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problem in two dimensions
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Time-harmonic acoustic, elastic and
electromagnetic waves are governed by the
Helmholtz equation. Numerical approximation
of this equation is particularly challenging as
reported in a vast literature [2-12]. The
oscillatory behavior of the exact solution and
the quality of the numerical approximation
depend on the wave number k. To
approximate  Helmholtz  equation  with
acceptable accuracy the resolution of the mesh
should be adjusted to the wave number
according to the rule of thumb [7], which
prescribes a minimum number of elements per
wavelength. It is well known that, despite of
the adoption of this rule, the performance of
the Galerkin finite element method
deteriorates as k increases. This misbehavior,
known as pollution of the finite element
solution [9,3], can only be avoided after a
drastic refinement of the mesh, which
normally entails significant barriers for the
numerical analysis of Helmholtz equation at
mid and high frequencies.

To improve the stability and accuracy
of FEM for this boundary-value problem it is
necessary to have some criterion that allows
obtaining the stability and/or accuracy wanted.
A form of obtaining such stabilized methods
consists of adding residual terms at element
level to the Galerkin formulation. This is the
base of the GLS (Galerkin Least-Squares),
GGLS (Galerkin Gradient Least-Squares)
methods and other stabilized methods.
Therefore, it is desirable that a stabilized
method based on these ideas with a maximum

number of free parameters can be developed.
In one-dimension, the GLS method is able to
completely eliminate the pollution effect [8].
In two dimensions, there is no FEM with
piecewise linear shape functions free of
pollution effect [3,12].

We should emphasize that several
methods that minimize the phase error of the
approximate solution to solve the Helmholtz
equation in two-dimensions exist. The Quasi-
Stabilized Finite Element Method (QS) [3] is
one of these methods. Though, this method is
not based on a variational formulation. This
hinders the extension of the QS method for no
uniforms meshes, high-order polynomials and
problems with source term. Three methods,
originating from of variational formulations,
that minimize the phase error exist: Residual-
Based Finite Element Method (RBFEM) [11],
Discontinuous Finite Element Method at
Element Level (DGB) [10] and Galerkin
Projected Residual Method (GPR)[5,6].

The RBFEM method is obtained from
the Galerkin approximation by appending
terms that are proportional to residuals on
element interiors and inter-element
boundaries. The terms that are proportional to
the residuals on elements interiors can be
understood as an extension of GLS method,
considering the stabilization parameter
dependent on the position. The free parameters
are completed through residual terms on
boundaries of the element. The residual on
inter-element boundaries terms are motivated
by the wvariational multiscale formulation.



These terms implicate in an extra
computational effort when the RBFEM
formulation is compared with a classical
continuous  finite  element formulation.
Besides, a systematic for the choice of the
functions at element level, that allows
obtaining these residual terms, doesn't exist.

The DGB method is a discontinuous
finite element formulation, where
discontinuities are introduced locally, inside
each element. These discontinuities can be
viewed as discontinuous bubbles and the
corresponding degrees of freedom can be
eliminated at element level by static
condensation yielding a global matrix
topologically equivalent to those of classical
finite element approximations. However, the
DGB method needs the condensation
technique to eliminate degrees of freedom
introduced by the discontinuities. The free
parameters, related to the weak enforcement of
continuity inside each element, need to be
determined. For uniform meshes we present a
methodology to determine explicitly the
stabilization = parameters minimizing the
pollution effect. But, for no uniforms meshes
this methodology can transform the DGB
formulation in a non linear method, in the
sense that will be necessary to solve a non
linear problem at element level to determine
the free parameters and to accomplish the
condensation technique. Besides, the local
discontinuities introduced on inter-bubbles
boundaries implicate in an extra computational
effort.

Recently, we developed the GPR
method for second-order generic scalar linear
boundary-value problems. This formulation is
obtained adding  appropriate  multiple
projections of residual of the differential
equation, only at element level, to the Galerkin
formulation. The formulation carries out
explicitly the dependence of differential
equation operator, the local approach space
and is general for any dimension of the
domain. Besides, this methodology allows
introducing in the formulation a maximum
number of free parameters, which can be
determined following some criterion to
improve the stability and accuracy of the
approximate solution. In particular, when the
GPR method is applied to Helmholtz equation
is possible obtain explicit values of the free
parameters minimizing the phase error via a
dispersion analysis.

