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ABSTRACT 
 
 
Boron neutron capture therapy – BNCT is a binary cancer treatment used in brain tumors. The tumor is loaded 
with a boron compound and subsequently irradiated by thermal neutrons. The therapy is based on the 10B (n, α) 
7Li nuclear reaction, which emits two types of high-energy particles, α particle and the 7Li nuclei. The total 
kinetic energy released in this nuclear reaction, when deposited in the tumor region, destroys the cancer cells. 
Since the success of the BNCT is linked to the different selectivity between the tumor and healthy tissue, it is 
necessary to carry out a sensitivity analysis to determinate the boron concentration. Computational simulations 
are very important in this context because they help in the treatment planning by calculating the lowest effective 
absorbed dose rate to reduce the damage to healthy tissue. The objective of this paper is to present a 
deterministic method based on generalized perturbation theory (GPT) to perform sensitivity analysis with 
respect to the 10B concentration and to estimate the absorbed dose rate by patients undergoing this therapy. The 
advantage of the method is a significant reduction in computational time required to perform these calculations. 
To simulate the neutron flux in all brain regions, the method relies on a two-dimensional neutron transport 
equation whose spatial, angular and energy variables are discretized by the diamond difference method, the 
discrete ordinate method and multigroup formulation, respectively. The results obtained through GPT are 
consistent with those obtained using other methods, demonstrating the efficacy of the proposed method. 
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1. INTRODUCTION 
 
Boron neutron capture therapy (BNCT) is a binary cancer therapy that is used especially for 
treatment of brain tumors. The tumor tissue is loaded with a 10B-enriched compound, BPA-f 
(boronophenylalanine-fructose), and subsequently irradiated by neutrons with epithermal 
energies between 1 eV and 10 keV [10], which penetrate the tissue and are thermalized 
(0.0253 eV), producing little effect on healthy tissue [15]. 
The therapy is based on the 10B (n, α) 7Li nuclear reaction, which emits two types of particles 
with high energy, alpha particles and the 7Li nuclei. The total kinetic energy (2.79 MeV) 
released in this nuclear reaction, when deposited in the tumor region, destroys the cancer 
cells. 
To plan BNCT treatment, in addition to considering the proper dose of the 10B (n, α) 7Li 
nuclear reaction, it is necessary determinate the dose deposited by neutrons scattered in the 
healthy tissue surrounding the tumor. For this reason, it is important to have different 
selectivity between the tumor and healthy tissue. In this context, sensitivity analysis 
considering different boron concentration values is essential to reduce the damage to healthy 
tissue [7]. 
The objective of sensitivity analysis is to evaluate the effect of varying the parameters of a 
model or phenomenon on the final result of the simulation. In BNCT, the computational 
simulation is very important; because it helps planning the treatment by analyzing the 
absorbed dose rate and its possible effects on healthy tissues, so as not to expose patients to 
unnecessary doses. 
The objective of this paper is to present a deterministic method based on generalized 
perturbation theory (GPT) to perform sensitivity analysis of the 10B concentration. This 
sensitivity analysis is important to determine of the absorbed dose rate of patients undergoing 
BNCT. For this purpose, the method relies on the neutron transport equation to simulate the 
neutron flux in all brain regions. The spatial, angular and energy variables are discretized by 
the finite difference method (diamond difference-DD), the discrete ordinate method and 
multigroup formulation, respectively. Two-dimensional Cartesian geometry is applied. The 
generalized perturbation theory method’s advantages, compared to methods traditionally 
used, is that the former calculates the optimized 10B concentration and consequently the 
absorbed dose rate with a significant reduction in computational time. The results obtained 
with GPT are consistent with those obtained using the traditional methods [13], 
demonstrating the efficacy of the proposed method. 
 

