,

XV, lloo < Tand [[xv,, oo < 1.

By calling 1,(2) = [xvs, (2) — xv;, (2 )|? we have, from Lemma 22,

2 o .
Jim [ e, ()= v (P du= tim [ g

n—-+00

= / lim g, du
x n—+00
i.e., we have shown that yy, ————
n

= / 0du =0,
X
L?(p)

—+o0 Vag

Since xv,, (2) — xw,, (2) € {0,1} forall z € M, we have that |xv,, (2) — xv,, (2)] = [xv, (2) —
XVa, (2)

2, and then, L?(p1)-convergence implies L' (11)-convergence. Therefore,

1(Va) — m-\ [ e = [, du‘

= ‘/ XV — XVig dﬂ'
X
X

as n — +oo. This shows that (V) — (V) as ¢ — xo.
Hence, we have that the family of functions ﬁ Xv, (%) converges to the function ﬁ XVa, (2)
o
for p—almost every z € M. Since pu(V;) — p(Vz,), we know that both ( avyXv, and (‘} JXVa, are
g
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uniformly bounded. Applying one more time Lemma 22, we finally conclude L? (1) —convergence:

Hl 1

—<XVe — XV || — 0,
w(Vz) (Vi) =770

2

as r — Xg.
O

To finally prove Lemma 18 we present a relation between the Mt fo (9—m¢ (hs(x))) ds
and the Birkhoff sums of the horocycle flow S;(f)(z) = fg f(ps(x)) ds.

Lemma 24. For everyt € R, every continuous function f: X — R, and x € X we have:

1

T9)(@) = M(f) (gme(@)) -
Proof. In order to prove that

1

S5H) @) = MulF) g (0)), 5.1)
forall t > 0 and x € X, we first make a change of variables to obtain:

5Nt =7 [ fihuta

1t N
-2 /0 F(hsi(x)) t - ds
1
:/ f(hg(x)) ds,
0

and returning to our ‘dummy’ variable s, we can write %St fo ) ds. Using the fact that

g—Int © hs - hselnt OF—Int = hst O g—1Int, WE get

1 1
/ f(hsi(x)) ds = / f(g-miohsogm) (2)) ds = Mi(f)(gm+(2)),
0 0

proving equality (5.1) and hence Lemma (24).
O

Now we prove the first statement of Lemma 18, which is, in some extension, the heart of the proof of
Theorem 19. It is interesting to observe that, in order to prove equicontinuity of M = {M;(f)(x) }+>0
we make use of the hyperbolicity of the geodesic flow g;, as we demand points in the same weak unstable

leaf of size £ > 0 of g; remains at most e—close when iterated by g_, for some ¢ > 0.
Lemma. The family M = {M;(f)(z)}+>0 is equicontinuous.
Proof. Lete > 0 and zo € M be fixed arbitrarily and set
wile) = sup {|f(x) — f(y)| | 2,y € M with d(,y) < <}.
Recall the definition of local (weak) unstable manifold of size € > 0:
W) ={y € M | d(g—(z),9—(y)) <e, forall ¢t > 0},

and define
Ky = W2(&) N h_a) (B (y(2),8) N W(z0))
Now, in the local coordinate system N(x) associated to x, V,, can be written as V,, = K, x (0, 1) and,

from Lemma 20, the measure m (V ) has a local product structure.
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Claim. [M:(f)(2) = Mi(£)(w0)| < 27 (&) + Sl - | kycven, = iy v |

If we prove the claim, we are done since wy(e) and H m)(vz - mwio ) goto0asx — o,

both independent of ¢ > 0, from the continuity of f and from Lemma 5.1.

To prove that claim we first notice that ‘Mt fo T, F(9-me(y,5)) dus(y)ds‘ < wy(e).
Indeed,

'Mt / Kxfg me(y, s)) dvs(y)ds| =

‘/fngs ds—// F(9-1me(y, 8)) dva(y)ds| =

1
0 /K S0 mel0,5) dvy)ids ~ /0 /K Fommely. ) dva(y)s| <

1
/O / 0o 11(0,8)) — F(g-mme(ys 8))] dva(y)ds <

wy(e),

since both (0, s) and (y, s) are on the same weak unstable local leaf of W (hs(z)) and, since W (hs(z))

is invariant! by g_, for ¢ > 0, the image of points in W (hs(x)) are still at most e—close from each other.
Hence, we deduce that | f(g—1n¢(0,5)) — f(g—m¢(y,s))| < wy(e).

L
- —
.: - — '.1.-
] = o5 ‘-\-. -.
| g L
il o 2%
- 3 f’\
.
7 o] b, (1)
Y e
by (y
Wl
[HE 1]
\_R_—
- -
o ., |
e -
— e "-\“x
iy E - © g0}
-~
gl |.‘"‘~\‘ -l ()

a—y[Fealal]

Figure 5.6: Applying g_; fort > 0 to W2 (hs(x)).

Adding and subtracting fol Jx, F(9-me(y, ) dvs(y)ds and fol szo f(9-1t(y,s)) dvs(y)ds inside

"Forallx € M, g (W&(z)) C W& (g—+(x)) forall t > 0.
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the modulus |M;(f)(z) — My(f)(z0)|, we get:
1
[Mi(f)(z) = My (f)(x0)| = ‘Mt(f)(w) —/ f(g-mi(y,s)) dvs(y)ds
0 JK,

1 1
+ /0 [ oty ) dvis - /0 1) s

1
+ / (G- mt(y, 8)) dvs(y)ds — My(f) (o)
0 JKa,

Using that }Mt( fo T, F(9-mi(y,5)) dus(y)ds‘ < wy(e) and applying the triangular in-

equality, we get:

[ My (f)(2) = My(f)(z0)| < 2wp(e)+

1 1
/ (g me(ys ) dvs(y)ds — / F(g-me(y, )) dvy(y)ds]
0o JK, 0 JK,,

Next, we use local product structure of the measure to write:

