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ENRICHED SPIN CURVES ON STABLE CURVES WITH
TWO COMPONENTS

MARCO PACINI

ABSTRACT. In [M], Maind constructed a moduli space for enriched sta-
ble curves, by blowing-up the moduli space of Deligne-Mumford stable
curves. We introduce enriched spin curves, showing that a parameter
space for these objects is obtained by blowing-up the moduli space of
spin curves.

1. INTRODUCTION

A basic tool in the theory of limit linear series is to consider degenerations
of smooth curves to singular ones. In [EH], Eisenbud and Harris developed a
theory for curves of compact type, i.e. curves having only separating nodes.
The advantage to work with curves of compact type is the following. Let B
be the spectrum of a DVR and f: C — B be a general smoothing of a nodal
curve C, i.e. C = f~1(0) for some 0 € B and f~'(b) is a smooth curve for
b # 0 and C is smooth. If C ..., C, are the components of C, then all the
extensions of a line bundle £* over f~}(B — 0) are given by £ ® Oc(C;),
where £ is a fixed extension. If C' is of compact type, then £ @ O¢(C;)
does not depend on the smoothing. This is not true in general and it is the
main difficulty arising when one tries to extend the theory to a more general
class of curves. The problem was solved in [EM] for general curves with two
components, but a general analysis is still not available.

With these motivations, the notion of enriched stable curve is introduced
in [M]. Let C be a stable curve with components Ci ...,C,. An enriched
stable curve of C'is given by (C,O¢(C1)|c,...,0c(Cy)|c), where f: C — B
is a general smoothing of C'. Necessarily, we have ®]O¢(C;)|c ~ O¢. In
[M], it is shown that an enriched stable curve of C' only depends on the
first order deformation of the given smoothing C of C. Furthermore it is
possible to understand when two first order deformations of C' give rise to
the same enriched stable curve. A moduli space for enriched stable curves
is constructed by taking blow-ups of the base of the universal deformation
of stable curves and glueing all these blow-ups together.

On the other hand for a given family of nodal curves f: C — B and a line
bundle N of C of relative even degree, viewed as a family of line bundles on
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the fibers of f, one can consider the problem of compactifying the moduli
space for roots of the restriction of N to the fibers of f. In [CCC], a moduli
space is constructed in terms of limit square roots. In particular, when
f:C — B is a stable family and N' = wy, this moduli space represents spin
curves of stable curves, a generalization of theta characteristics on smooth
curves. In [C], a moduli space S_g for spin curves of stable curves of genus
g is constructed. The moduli space S_g is endowed with a natural finite
morphism : S_g — E onto the moduli space of Deligne-Mumford stable
curves. As one can expect, the degree of ¢ is 229. The fibers of ¢ over
represent spin curves. The paper [CC| provides an explicit combinatorial
description of the boundary.

Since a parameter space for enriched curves is obtained by blowing-up
M, we expect that a point of a blow-up of S, parametrizes roots of all the
possible degenerations of the dualizing sheaf on families of stable curves.
Indeed, let C be a stable curve. A curve X is obtained from C' by blowing-
up a subset A of the set of the nodes of C' if there is a morphism 7: X — C
such that, for every p; € A, 7~ (p;) = B; Pl and 7: X — U;E; — C — A
is an isomorphism. The curves E; are called exceptional. Let C be with two
smooth components, C1,Cy. We define an enriched spin curve supported on
X as a tern (X, Ly, L), where X is a blow-up of C' at a proper subset of
nodes, and L1, Lo are line bundles of X such that:

(i) L; has degree one on exceptional components of X;

(ii) if X is the complement of the union of the exceptional components
of X, then (Li|§)®? ~ wg ® O5(Cy)|5, for i = 1,2, where X — B
is a general smoothing of X, and (L1)|g ® (L2)| g ~ wg.