2. METHODOLOGY 
 

2.1 Generalized Perturbation Theory (GPT) 

 

The generalized perturbation theory (GPT) is a heuristic mathematical method used for 
sensitivity analysis of some physical phenomena. The initial applications of the theory were 
concentrated in the reactor physics field. The GPT formally uses the concept of an 
importance function and of conservation of particles, in relation to linear or linearized fields.  
The importance function concept in GPT [3,4] corresponds to the contribution of a given 
particle, inserted at a given time t and a given point r of the phase space, to the response 
function.  
The importance function equation is obtained directly, whereas that the contribution response 
of a particle, introduced into a system of the phase space at a given initial time t, is conserved 
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until a final time tF (importance conservation principle). In this paper, we consider the 
stationary problem based on [3], so that the response function T, which represents the neutron 
absorption rate by the 10B, is defined for two-dimensional geometry as: 
 

                                  ∫ ∫ ∫
π

∞
+ ΩΩϕΩ=

RA 4 0

dAˆddE)ˆ,E,y,x()ˆ,E,y,x(ST                                      (1) 

 

where AR  is a determined region of the brain, )ˆ,E,y,x( Ωϕ  is the neutron angular flux at the 
point (x,y) in AR , which is the solution of the linear transport equation, defined as, 
 

                                                  )ˆ,E,r(S)ˆ,E,r(L ext Ω=Ωϕ                                                    (2) 

 

where )ˆ,E,r(Sext Ω  is the external source and L the linear neutron transport operator, such 

that, 
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The parameters )E,r(t∑  and )ˆ'ˆ,E'E,r(S Ω→Ω→∑  are the total macroscopic cross section 
and the differential scattering macroscopic cross section of neutrons at point (x,y) with 

energy E  and traveling in direction Ω̂  that will be scattered in an energy interval 'dE  about 

'E  at a solid angle 'dΩ  about 'Ω̂ [11]. 

The source term )ˆ,E,y,x(S Ω+ , in the region AR, is represented by: 
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The value ∑ )E,y,x(a

 is the absorption macroscopic cross section of 10B at a point (x,y) of AR, 

such that,  
 

                                                 )E,y,x(N)E,y,x( B
aBa σ≡∑ .                                                  (5) 

 
The values of NB and )E,y,x(B

aσ  are, respectively, the atomic number density and the 

absorption microscopic cross section of 10B at point (x,y) of AR. 

If a neutron with energy E, traveling in directionΩ̂ , at time t, is introduced into a system in 

positionr , an increase in angular neutron flux results in an increase Tδ  of the absorption rate 
T considered. This variation can be produced directly for this neutron or, in multiplicative 
systems, by its descendents (importance conservation principle). Therefore, the increase Tδ is 

defined as the neutron importance. This importance can be denoted by )ˆ,E,r(* Ωψ , which is a 
function that depends on the space, angle and energy, and is a solution of the equation: 
 

                                               )ˆ,E,r(S)ˆ,E,r(L ** Ω=Ωψ + ,                                                     (6) 
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where L* is the adjoint neutron transport operator, defined by: 
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π

∞

Ω•Ω→Ω→∑−•∑+•∇⋅Ω−=
4 0

St
* 'ˆd'dE))('ˆˆ,'EE,r())(E,r()(ˆL .                  (7) 

 
By considering the linear system and the importance concept it is possible to obtain the 
relationship known as the “source reciprocity relationship” [4]: 
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where  
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With 
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The main interest when performing sensitivity analysis of physical phenomenon is to evaluate 
the variation Tδ of T due to perturbation ipδ  of the parameter set )I,...,2,1i(pi =  that are 
relevant to the phenomenon. The variation Tδ  can be defined as: 
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The first-order sensitivity coefficient considered in this paper can be defined by: 
 

                                                      dt
p

T

T

p F

0

t

t i

i
i ∫ ∂

∂≡β .                                                             (12)  

 
Each reaction of the neutrons and boron deposits energy due to the α particle and 7Li atoms. 
Thus, the sensitivity analysis of the neutron absorption rate by 10B serves to support treatment 
planning for patients undergoing BNCT, because it provides an estimate of the number of 10B 
(n,α) 7Li reactions per unit of time. This information is important to calculate the absorbed 
dose rate due to the neutrons, which according to [12] is calculated by the equation: 
 

                                   Tg,ag E)y,x(NA)y,x(c)y,x(D σφ= ,                                                (13)  

 
where D(x,y) is the absorbed dose rate at point (x,y) in the medium in Gy/h, )y,x(gφ is the 

thermal scalar neutron flux at point (x,y) in n/cm2.s, NA(x,y) is the number of the specified 
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nuclei/gr at point (x,y), g,aσ is the absorption microscopic cross section for thermal neutrons 

in cm2, ET is the energy released in the reaction in MeV and g is the energy group, which is 
considered to be thermal. The constant c = 5.76 x 10-7 is the conversion coefficient, 
converting MeV/gr into Gy/h. 