/ f g—1Int y7 st ds _/ f g—Int yv )) st( )dS
Kag

—— | fog-midp— ——— fog_medul.
M(Vx) v, T u(Vao) v, '
Then, we have:
IMy(£)() — My(F)(0)| < 205(€) + |~ | F 0.0t dpt— — fogmed
z)— To)| > 4w g—Int O — —=>— g—Int G
! ' d w(Va) Jv, T (V) My, '

1 1
= 2wy(e)+ A /X(f 0 g—tmt) XV, djt — ) /X(f 0 g—Int) * XV, du'

XV, XV
<2t | [ o m) iy an= [ (Foom) s d“‘
XVag

< 2ws(e)+ /X(foglnt)' [u)((“Z) - N(V;O)] du‘

<20yt [ [ [y e e

Now, applying Holder’s inequality with p = ¢ = 2, for the L?(u)—functions f o g_1,; and

1 1 )
{mXVzn - vazo} , we have:

XV, XV
/X ‘(foglnt)' |:/14(V:c) — M(on)H dp < |[|fog_m¢l2-

1 1
7 XV, T T X Ve
‘N(Vxn) M(on) 0

2

This implies:

M) — Mu(F) (o) < 205 (2) /] 09 1m1) [XVZ)—M’;‘ZZ)H@

‘ 1 1

< 2wy(e) + fogfln 2777 X Ve, T T X Ve
Ao gl [ 0 =y e

2
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Since p is g —invariant, we must have:

1 © g-mell2 = [[fll2-

Hence,
M7 (o) = M) o) < 267(0) + 1 0 9 mele - | !
t T)— My To)| = 2Wwpr(€ OG—mtl2 " || 7777 3 XVan = 777 A X Va
d m T (V) n(Vao) 0l
1 1
< 20p(&) + Il | iy = e
! p(Va,) 5 (Vi) 70y
This proves the claim and also the Lemma. O

Lemma. Let f be an accumulation point for the family M = {M;(f)(x)}+>0 on C°(X) and suppose

hs has a dense orbit. Then f must be constant.

Proof. Let f be an accumulation point for M and (¢,), be a sequence such that ¢, — +oo. Then,
Mz, (f) — flloo — O and, in particular,

M, (f) = fll2 — 0

as n — —+o0o. Using equality %St(f)(x) = M;(f)(gm¢(x)) from Lemma 24 and using the fact that y is

g—invariant, we have:

1
fstn(f) - f ©dnt,

= HMtn(f) O Ginty, —?OglnthQ = || Mz, (f) —?HQ — 0,
2

as n — +oo.

Now, recalling that S;(f) is the Birkhoff sum of the horocycle flow A and applying von Neumann
Ergodic Theorem (Theorem 3), we conclude that there exists an h,—invariant function Py, (f) € L?(p)
such that || S:(f) — Pu(f) H2 — 0 as ¢t — +oo. In particular, we conclude that

| f o gme, — Pulf)], =0

when n — 4-o00. Once again using the g—invariance of the measure p we have

H? — Pu(f) Og—lnth2 = H?Oglntn - Ph(f)Hg — 0.

n——+00

Since g; sends hs—orbits into hs—orbits and since Pj,(f) is hs—invariant, for each ¢ € R the
composition Py (f) o g; is still a hs—invariant function. Moreover, applying Lemma 3 to this setting, we
conclude that, since f is the L2—limit of hs—invariant functions, f will itself be h,—invariant. Since
there exists a dense h—orbit and since ? S CO(X ), then f is constant. This concludes the proof of this
Lemma and also the proof of Lemma 18. 0
Lemma 19
Lemma. With respect to S¢(f) we have:
(1) the family S = {%St(f)(x)}t has compact closure on C°(X);

(2) each accumulation point of S is constant.
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Proof. To check both items (1) and (2), take a sequence (¢,),, with ¢,, — +00. From Lemma 18 there are

a subsequence (,, ), and a constant ¢ € R such that
M, (f) % ¢

So, given £ > 0 there is an order ko € N such that, if k& > ko, then: )Mtnk (f)(x) — c‘ <eg,forallx € M.

Hence, for x € M, we have

—S, (N)(z) —c

= M, (F)(gtats, () — ] <=,

forall k£ > k.

5.2 Horocycle flows are uniquely ergodic

Now we apply Theorem 19 to the context of horocycle flow associated to a geodesic flow on the unit
tangent bundle of a surface with constant negative curvature. Even though constant negative curvature
implies the geodesic flow to be an Anosov flow, at first glace we cannot say much about the dynamics of
the horocycle flows associated to this geodesic flow.

In Chapter 4 we obtained a first property about its dynamics: they are minimal (i.e., every orbit is
dense). In this Chapter 5 we obtained another information, from the point of view of ergodic theory: they
admit an unique invariant probability measure.

To be more precise, in Chapter 3 we have shown that the Liouville measure on a compact negatively
curved manifold M is invariant under both the geodesic g; and the horocycle hs flows. As we claimed,

Theorem 19 guarantees that, in this context, it is the unique ergodic measure invariant under h:

Theorem 20. The horocycle flow associated to a geodesic flow g;: T'S — TS on a surface with

constant negative curvature is uniquely ergodic.

Proof. Since the geodesic flow g;: T'S — T'S on a surface with constant negative curvature is an
Anosov flow with dimension one unstable foliation. From Proposition 18, the horocycle flow satisfy the
relation

gt © hs = hse—t © gt,

for every t,s € R. Finally, by Theorem 18, k¢ has a dense orbit. Hence, we are in the hypotheses of
Theorem 19: this shows that h is uniquely ergodic. O
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APPENDIX A

Anosov diffeomorphisms: transitivity,
minimality and topological mixing

A.1  Anosov diffeomorphisms

Let M be a closed Riemannian manifold. A diffeomorphism f: M — M is called Anosov if there exists
a f—invariant hyperbolic splitting
TM = E" @ E?,

i.e., each bundle £* and E?, is preserved by df, and the vectors on E* are exponentially expanded by df
and the vectors on £ are exponentially contracted by df. In other words, there exists constants C' > 0
and 0 < A\ < 1, such that:

ldf " (v)|| < CA"||v||, forallv € E* and n > 0,

and

ldf™(v)|| < CA*||v]|, forallv € E* and n > 0.