In this work, we introduced, concisely,
two formulations that minimize the pollution

effect in two-dimension: DGB and GPR
methods. One numerical experiment to
evaluate the performance of these

formulations is presented.

THE HELMHOLTZ EQUATION

Let Q< R" be an open bounded
domain with a Lipschitz continuous smooth

piecewise boundary I'. Let I'j, T';, T, be

three disjoint subsets of I" where boundary
conditions are  specified, such that

I'yul, Ul =T'". We shall consider the

interior Helmholtz problem:

Lw)=-V-(Vu)-k’u=f inQ, (1)
u=g only, ()
Vu-i=q onl, 3)
Vu-i+au=r onT,, 4)

where U denotes a scalar field that describes
time-harmonic acoustic, elastic or
electromagnetic steady state waves. The

coefficient k is the wave number, f is the
source term, g,  and r are the prescribed
boundary conditions. The coefficient « is
positive on I', and N denotes the outward

normal unit vector defined almost everywhere
on I,

The continuous Galerkin FEM

M"={Q,,...Q:} a
finite element partition of €, such that:

_ NE NE
Q=0url = JQe = J(Q, uTy),

E=l E=1

Q.nQ, =0 if E# E' and I denotes

Consider

the boundary of €2.. The continuous finite

element set and space are defined as:
Spa={u" e H'(Q):ug* eP'(Qg), u™ =g" on I';}

Vi, =" e H'(Q):v¢* e P'(Qg), v =0 on T}
where H'(Q) is Sobolev space defined in
[1], P'(Q.) is the space of polynomials of
degree less than or equal to |, g " denotes the
interpolation of g and u,';’a denotes the

restriction of U™ to Q.



Problem Eq. (1-4) have been
approximated by the following finite element

methods: find u" e Sr']’a that
satisfies VV" € VhI as
As (" vy =Fo(v"), (%)

A, = ZJ-[VUE Ve —k*ul vi]dQ+

NZva dQ+qu dl“+jrv dar.

E=I
q L

Only for purely diffusive problems the
solution of Galerkin FEM is the best
approximation. It is well known that the
Galerkin FEM is shown unstable and little
accuracy for Helmholtz equation. Its
numerical  solution  presents  spurious
oscillations that do not corresponding with the
physical solution of problem.

The discontinuous FEM at element level

Consider for each element Q. € M "

o ne
a subgrid Qe :UQGE ule, where Ifg
e=l1
denotes the boundary of Qf . Introducing in
each macroelement €2 the discontinuous
finite element subspaces,

V) = e Q)i v e P'(Q2) and
Vgg =0onIg{NI; = (Z)}, the discontinuous
finite element method at element level consists
in findng u"=@u"™+u™)eS,,+S,,
satisfying Wv"? th"a and Wv"° eVr]"b two
equations:
ADG (uh,a + uh b’Vh,a) — FG (Vh,a) ,
ADG (uh,a + uh b’Vh,b) — FG (Vh,b) ,
where Apg (u",v") and Fs (v") are given
by:

hoohy h h hy,h
Ay (u"v ):ZAE(UE,VE)+jau v'dr,

E=1

l—‘I'

(6)
(7

NE
Fe(v") =Y Fe(vi)+ J.qvh ar + J.rv“ ar,
E-l L,

I

AE(UE’VE)ZZI[vug,e'vvg,e_k EeVEe]dQ

e=1 Qe
ne ne E )
+z z I (uEe_uEe)(vEe VE,e')+
e=1 e'>e g ee
e+

ee'

h h h A h Ap’
+TE(UE,e _uE,e')(VVE,e 'nE _VE,e' 'né)_

1 Ae ne’
_E(vug,e ‘Ng _vug,e' ‘Ng )(Vg,e _VE,e')i|dF’

I:E (VE) = i J. fE,e VE,e dQ’

e=1 QeE

u,*;,e denotes the restriction U" to element

Qf, T =T NI, A is the outward

ee'