 
2.2 Sensitivity Analysis in BNCT using GPT 

 
The sensitivity analysis concerning the neutron absorption rate by 10B in the brain (healthy 
and tumor tissue) is performed using the generalized perturbation theory (GPT), considering 
the boron concentration as the principal parameter [5].  
The equation that represents the variation of T, equation (1), according to the boron 
concentration, is calculated as follows:  
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From equation (2), the following equation is defined, 
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Then, 
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Based on the source reciprocity relationship of GPT,  
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  where )ˆ.,E,y,x(* Ωψ  is the importance function defined in equation (6). 

The first-order sensitivity coefficient Bβ , based on equation (12), is calculated as follows: 
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so that 
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Since the GPT method uses the importance function concept and conservation principles and 
also the source reciprocity relationship, to perform the sensitivity analysis, equations (2) and 

(6), which define the values )ˆ,E,y,x( Ωϕ  and )ˆ.,E,y,x(* Ωψ , are solved only once. These 

values are then used to determine the values of T and Bβ , considering a reference boron 
concentration value. For any other boron concentration value, Tδ  is always calculated by 
equation (20), which is very simple.  
Calculation of Tδ by the direct method uses the following equation: 
 
                                                           iF TTT −=δ ,                                                             (21) 

 
where Ti is the neutron absorption rate for an initial boron concentration (reference value) 
and TF is the neutron absorption rate for another boron concentration value considered. Thus, 
to perform sensitivity analysis by the direct method it is necessary solve equation (2) every 
time the boron concentration value is changed, making the computational simulation very 
time consuming.  
The use of GPT to perform sensitivity analysis in BNCT is very advantageous, because it 
reduces the computational time to calculate the response variations of interest when the 
parameters are altered.  

 
3. RESULTS 

 
In this paper, the sensitivity analysis calculations are based on generalized perturbation 
theory and consider the boron concentration as the parameter of interest. 
The geometric shape of the spatial distribution of thermal neutron irradiation of brain tumors 
allows up to 6 cm without surgical procedures [6,8]. For this reason, here we simulate a case 
with a tumor of dimension (6x6) cm2, considering the brain as being a square with dimension 
(18x18) cm2, energies (1 eV to 10 keV); mesh (4x4). The diamond difference method is used 
to solve the equation (2) which considers the S4 discrete ordinate formulation, P3 method 
(anisotropic scattering) and vacuum boundary conditions. For numerical solution of the fixed 
source problem is used the “source iteration” method [11], with 10-4 as convergence criterion.  
The boron concentration reference values are 10 ppm in the healthy tissue and 30 ppm in the 
tumor. To perform the sensitivity analysis, we considered 40 ppm, 100 ppm and 125 ppm in 
the tumor.  
Figure 1 shows the geometrical configuration. Besides the tumor (R5 region), regions R2, R4, 
R6 and R8 are also considered, which are healthy tissue adjacent to the tumor. 
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Figure 1. Configuration of brain considering a tumor measuring (6x6) cm2 

 

The computational code used to solve the neutron transport equation by the diamond 
difference (DD) numerical method [11] was developed by [1]. The nuclear data of the 
elements of human tissue and tumor were obtained from the ENDF/B-VI.8 database [14,2]. 
The atomic densities (1g/cm3) of these elements are shown in Table 1 and Table 2 [12]. 
 

Table 1. Atomic density of the human tissue elements  
 

Elements W% Atomic Density x 1024 

H 10.7 0.064 
O 71.4 0.0269 
C 12.1 0.00602 
N 4.5 0.00118 

 
Table 2. Atomic density of the boron 

 
10B Concentration  Atomic Density x 1024 

10ppm 5.57E-07 

30ppm 1.67E-06 

40ppm 2.22E-06 

100ppm 5.57E-06 

125ppm 6.96E-06 

 
The neutron absorption rate for the reference values (10 ppm-30 ppm, tissue and tumor) were 
calculated and the results of this simulation are presented in Table 3. 
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Table 3. The T and DB values for the R2, R4, R6, R8 regions and tumor 
 