As in the case of flows, the spaces E* and E° are called unstable and stable spaces, respectively.
A well-known example of Anosov diffeomorphism is the Anosov Cat Map, that we presented in
Chapter 3 and that we here investigate with more details, following [Wen16]. To do so, first recall that an

invertible matrix A: R™ — R" is called hyperbolic if it has no eigenvalue of absolute value 1.

Definition 24 (Anosov automorphism). A linear map A: R? — R? is called an Anosov automorphism if

det A = £1, A has integer entries and is hyperbolic.

Proposition 20. If A: R? — R? is an Anosov automorphism, then the eigenvalues of A are irrational
numbers g, Ay, € R such that |\s| <1 < |y

, and the slopes of the two eigenspaces are irrational.

Proof. There are three options for the eigenvalues A\g and A,: or they are complex conjugate, or they are
the same, or they are real and distinct. We want to show that they satisfy the last condition.

Since det A = A, - Ag and | det A| = 1, if we were in the first two cases, this would imply [As| = 1 =
[Au

distinct and we can suppose, without loss of generality, that [A\s| < 1 < |[A,]|.

, contradicting the hypothesis that A is hyperbolic. This proves the eigenvalues A, and \; are real and
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To see that \; is irrational (the proof for A, is analogous), suppose A\s = %, where p,q € Z, q # 0
and gcd (p, ¢) = 1. Note that, since |As - A,| = 1, we must also have p # 0. Now, observe that

0 = det (A— p[)
q

—§~trA—|—detA

N

»QM"BN QM"B

P A 1,
q
_ 2 2 . . . . .
so 0 = p* — pgtr A + ¢°. This equality implies:

g(ptr AF q) = p?,

and

p(=p+qtr A) = £¢%,
which imply, since ged (p, ¢) = 1, ¢|p and p|q. But this would imply |A\s| = 1, contradicting once again
the hyperbolicity of A. Since an analogous proof works for \,, we conclude that As and A, are irrational.

Finally, for the statement on the slope of the eigenvalues, let v = (v1,v2) be an eigenvector of As.

First note that v indeed has a slope, i.e., v; # 0. To see that, suppose the matrix A is of the form:

aiy a2
A= .
a1 a2

If v; = 0 then Av = A\jv implies ag2 = s, contradicting the hypothesis that A has only integer entries.
So, v1 # 0 and we can suppose v = (1, ).
To prove the slope of the eigenspace associated to A is irrational, we are going to show that o € R\ Q.

Since, once again, Av = A\ v, we get:

arr az\ (1) [ A
az1 azm) \a)  \N-a)’

Thus, a11 + a1z - @ = A and, if o were rational, we would have A also rational. Hence, « € R\ Q as
we claimed. The proof for the slope of the eigenspace of A, is similar.
O

Note that, since it has only integer entries, an Anosov automorphism A: R? — R? preserves the

lattice Z2, i.e., A(Z?) C Z2. In particular, for any vectors v € R? and n € Z2, we have:
A(v+n) — A(v) = A(n) € Z2.

This allow us to define a map f4: T2 — T? on the torus that makes the diagram

R2 R2
T s
T2 T2

fa
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Figure A.1: The space E°.

to commute, i.e., m o A = f4 ox. Here 7: R2 — T2 is the canonical projection to the quotient, that is,

the map that to each v € R? associates its equivalence class on the quotient R? /Z2:
7(v) = {w e R? |w—v € Z*} = [v].

The map f4 is a C*° diffeomorphism. Indeed, it is a C'*° map and, if we suppose A is once again of

the form

the A~ will be:

qto b a2 oz
det A\ —ag1 an
Since | det A| = 1, all the entries of A~ are still integers and A~! also induces a C*° map on T? which

is the inverse of f4, i.e.,

(fa) ™' = far.

Example 14 (The Cat Map). Consider the Anosov automorphism A: R* — R? defined by

Av = 2.1 0.
11

The induced map f 4 on T? is called Anosov’s Cat Map.

Example 15. Another example of Anosov diffeomorphism on the torus is the map fp induced be the
Anosov automorphism B: R? — R? defined by

2 1
Bv = -V

This follows from the fact that A has integer entries, det B = 4 — 3 = 1 and its eigenvalues are
Ao =2—+3and \; = 2+ /3, so that

0< <l <A
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Whenever we have an Anosov automorphism A: R? — R?, the projection to the torus T? generates

an Anosov diffeomorphism:

Proposition 21. An Anosov toral automorphism fa: T? — T2 induced by an Anosov automorphism
A: R? — R? is an Anosov diffeomorphism.

Proof. Since (df4), = A for every point x in the torus, we have a f 4 —invariant hyperbolic decomposition
T,T? = E° @ E* originated from A and the previous Proposition 20 guarantees this decomposition

contract vectors on £ and expands vectors on E*. O

Now, we present the notion of stable and unstable spaces for toral automorphisms. A brief study of
these sets will allow us to obtain further information about the dynamics of f4.

Given a hyperbolic matrix A: R? — R? and a vector v € R?, define
W, A) = {w € R2| lim ||A™w — A" — 0}
n——+00

and
W, A) ={w € R? | ET |A™""w — A™"|| — 0},

the stable and unstable spaces of v with respect to A.
Similarly, given a point zz € T2, define the (global) stable and unstable manifolds of = with respect to
fa as the sets:

W(e, fa) = {y € T2 | lim_d(f4(2), f4(»)) - 0}
and
Wha, fa) = {y € T2 | lim_d(f3"(@), /3" () = O},

respectively. These set are f—invariant, in the sense that f4 (W?*(z, fa)) = W?*(fa(z), fa) and

fa(W*(@, fa)) = W"(fa(x), fa).
The next theorem relates these two notions (for A and f4) and gives more details on the geometry of

the stable and unstable manifolds of a point in T? with respect an Anosov toral automorphism.