. e ee'
normal unit vector to Iz, Sg and AL are

two set of free parameters related to the weak
enforcement of continuity on the interface

e,e’
1—‘E

macroelement E, h,

of the elements e and €’ in each

c=min{he ,he, ),
where hg, and hg, are the subgrid mesh

parameters. This formulation is consistent in
the sense that the exact solution U of problem
Eq.(1-4) is also solution of Eq.(6-7).
The VARERAN
understood as classical finite element space
Vina
functions within each macroelement. Bubbles
functions are  typically  higher-order
polynomials defined on the interiors of each
element, which vanish on element boundaries.
The degrees of freedom associated with
bubbles can be eliminated by the ‘static

condensation’. Moreover, the continuity in this
formulation is relaxed on the interiors of

space can be

enriched with discontinuous bubble

elements (subgrid) depending on J¢°

Az parameters and its choice is crucial for the

quality of the numerical solution. Here, ée'

and leEe'
order to reduce the pollution effects of the
numerical solution.

The finite element system Eq. (6) and
Eq. (7) in matrix form is given by

AU, +B(A)U, = F,,
CU, +D(1,5), = F,

parameters will be determined in

(®)
©)



where A, B(z), C and D(z,ﬁ) are global

matrices, F, and F, are the global vectors of

a

source term, U, is the vector of global

unknowns of the coarse mesh, U, is the

vector of subgrid unknowns,
A, B =1, BEY are the two set of
parameters related to the weak enforcement of

of the
elements Q% and QF in each macroelement
Q.. For given A and ,E

D(/T, ,E) can be inverted for being block

diagonal a direct consequence of choosing

v™  bubble-like functions. Eliminating the

continuity on the interface I'g

the matrix

vector U, in system Eq. (9) we obtain the
condensed global system:

AU, =F",

A" =A-B(1)D(4,B)"'C,

F'=F, -B(1)D(Z,4)'F,.

which is topologically equivalent to that

corresponding to the classical C° Galerkin
approximation in the macro mesh. In fact the
subgrid degrees of freedom are eliminated at
macroelement level, and the condensed global
system is obtained by adding the
corresponding macroelement contributions

AE =A: - B¢ (ﬂ)DE(ﬂaﬂ)ilcE )
FE* =F. e —Be (4)D¢ 4,8)" Foe-

If we adopted the dispersion analysis
criteria to choose of free parameters A and

,E , then the DGB formulation generates an

interior stencil identical to the Quasi
Stabilized Finite Element Method (QS) with
minimal pollution error compared to any nine
point stencil (or any four node element) as
presented in [3].

The Galerkin projected residual method

The fundamental idea of GPR method
consists of adding to the Galerkin FEM
multiple projections of the residual with one
free parameter associated to each projection
[5,6]. The maximum number of free
parameters depends on the differential
operator and the local approach space. It is to
say, the maximum number of linearly
independent projections of residual will

depend on properties of operator (such as
symmetry, etc) and on order of interpolant
polynomials. These free parameters would be
then determined by appropriate criteria for
each specific problem, seeking to obtain more
accuracy and stable approximate solutions.

Then, consider for each fixed element
Q) the space Egpp (Q) defined as:

npel npel

Eor(Q) ={y :Q, > Ry :chi,jl-(”i)l-(nj)y

where L(-) is the differential operator defined
by Eq. (1), npel denotes the number of nodal

CLj eR}

points of  the
n.(i=1,...,npel) denotes the usual local
shape functions associated to nodal point i.
That is, Egr(Qg) is the space with

dimension dgp, generated by a local base:

Vi = L(77Lig(i,1))L(77Lig(i,2)):i =1,

where Lig(-,) is a function of

{1,...,dgpr } x {1,2} > {L,...,npel} x{1,..., npel }.
The GPR method consists in finding

u"eS"  that satisfies V" eV"  the
variational equation:

element Q. and

"dGPR’