Regions Neutron Absorption Rate  
T 

Absorbed Dose Rate DB 

(Gy/h) 
Tumor 1.93E-03 9.75E-13 

R2 7.63E-03 1.26E-11 
R4 3.72E-04 2.09E-13 
R6 2.95E-04 12.2E-14 
R8 2.41E-08 6.21E-15 

 
The results obtained show that the value of the absorbed dose rate is higher in the R2 region 
(which represents healthy tissue, 10 ppm 10B) than in the tumor region. The consequence of 
this fact is more neutrons absorbed in healthy tissue, which results in severe damage and 
destruction of healthy cells. 
Sensitivity analysis is performed to increase the selectivity (tumor/tissue). In the first 
calculation, we determined the sensitivity coefficient Bβ , which was 1.0034. After that, we 
calculated the variations Tδ  considering the following boron concentration increases in the 
tumor region: 30ppm-40ppm, 30ppm-100ppm and 30ppm-125ppm, as shown in Table 4. 

 
Table 4. Result of sensitivity analysis in tumor region obtained by GPT 

 
Variation of 30ppm 

to: 
 

Variation of Tδ  Neutron Absorption  
Rate 

T 

40 ppm 1.00E-03 2.90E-03 
100 ppm 4.50E-03 6.40E-03 
125 ppm 6.10E-03 8.00E-03 

 
The results presented in Table 4 show that to achieve higher tumor selectivity, the 10B 
concentration must be greater than 125ppm in this region, because to any value less than this 
the neutrons absorption rate T will be higher in healthy tissue. However, the selectivity with 
difference 1:12.5 (10ppm in tissue and 125ppm in tumor) is not yet achieved with the boron 
compounds used. However, some studies in humans, as shown by [9], use a combination of 
different compound, such as borocaptate sodium (BSH) and BPA-fructose, to increase the 10B 
concentration in the tumor. This would be a viable solution in cases like the one presented. 
Another important consideration is related to the incident neutron energy. In the simulations 
performed by [13], for neutrons originating from a source with energies between (1eV and 
3keV), the absorbed dose rate in the tumor region, with 4 cm in diameter (spherical 
geometry), was high only in the first two centimeters of the tumor.  
To verify the behavior observed by [13], we ran a simulation considering the first two 
centimeters of the tumor, the 10B concentrations in the tissue (10ppm) and tumor (30ppm) 
and energies between 1eV and 10keV.  
 

Table 5. T values for different tumor dimensions 
 

Tumor Dimension Neutron Absorption Rate T 
2cm x 6cm 1.25E-02 
6cm x 6cm 1.93E-03 
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According to the result, shows in Table 5, similar behavior occurs. Therefore, in this case, the 
energy range between 1 eV and 10 keV is not sufficient for successful therapy. As most 
neutrons are absorbed in the first two centimeters of the tumor some cancer cells cannot be 
destroyed. The greater the distance between the neutron source and tumor, the greater must 
be the incident neutron energy so that the neutron absorption by 10B is sufficient to destroy all 
the cancer cells. 
In their simulations [13], concluded that with energies between 10 keV and 100 keV, the 
boron dose is more evenly distributed in the tumor, which provides greater selectivity 
between the tumor and surrounding tissue. Simulating this energy range in the example 
proposed in this paper, we obtained the results presented in Table 6. 
 

Table 6. Neutron absorption rate in the tumor and R2 regions for 
 10 keV to 100 keV 

 
Regions Neutron Absorption Rate T Absorbed Dose Rate 

(Gy/h) 
Tumor 1.89E-02 2.51E-09 

R2 8.42E-03 11.20E-11 
 

Again the behavior is the same for the neutron absorption rate as in the simulations of [13], 
which show that the generalized perturbation theory method is effective to perform sensitivity 
analysis in BNCT. 
 

4. CONCLUSION 
 
Since the radiation field in BNCT consists separately of the dose of multiple components 
(different physical properties and biological effects), the value of the dose due to the radiation 
component varies not only with the boron concentration in the tumor region, but also with the 
selectivity between tumor and tissue, the energy spectrum of incident neutrons and the tumor 
location in of the region of interest. For this reason, the sensitivity analysis of these 
parameters is important to plan proper treatment. 
The results of the studies performed in the adjacent region to the tumor are important to 
minimize the effects on healthy tissue because they allow estimating parameter values 
relevant to therapy to increase the differential of dose deposition between tumor and tissue. 
These results also show the compatibility of the results obtained by the method proposed in 
this work with other previous studies employing other methods. 
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