Theorem 21. Let A: R? — R? be an Anosov automorphism and f4: T?2 — T? be the induced toral

automorphism. Then:

(i) for any v € R%, W¥(v, A) = v + E* and W¥(v, A) = v + E%, where R? = E* @ E" is the
hyperbolic splitting of A.

(ii) for any x € T2, W¥(x, fa) = ©7(W*(v, A)), where v is an arbitrary point v € 7~ *(z). The same
holds for the unstable manifold.

(iii) W(x, fa) is an immersed C™ submanifold that is dense in T?. Likewise for W*(z, f4). Moreover,

for any z,y € T?, W*(x, fa) intersects W*(y, fa) transversely at a dense subset of T2.

Proof. To prove the assertion in (7), take w € W¥(v, A). Then, ||A"(w — v)|| = ||A"w — A™|| — 0
asn — +oo. So, w —v € E* ie., w € v+ E*. This proves W"(v, A) C v + E*. Reciprocally, let
w € v+ E". Hence, ||[A"w — A™|| = ||A™(w — v)|| — 0 as n — o0, proving that w € W#(v, A) and
that W#(v, A) = v + E°. The case for the unstable set is similar.
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Now, fix v € R? such that z = 7(v), fix v € 7! (). In order to prove W*(z, f4) = 7(W*(v, A))
we start by proving W*(z, fa) 2 #(W*(v, A)).
Let w € W*5(v, A). Then, ||[A"w — A™v| — 0 as n — 4oo. Since the projection 7 is uniformly

continuous, we have d(w(A"w), 7(A™v)) — 0 as n — 400 and then

d(fA(m(w)), fi(x)) =0,

as n — +oo. This proves that m(w) € W#(x, f4) and, since w was taken arbitrarily, that 7(W*(v, A)) C
W (z, fa).
We now prove that W*(z, fa) C m(W*(v, A)). To do so, note that if we take £ = % > 0 then for any
v, w € R? such that [|w — v|| < € then d(7(w), 7(v)) = ||w — v]||. Now, take 0 < § < ¢ such that for any
v,w € R? with |[jw — v|| < § then ||[Aw — Av|| < . Such § can be taken by the uniform continuity of A.
Now let y € W#(x, fa). We are going to find w € W?#(v, A) such that 7(w) = y. Since y €
W#(x, fa), d(f4(y), fi(x)) — 0 as n — +oo. Take m € N such that

d(fi(y), fi(z)) <0,

for all n > m.
Since w(A™v) = f™(x), there is a unique z € B(A™wv,¢) such that 7(z) = f™(y). By taking

w = A7™(z), we have:

m(w) =7w(AT"2) = fT"(7(2)) = (W) = -

So, if we prove that w € W#(v, A) we are done. This is equivalent to prove that z € W*¥(A™v, A), and

that is what we shall do. Since ||z — A™v|| < ¢, we have
Iz = A0 = d(x(2), 7(A™(v))) = d(f™(y), f™(x)) < 0.
By the choice of 0, we get || Az — A(A™v)|| < . But then,
Az — A(A™0)|| = d(r(A2), "(A(A™0))) = d(F™+ (), F" (@) < 5.
Proceeding inductively, we finally get:
[A"2 — A"(A™0)|| = d(f™ " (y), f"" (@) < 6.

Since, d(f™ 1" (y), ™" (x)) — 0 as n — 400, we conclude that z € W*(A™wv, A), or equivalently,
that w € W*(v, A), concluding the proof that W*(x, f4) C w(W?#(v, A)), and hence that W*(x, f4) =
m(W#*(v, A)). Once again, the unstable case is analogous. This proves item (i) of the theorem.

Finally, we show (iii). The set W*(v, A) is a line in R2. Since the projection : R? — T2 is a C*°
embedding, the set W*(z, f4) is an immersed C'*° submanifold of T?.

For the denseness part, we use a fact we proved in Chapter 2. There we presented Proposition 4,

which states the following:

Proposition. A linear flow @i(x) = [x + t0] on T™ is minimal if, and only if, the components of 0 are

rationally independent.
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Recall that the components of the vector § = (61, ..., 6,) are rationally independent if k£ € Z™ and
(k,v) =0, then k = 0.
Back to the setting of f4 suppose, without loss of generality, that 2 = 7(0). We claim the set

W#(x, f4) coincides with the orbit of a minimal flow on T2 and, therefore, is a dense set on T2.!

Claim. The set W*(x, f4) coincides with a orbit of a linear flow pi(z) = [z + t0] on T2, for 0 with

rationally independent components.

Proof of the Claim. In this case, where we suppose = = 7(0), we have W*(0, A) = E* and, by Propo-
sition 20 above, we know that E* is a line through the origin of R? generated by a vector (1, a), with
a € R\ Q. Then,

E*={t-©|teR},

where © = (1, ) € R? has rationally independent components.
Since W*(z, fa) = m (W*5(0, A)) = n(E?), we have:

Wé(x, fa) ={r(0+t-0O) |t R}
={n(0)+t-7(O)]|teR}
={[x+t-0]|teR},

where § = 7(©). Observe that since the components of © are rationally independent, the same holds for

0. This proves the claim. O

Lastly, the transversality condition follow from the fact that for any w, v € R?, the lines W*(v, A) and
W"(w, A) intersect transversely. Since 7 is a local embedding, W*(x, f4) and W*(y, f4) intersect (in a
dense set) transversely. This concludes the proof of item (ii¢) and, therefore, the proof of the theorem. []

A fact we extract from Theorem 21 is a result we will proof in a more general setting in Section
A.3. An toral automorphism f4: T2 — T2 has the property of being minimal, i.e., all stable and
unstable manifolds are dense on T?. The main goal of Section A.3 is to prove an analogous for Anosov
diffeomorphisms. We use the next Section to introduce several properties that will be important for this

proof.

A.2 Some properties of Anosov diffeomorphisms

In this section we describe some properties that all Anosov diffeomorphisms share. Inspired on what we
have done for the Anosov toral automorphisms in Theorem 21, we provide a brief discussion aimed to
understand a little more of the structure of the stable and unstable manifolds of an Anosov diffeomorphism.
Once again, we restrict our context to a diffeomorphism f: M — M defined on a Riemannian closed

manifold.