NE | dgpr

A+ 3 (L(u ) L(Vk )""J "
E=1 i=1 LZ(QE)

+2 j YLED) VLW, dQJJ =Fs(v")+

Qe k*
Sk VLW,
Z{Zri[( e LW, + 2jk—dQ
where f_ denote the restriction of f to Q
and 7,,...,7q  are free parameters

associated to each projection of residual. Note
that, the GPR formulation is consistent, in
sense that the exact solution of Eq. (1-4) is
also solution of Eq. (10).
Let U] be the restriction of U" to Q
npel

given by uE=ZGE(i)77i, where G (i)
=

denote the value of U! in local node i of

Q) element. Therefore, we have:

h
(L(UE), L(Ziz)l//lj w2 VL(u )~k YL(ni)l//. do -
@) @

E

o



fﬂ&(m){[L(nme(’lf}‘”'] +
m=1 L (Q¢)

+i£VmeiYLmowdQ}
I=1...,npel and | =1,...,d 5.
Remind that y,....,\
L>(Qg) for Egpr(Qg) and denoting by

M the elements matrix we obtain:

(11)

is a base in

(LD L@ ), + (12)

VLU")-VL(z, L :
29[ w) U)W'szgc.,lug(m)

k* '
dGPR

MirEn = AGE(77m>77i)+ 27|Ci,| )
=

/\5(77m777i) = I[‘777m "777i_+ k277m77i] dQ +

Qe

(13)

J.CZT7m77idIﬂ’

Ie

(14)

where C;, and j are given by Eq. (12). We can
notice that the element matrix is formed by the
usual part of Galerkin more dgpr projections
of residual of the differential equation at
element level. The free parameters
Ty,..., T, » corresponding to each projection
of residual, can be determined through some
criterion adopted to improve the accuracy
and/or stability of the approximate solution for

each specific problem. For Helmholtz
equation with uniform mesh and bilinear

quadrilateral elements we have dgpr =9,

because:

¢ =+k'nm,

6, =+k*nn,, v, =,
é, :+k4771773, v, =9,
. =+K'n.17., Yy =05,
b = +K'mm. . Wai= i

A and  y,=¢,, (15
A
7 24 7 ¥3> —

-k
d, =4k nn, v =

P = +k4774774,

Let ai'm be defined by:
N j=(m-Dnpel +i if i>m
™ = (= Dnpel +m if m>i
i=1,...,npel, m=1,...,npel and
l=1,...,dgpg - (16)

Therefore, the elements of element
matrix are:

dGPR
M = A (s 11) + D718 - (17)
I=1
By Eq. (15), Egs. (16) and Eq. (12) we obtain
a, =ay, Vle{l,...,depg}. Also, by Eq.

(14) proceed AGE(773>771) = A(‘IJE (M4517,) -

Let 7, defined as:

depr
T = AGE(77m:77i)+ Z%aiﬁw >

u=l1
I =(@i—Dnpel+m, i=1,...,npel,
m=1,...,npel, (18)
and therefore the element matrix becomes:

* * * *
T, T, T, T,
* * * *
T T T T
E _ 2 5 6 3
T, T, T, T4
* * * *

T, Ty Ty T,
Notice that due to symmetry of the

Helmholtz operator and that is using first-
order interpolant polynomials we have

Egpr () space with dimension dgpr =9

(nine projections) and therefore nine free
parameters. Here, for a uniform mesh we
adopted the dispersion analysis criteria to

. * *
determine the free parameters 7,,...,7
GPR

that compose the element matrix M ® given
by Eq. (19), through the following steps:

Step 1) Using an uniform mesh with
bilinear quadrilateral elements, the interior
stencil is obtained for a plane wave
gik(xeosfrysind) o /7 < g <) as a function
of the components of the matrix M £, given
by:

T, +7, cos(l?h sinf) + 7, cos(lzh cos) +

7, cos(lzh sin 6) cos(khcos 0)=0, (20)
T,=1, +7, +7, +1,, (21)
=2z, +7,), (22)
T, =2, +14), (23)
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Notice that the parameters 7,,7,,7,

—_ *
7, =4r,.

and 7, depend on K but not on discrete

wavelength K. The stencil Eq. (20) is an
equation with four unknowns 7,,,7,,7, and 7;.