Definition 25. Given a point x € M, its w—limit is the set of all y € M such that there is an infinite
sequence (n;)ien, with n; — oo, such that f™(x) — y. We denote it by w(z).

!Observe that this is the same sort of idea used to prove Theorem 18: there we showed that the orbit of the horocycle flow
coincides with a dense set. Here we are showing that a set coincides with a dense orbit of a flow.

84



Definition 26. A compact invariant* subset A C M is called transitive if there is some point x € A such
that w(z) = A.

An equivalent definition of transitivity for diffeomorphisms is the following:

Proposition 22. A compact invariant subset A C M is transitive if and only if for any two open sets
U,V C Aexistsn > 1 such that f*(U) NV # (.

Definition 27. A compact invariant subset A C M is called topologically mixing if for any two relative
open sets U and V' of A, there is an integer N = N(U,V') > 1 such that f*(U) NV # 0 foralln > N.

Definition 28 (Local Stable Manifold). For a point x € M and r > 0, define the local stable manifold

of x of size r with respect to f to be

W) = { € M1 d(f" (). (@) < rforaltn =0, and Tim_d(f"(), /"(2)) =0}

Similarly, define the local unstable manifold of x of size r with respect to f to be

Wi (x) = {y eM|d(f"(y), f "(z)) <rforalln >0, and lim d(f"(y),f "(x)) = 0}.

n—-+00

There will be several occasions where we won’t need to specify the size r of the local stable and
unstable manifold. When this happens we simply write W, (x) and W} _(x), respectively.
For an Anosov diffeomorphism f: M — M, we have the following characterization for the local

stable and unstable manifolds:

Proposition 23. There are uniform constants r > 0, C' > 1, and 0 < \ < 1 such that for any x € A:

W) ={y € M [d(f"(y), f"(x)) <, foralln = 0}
={y e M [d(f"(y), ["(x)) <7, and d(f"(y), f"(x)) < CX"d(z,y), for all n > 0},

and similarly:

Wi(z) = {y € M | d(f"(y), f"(x)) <, forall n > 0}
={ye M [d(f"(y), [ "(x)) <r, and d(f"(y),f " (2)) < ON"d(,y), foralln >0} .

Proof. For a proof see Theorem 4.13, on p. 101 of [Wen16]. O

We now introduce a structure that, for the case of Anosov diffeomorphisms, the local stable and

unstable manifolds endow M with:

Proposition 24. Let f: M — M be an Anosov diffeomorphism. Then M has a product structure, i.e.,
there are small enough € > 0 and § > 0 such that:

(7) forall x and y on M, the intersection W (x) N W (y) consists of at most a point;

(#i) for all x and y on M such that d(x,y) < 0 the intersection above consists of exactly one point,

denoted [v,y] = W2 (x) N W(y), and the intersection is transverse.

Proof. For a proof see, for example, Proposition 5.9.3 on p. 129 of [BS02]. O
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quéc (T’)

Figure A.2: The local product structure guarantees the existence of the points [z, y] = W} (x) N W ()
and [y, o] = Wi (y) N Wi, ().

Next, we follow once more [Wen16] to state a very important theorem that provides a geometrical

structure to a dynamical set.

Theorem 22 (Stable Manifold Theorem). Let f: M — M be a C* (k > 1) Anosov diffeomorphism on
M with splitting TM = E° & E“. Then, there is r > 0 such that, for every x € M:

(1) W2(x) is a OF embedded submanifold of M of dimension dim E*(z) tangent at x to E*(x), and
W (x) varies continuously in x € M with respect to the C* topology.

(73) the family {W2(x)}zen is self-coherent, i.e., for any x,y € M,
int W) (z) Nint W’ (y)
is open in both W7 (x) and WS (y).

(7i1) the global stable manifold W*(x), i.e., the set
W) = {y e M lin (), (@) 0}

is an immersed C* submanifold of M of dimension dim E*(x).

Proof. Proofs of the stable manifold theorem for diffeomorphisms can be found in many books on
dynamical systems, such as [BS02], [KH97] and [Wen16]. O]

Note that, for all » > 0, we have the following relation between the local and global stable and

unstable manifold:

Wex) = J £ (W (f(2))),

n>0

wi(z) = (Wr (f (@) -

n>0

“We say that that a subset A C M is invariant by f is f(A) = A.
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A.3 Minimal Anosov diffeomorphisms

Whenever f: M — M is an Anosov diffeomorphism, we can apply the Stable Manifold Theorem for
each point and the self-coherence of the families {W?(z)} and {W}*(z)} will imply that both W*"(z)
and W*(z) give rise to invariant foliations: the unstable foliation F*, whose leafs are W*(x) and the
stable foliation F*, whose leafs are W*(z).

Definition 29. An Anosov diffeomorphism is called minimal if its global stable and unstable leafs through

every point is dense on M.

Warning: as in the case of flows, we will call a diffeomorphism minimal in two different
contexts. It will have the meaning that all its orbits are dense, that is the notion for a
general dynamical system. Also, it will have the meaning that all stable and unstable
leafs are dense, that will be used for Anosov diffeomorphism. Observe that an Anosov

diffeomorphism cannot be minimal in the sense that all its orbits are dense, since it has

periodic points. From the context, it will be clear to which meaning we are referring to.

In Chapter 4 we have shown that a transitive Anosov flow can either be minimal or be the suspension

of a diffeomorphism. This dichotomy cannot occur in the case of Anosov diffeomorphisms.

Theorem 23. Let f: M — M be a transitive Anosov diffeomorphism on a compact and connected

Riemannian manifold M. Then,

Wila) = Wiz) = M.
for all x € M. In other words, if f is transitive Anosov diffeomorphism, then it is minimal.

Proof. The proof will follow from three lemmas, starting by:

Lemma 25. For all v € M we have W* (O (z)) = M, where W* (O (z)) == Uyeo(m) W"(¥).

Proof. Fix x € M and choose arbitrary y € M and r > 0. Since we are supposing f to be transitive,
there exists p € M such that w(p) = M. In particular, there exists n > 0 such that f™(p) belongs to a
product neighborhood around z and m > n such that ™ (p) € B, (y).
Since f"(p) belongs to a product neighborhood around z, its local stable neighborhood W} .(f"(p))
intersects the local unstable neighborhood W} (x) of x in a unique point z € W} .(f"(p)) N W} ().
Now, from the fact that z € W _(f™(p)), we must have d(f*(f"(p)), f*(2)) < d(f"(p), 2) for all
k > 0. Since m > n,

d(f™ (), ™" (2)) = d(f™ (" (0), S (2)) < d(f*(p), 2)-

So, by refining our choice of n in the beginning so that d(f"(p), z) < r/2, we have concluded that
dly, f""(2)) < r.
On the other hand, z € W}%_(z) and hence f™"(z) € W* (O (z)). So we have shown that, for all
y € M and all > 0, there is ¢ € W*(O (x)) N B, (y).
O

A direct corollary of this lemma is:
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Corollary 8. For all periodic pointp € M, W*(O (p)) = M.

Remark 1. Notice that the statement of the Corollary does not demand the existence of a periodic point
to be true. However, that there exists, in fact, a periodic point for f is a simple consequence of the fact

that f is transitive and from a very powerful theorem: the Anosov’s Closing Lemma.

Theorem 24 (Anosov Closing Lemma). The set of periodic points for an Anosov diffeomorphism f is
dense on Q(f), i.e.,

Per(f) = Q(f).
Proof. See [Wenl6], p. 132, Theorem 4.28. O

The next lemma we need to prove Theorem 23 will be a consequence if another celebrated and useful
theorem, with a very geometrical flavor.

In order to present it, we need some notation: for a hyperbolic fixed point p € M of f, we call
u = dim W*(p) and a u—dimensional C' embedded disc in M a u—disc. Likewise for s—disc and
s = dim W*(p).

Theorem 25 (A—Lemma). Let p € M be a hyperbolic fixed point of f: M — M. For any u—disc B in
W¥(p), any point x € W#(p), any u—disc D transverse to W*(p) at x, and any £ > 0, there is N > 0
such that if n > N, f*(D) contains a u—disc that is C' e—close to B.

So we fix a such periodic point (that we henceforth suppose, without loss of generality, a fixed point

for f) and will use the fact that W*(p) = M to show that W4(x) = M forall z € M.

Lemma 26. There is m € N such that for all x € M the unstable manifold W"(f™(z)) of f™(x)
intersects the local stable manifold W} (p) of p transversely.

Remark 2. It’s worth to emphasize that the order m € N that we obtain in the Lemma, does not depend

on the point: the same m works for all x € M. This uniformity is essential to what comes ahead.

Proof. Since Wt (O (z)) = M for all z € M, there exists m = m(z) € N such that W*(f™(z)) N
B, (p) # 0 for some r—ball B, (p) centered in p inside a product neighborhood around p.

By continuity of f™, for every x’ close enough to z, f™(x) is near f™(z'); and since the unstable
manifolds varies continuously, W (f™(z)) is arbitrarily close to W (f™(z')) for 2’ close enough to z,
say for all 2’ in a neighborhood V.

Now, the compactness of M guarantees that there are a finite subcollection of those open sets:
Viys .oy Vg, such that

and to each z;, we have a m; = m(x;) associated to it. Since we are stating a property of the unstable
manifold, if W"(f™(x)) NWg,.(p) # 0 then W(f™ (x)) N W (p) # 0 for m’ > m. So, choosing the
maximum of those m;, we obtain an order m that makes the intersection occur for every x € M.

To see that this intersection is actually transverse, we just notice that the ball B, (p) lies inside a
product neighborhood and hence, if a leaf of the unstable foliation F*, intersects this ball, it must intersect

W .(p) and must do it transversely. ]
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Figure A.3: If a leaf of F* intersects the ball B, (p), it crosses a product neighborhood N (p).

Lemma 27. There is an integer N with the following property: if z € M is such that W*"(z) intersects
WL (p) transversely, then fN (W (2)) is r—dense, i.e., for all y € M and all v > 0, there is an integer
N > 0 such that

FY W (2)) N By(y) # 0.

Proof. Fix a point y € M and r > 0. We are going to find an integer N such that N > 0 such that
YW (2)) N Br(y) # 0.

From Lemma 26 we know that, for every x € M, the unstable manifold W*(x) intersects W} .(p),
the local stable manifold of the fixed point p, transversely: just apply the lemma to f~"(z). For each

x € M consider a small disc D, transverse to W}? (p) lying inside W*"(x).

W (p)

Figure A.4: Applying Lemma 26 to obtain a disc D, C W"(x) transverse to W}? (p).

Applying Corollary 8 to the fixed point p we have W*(p) = M. Next, applying the A—Lemma
(Theorem 25), we obtain an order n, such that for n > n, we have:

W ("= (x)) N Br(y) # 0.

Observe that, by continuity of z — W*" (f™(z)) in the Hausdorff topology, if z € M is sufficiently
close to x, then W* (f"=(z)) N B,(y) # (). In other words, there is an open set V,, around x in M such
that if z € V,, then W (f"=(2)) N B, (y) # 0.
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By compactness of M, there is a finite cover of open sets V., 2 = 1, ..., k, such that M = Ule Vi
Hence, if we set N = max {ny,, ..., ng, }, then for all n > N we have:

W (f"(x)) N Br(y) # 0,
for all z € M. This proves the lemma. 0

We now apply Lemma 27 to conclude the proof of the theorem. Fix y € M and r > 0 and, to prove
the theorem we are going to show that W*(z) N B,.(y) # 0.
Lemma 27 implies that there is an integer [V such that for all y € M and r > 0, we have

W (fN(xz)) N Byy) # 0,

for all z € M. Since f is a diffeomorphism, this is enough to prove the theorem: instead of x, just

consider £~V (x) and we are done. O

As in the case of Anosov flows, we show that if f is a minimal Anosov diffeomorphism, then it is

topologically mixing.