Choosing two different directions 6, and 6,

for the plane wave follows that the interior
stencil becomes two linearly independent
equations. Therefore, two unknowns will be
undetermined if we used the dispersion
analysis criteria.

Step 2) Let us assume the following
restrictions for the free parameters:

* * *

=, =0, =1,=1=7,=1, (25)
* * —

T, =Ty =37, (26)
% % — — — —
T,=T3=37,=%3T, =1, =1,. (27)

We should emphasize that for a non-
uniform meshes these restrictions should not
necessarily be assumed. Then the interior
stencil is:

1+7, (cos(l?h sin ) + cos(lzh cosd)) +

7, cos(lzh sin &) cos(lzh cosd)=0. (28)
Step 3) To minimize the phase error

of the approximate solution, following the

work [3] has:

I, = cos(khcos@,)cos(khsing,),

r, = cos(khcos@,)cos(khsing,), (29)
w, = cos(khcos@,) + cos(khsiné,),
w, = cos(khcos@, )+ cos(khsing,), (30)
= _ (rl_rz) I = (Wz_W1)
1 (I‘2W1 - rlwz) ’ ’ (rzwl - rlwz) ,
6, =% and 6, =3%. (31)
Therefore, the matrix M E

corresponds with the matrix given by [3], the
condensate matrix of DGB method and it has
the following form:

1 o 5 4

4 2 4 2

a1 o &

E

ME={2 & 2 4 (32)

L 4L 1 4

4 2 4 2

i 5 oo

2 4 2 4

. * .

This way, 7, are determined by Eqgs.

(25-27). Finally, 7, are determined by Eq.

u
(18). The determination of 7, becomes

fundamental for problems that possess source

term. We should highlight that it was not
necessary any consideration as made in the
reference [10], besides not needing of any
term in boundary of element [11]. Beyond, we
should emphasize that the GPR formulation
possesses a general methodology, that it is
valid for any geometry and dimension of the
domain, as well as, for any local approach
space.

35
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F ig. 1 Continuous interpolant CI, GPR and
GLS solutions of homogeneous problem in
two dimension at sections Xx=0.5:

6,=0, 0, =%and 6, =%.

— GPR ----- GLS

Fig. 1 Continuous interpolant CI, GPR and
GLS solutions of homogeneous problem in
two dimension at sections x=0.5

— _ =z —_ =z _ 3z 4
0,=0,0,=%5, 0, =7, 0,=5, 6;=%

5
— L
and O, =% .

Figures 1 and 2 present the solution of
homogeneous  Helmholtz  equation  for
k=100 in a unity square domain. The
Dirichlet boundary conditions are such that the
exact solution is a superposition of N mono-



energetic
directions:

plane-waves propagating in n

u(x,y)= Zcos(k(x cos®, +ysind,)). The
i=1

solution of DGB and GPR methods are equal.
Both present minimum pollution.

CONCLUSION

Herein, we present concisely two
consistent finite element formulations for
Helmholtz equation with minimal pollution
effect. The formulations are valid for any
dimension of the domain and any order of
local basis functions.

The GPR method introduces a
maximum number of free parameters via
multiple projections of the residual for each
local approach space. These free parameters
can be determined by appropriate criteria
allowing to find the continuous finite

dimensional space S" that best approximates
the infinite dimensional space S .

For bilinear shape functions the
GMPR method need 3x3 Gaussian integration,

since the local base of Egpr(Q,)

quadratic polynomial functions. Even so, the
GPR method only has volume terms. The
RBFEM formulation and DGB method have
surface terms besides the volume terms.
Therefore, the extra computational effort of
GPR method is minor that the extra
computational effort of RBFEM and DGB
methods.

For both DGB and GPR formulation
explicit values of the free parameters
minimizing the phase error are presented via a
dispersion analysis.
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