Theorem 26. Let f: M — M be a Anosov diffeomorphism on a compact and connected Riemannian
manifold M. If W (x) = M for all x € M, then f is topologically mixing.

Proof. As above, the proof will follow from a pair of lemmas (here we follow the ideas contained in
[BS02]):

Lemma 28. [f every unstable manifold is dense in M, then for every € > 0 there is R = R(¢) > 0 such

that every ball of radius R in every unstable manifold is e—dense on M.

Proof. Let x € M and notice that W"(x) = (Jp-o Wg(x), where Wj(x) represents the local unstable
manifold of diameter R around . Since W"(z) is dense, there is R(z) > 0 such that Wi (x) is
€/2—dense on M. Moreover, since the foliation W* is continuous, there exists a 6(x) > 0 such that
Wi (y) is e—dense for all y € Bs(,)(z).

Since we are supposing M compact, there is a finite subcollection 3’ of the collection 15 := {Bs) () |
x € M} that still covers M. By taking R to be the maximum R(z) associated with the balls on ', we

obtain an uniform radius R such that every R-ball in some unstable manifold is dense on M. O

Now let U, V' C M be non-empty open sets and x € U. Inside U, consider Bf () C W"(z)NU a
small disc of unstable manifold; and inside V' consider a small ball B, of radius &.

Since D lies inside a unstable foliation, there exists £ € N such that diam (f™ (D)) > 2R for
all m > k. Hence, by Lemma 28 above, f™(D) is e—dense on M, for all m > k. Therefore,
f™(D) N B: # 0 and, in particular, f™(U) NV # (), again for all m > k. This proves that f is
topologically mixing. O
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APPENDIX B

Approximation by rationals

We dedicate this Appendix to the proof of number theoretic lemma inside of Lemma 13, i.e.,

Lemma. Forall \,t1,...,ty € (0,+00) and ng € N, there are ny,...,ny > ng and t € R such that
Int; — t| < Mg,

foralli=1,... N.

To do so, we follow the proof given in [NivO5], where the above lemma is obtained as a corollary of
a pair of theorems. Throughout this Appendix B, we shall denote by |« ] the largest integer that is not
larger than the real number «.. Alternatively, for each « the number | a] is the only solution m in Z for
the inequalities:

m<a<m-+1.

Also, we denote by [« | the least integer not less than «, i.e., the unique solution m € Z to the inequality
m<a<m-+l1.

For a real number «, we have — | —7| = [T].
A classical problem on Number Theory asks how well an irrational number « can be approximated by
a rational number. More precisely: given an irrational number « and € > 0, are there integers k and h

such that |k — h| < €? The answer is yes and is given by the following theorem:

Theorem. Given any irrational number o and any positive integer n, there exist integers h and k with
0 < k < n such that
ko — h| < ~.
n
Proof. A proof of this fact can be found in [Niv05] itself, at p.44, Theorem 4.2; but also in many books
on Number Theory, such [Figl1] (see Teorema 5.2, p. 22) and [MAR+15] (Exemplo 0.10, p. 12). ]

There are several ways to generalize the above theorem for higher dimensions. One goes as follows:
given real numbers o and oy, can we find a lattice point k = (k1, k2) € 72 such that both kjaq and
koaw are arbitrarily close to integers? The following theorems provide that we still have positive answers

for this kind of question.
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Theorem 27. Let A € Myxm(R) be an X m real matrix with entries denoted by a;; and let T be a real
number greater or equal to 1. Also, define T = —|—7| = [7], so that T is the smallest integer not less
than T.

Then there exist lattice points (ki, ..., kp) € Z™ and (hy, ..., hy) € Z™ such that:
o |kj| STV forallj =1,...,m;

* Z;n:1 |kj| # 0;

. Z;nzl aijkj — hi| <1/7, fori=1,...,n

This theorem can be interpreted as follows: given n linear forms,

m
\I/Z'(k‘l, e ,km) = Zaijkj, where i = 1, ey ny
7j=1

the theorem states that we can chose (k1, ..., k) € Z™ in such a way that this n forms are arbitrarily

close to an integer. To put it in another way: by setting
Uk, ooy km) = (U1(k1y ooy km), s Yk, oo k),

and thinking of it as a point in R"”, the theorem states that fixing an arbitrary distance, we can choose

(k1,...,km) properly in such a way that ¥(ky, ..., k,,) will at most this distance far from some point
(h1,...,hy) € Z" with integer coordinates in R".
Since we’re requesting some point (hi, ..., h,) € Z", this goal would be trivially satisfied by setting

(K1, km) = (0,...,0). This justifies the restriction 37" |k;| # 0 in the conclusion: the theorem

provides a non-trivial point satisfying the required condition.

Proof of Theorem 27. Fixed a positive integer ¢, there are (¢ + 1)™ points (y1, . . ., Ym) in Z™ such that
0<y <gq,fori=1,...,m. If we set

m
Wi = E ijYj
J=1

foreach i = 1,...,n, there are also (¢ + 1) options for the n—tuple (w1, ...,w,) € Z".

Now, foreach? = 1,...,n, let x; be the integer that 0 < x;—w; < 1,1.e.,foreach? = 1,...,n, define
z; to be z; = [w;]. By doing this we obtain a collection Q of (¢ + 1)™ points in the cube C := [0, 1)".
Partitioning this cube C into 7" smaller cubes of side %, with sides being parallel hyperplanes and such
that the projection onto each side of C being half-open such as [0, 1/7")".

Next, set ¢ = |T™/™], so that:

(g + 1" = (77" > (1m) " =

Hence, by the pigeon-hole principle, the (¢ + 1)™ points in Q being distributed in 7™ cubes of side 1/7,

cannot all lie in different cubes. Thus, there are at least two different points of Q lying in the same subcube,

say (¥1 — Wi, ..., Ty — wy) and () — wy, ..., 2, — w),), where w; = 37| a;;y; for some lattice point
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Yy, ...y}, in Z™, different from (yi, ..., ym), but still with 0 < y/ < gforalli =1,...,m. Then,

1 (i — wi) — (] — w))]

T
= |(w; —wi) = (2f — ;)]
m m
= D aigyy — Y aiyy | — (@ — )
j=1 j=1
m
= Zaij (y§ - yj) — (2} — =),
j=1
fori =1,...,n. So, if we fix k; = y; — y; and h; = x; — x;, and use the fact that 7 < 7', we obtain:
Z;'n:laijkj —h;i| < 1/7’,f01‘i =1,...,n.
In order to obtain the other two conclusions of the theorem first observe that, being (y1, . .., yn,) and
(Y15 - - Yp,) distinct, there is at least one index jo € {1,...,m} such that y;, # y; . So, there exists jo

such that kj, # 0 and then > 7", |k;| # 0.
Finally, since 0 < y; < gand 0 < y} <gqforall j =1,...,m,itfollows that

ksl = ly; —ysl < q= 1™ <T™,
as desired. O
Corollary. Given any real numbers o, ... ,q,, and any integer t > 1, there exists a lattice point

ki, .. km, h)with |k;| <tforallj=1,...,mand k;| # 0, such that
J J

Za]’k]’ —h| < 1/tm.
=1

Proof. In the theorem above, substitute n by 1 to get only one row in the matrix A,

a1, .- -, X,
and we call o by «, for each 7 = 1,...,m. Still in the theorem above, replace 7 by ™ to obtain
T =t¢mand /™ = TY™m = 1.
Hence, the conclusions of the theorem will be: there exists hy € Z, that we call h, and (k1, ..., kp) €

Z'™ and h € Z with [k;| <tforall j =1,...,m, > 1, |k;| # 0 and

Zajkj —h| < 1/tm.
j=1

O]

The next consequence of Theorem 27 we present here is the central fact that we use to prove the

statement inside Lemma 13:

Theorem 28. Given any real numbers a1, . . . , au,, there exists infinitely many sets of integers k, q1, . . ., Gn,

with k > 0, such that )

<,
kVk

_ %
k

o (B.1)

fori=1,....n.
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Proof. If, in Theorem 27, we set m = 1, substitute a;; by «;, and demand 7 to be a positive integer,
in such a way that 7 = [7] = T, we conclude that, for any positive integer 7" there is a lattice point
(k1,h1,ha,. .. hy) € Z", with 0 < |ky| < T™, and such that:

1
laiky — hi| < T
fori = 1,...,n. Note that each of the n inequalities still holds if we exchange (k1, hi, ha, ..., h,) by
(—=ki,—hi,—ho,...,—hy,). Either k; or —k; must be positive. Call it k£ and call the point the it is a
coordinate by (k,q1,...,q,). In particular, we have shown that for each positive integer 7" there is a

lattice point (k, q1,...,qn) € Z"" ! such that 0 < k& < T™ and

|Oéik — qi\ < f’ (B.Z)
fort=1,...,n.
Moreover, since 0 < k < T™, we have that % < "%/E Then, |ak — qi| < % if and only if
‘ai -4l < ,%T, and then
q; 1 < 1
o — 2 i
Yk KT = kK

i.e., we proved that there exists (k, q1,...,q,) € Z""! such that 0 < k < T™ and that ‘ozi -4

< e
fore=1,...,n.

To conclude the proof, we need to prove that there exist infinitely many lattice points such as the
one above. To do so, we consider two distinct cases: one is what happens when all the real numbers
ai, ..., o, are rational; the second is when at one of them is irrational.

In the first case, i.e., when a1, ..., a, € Q, itis easy to find (k,q1,...,q,) € Z""! satisfying the
inequalities stated. Actually, we can ignore all that was done until now and consider & to be any integer
that is a common multiple of the denominators of all a;’s and take ¢; = ka;. Of course, there are infinitely
many choices for k.

So we remain in the last case, i.e., some of the «;’s is irrational. Suppose, without loss of generality,
that oy € R\ Q. To obtain a contradiction, suppose there is only a finite number of integers k, g1, . . ., qn

such that ‘al — % < ﬁ, for i = 1,...,n. In particular, there would be only a finite number of

corresponding values |« k — g1 |, all positive (since v is irrational). But each of these values would exceed
%, provided we choose 1" to be large enough. Now, this large enough 7" would, by the argumentation that
we have done to obtain the inequality (B.2), give us a different set of integers k, q1, ..., q,. Thisis a
contradiction since we were supposing the first set of integers we have picked was the largest as possible.

This completes the proof of the theorem. 0
Finally, we prove the result inside Lemma 13:
Lemma. Forall A ty,...,ty € (0,+00) and ng € N, there are ny,...,ny > ng and t € R such that
|nit; — t| < At;,
foralli=1,... N.

Proof. First we prove that, for alle > O and all ¢1, ...ty > 0, the set of N+ 1—tuples (¢,n1,...,ny) €
R x Z~ that satisfy
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foreach: =1,..., N is infinite.
To prove this claim, fix o; = ti foreachi =1,..., N in Theorem 28. It guarantees the existence of

infinitely many N + 1—tuples (¢,n1,...,ny) € R x Z, with t > 0 and satisfying inequality (B.1), i.e.,

‘ai -4 < tllv—t, foreachi =1,..., N. In other words,

1
%7
foreach: =1,..., N. Since ta; = ti and since there are infinitely many (¢, n1, ..., ny) that make this

inequality work, we may choose ¢ > 0 sufficiently large such that N%/E < &, and hence the first statement

g
a——| <

’tai—nﬂ:t‘ n

is proved.

Moreover, if we ask for € > 0 to be sufficiently small, since all the ¢;’s and ¢ are positive, we may ask
that the n;’s are all positive as well.

Now, how do we move to the statement of the lemma? First, choose € > 0 to be € < \. So, for every
i=1,..., N, we find infinitely many N + 1—tuples (¢,n1,...,ny) such that ¢ > 0, the n;’s are positive
(by reducing ¢ if necessary) and since there are infinitely many of then, we can ask them all to be greater

than ng € N fixed. Finally, each n; satisfy:
|niti — t| < ety < Aty,

foralli=1,...,N. O
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