We introduce a notion of isomorphism between enriched spin curves and
we denote by SE¢ the set of isomorphism classes of enriched spin curves
and by SE€x the subset of the ones supported on X. In Lemma 22, we
show when S_g is singular at a spin curve £ of a curve C' with two smooth

components. A detailed analysis of the singular locus of S, is given in [LJ].
We consider a distinguished subset Dx of S_g containing & as singular point
and we find a blow-up D% — Dy, desingularizing Dx, with exceptional
divisor Pg_l, where § is the number of nodes of C. The following theorem
sums-up Proposition [3.4] and Theorem [3.6] [3.7]

Theorem 1.1. Let C be with § nodes and two smooth components of genus
at least 1. Assume that Aut(C) = {id}. For & running over the set of
spin curves of C which are singular points of S_g, there exist & hyperplanes
Heq,...,Hes of Pg_l, such that:

(i) S€¢ and Ug(Pg — (Ui<i<sHe ;) are isomorphic torsors;

(i) iof X1 and X are the blow-up and the normalization of C at a subset
I ={p1,...,pn} of nodes of C, with 1 < h < 0, then the set of the
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isomorphism classes of enriched spin curves of C' supported on Xy,
SSXVI and Ug(Ni<i<nHe i — Unci<sHe ;) are isomorphic torsors.

The proof of the Theorem [LT] uses some ideas of [P]. We see that SE¢
is parametrized by a complete variety and that it is stratified in terms of
enriched spin curves of partial normalizations of C, as illustrated in Example
B8 Furthermore, recall that the moduli space of enriched stable curve
constructed in [M] is not complete. The analysis of this paper suggests that
a compactification of this moduli space could be given in terms of enriched
stable curves on partial normalizations of stable curves.

Although the hypothesis that the components of C' are smooth could be
removed in Theorem [[.J] the combinatorics involved became a bit harder
especially in the proof of Theorem [B.7l Therefore, we choose to present the
simplest case in this paper and we plan to investigate the problem of the
generalization to any stable curve in a different paper.

We will use the following notation and terminology. We work over the
field of complex numbers. A curve is a connected projective curve which
is Gorenstein and reduced. A stable (semistable) curve C is a nodal curve
such that every smooth rational subcurve of C' meets the rest of the curve
in at least 3 points (2 points). Let wx be the dualizing sheaf of a curve X.
The genus of X is g = h°(X,wx). If Z C X is a subcurve, set Z¢:= X — Z.
A family of curves is a proper and flat morphism f: W — B whose fibers
are curves. We denote either by wy or by wyy,p, the relative dualizing sheaf
of a family. A smoothing of a curve X is a family f: X — B, where B is
a smooth, connected, affine curve of finite type, with a distinguished point
0 € B, such that X = f~1(0) and f~1(b) is smooth for b € B —0. A general
smoothing is a smoothing with smooth total space. A curve X is obtained
from C by blowing-up a subset A of the set of the nodes of C, if there is a
morphism 7: X — C such that, for every p; € A, 7= (p;) = E; ~ P! and
m: X —U;E; — C — A is an isomorphism. For every p; € A, we call F; an
exceptional component. If X is a curve , we denote by Aut(X) the group of
automorphisms of X.

2. THE MODULI SPACE OF SPIN CURVES

In [CCC], the authors described compactifications of moduli spaces of
roots of line bundles on smooth curves, in terms of limit square roots.

Let C be a nodal curve and let N € Pic(C) be of even degree. A tern
(X,L,«), where m: X — C'is a blow-up of C, L is a line bundle on X and
« is a homomorphism «a: L®? — 7*(N), is a limit square root of (C, N) if:

(i) the restriction of L to every exceptional component has degree 1;
(ii) the homomorphism « is an isomorphism at the points of X not
belonging to an exceptional component;

(iii) for every exceptional component E such that F N E° = {p,q} the

orders of vanishing of o at p and ¢ add up to 2.
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The curve X is called the support of the limit square root. If C' is stable,
then a limit square root of (C,w¢) is said to be a spin curve of C.

If X is a blow-up of a nodal curve C, denote by X =X— UFE, where FE
runs over the set of the exceptional components. There exists a notion of iso-
morphism of limit square roots. By [C, Lemma 2.1], two limit square roots
¢=(X,L,a)and ¢’ = (X, L, ) are isomorphic if and only if the restrictions
of L and L' to X are isomorphic. Denote by Aut(§) the group of automor-
phisms of . A limit square root of (C, N) supported on a blow-up X with
exceptional components {F;} is determined by the line bundle L obtained
by glueing O, (1), for every E;, and a square root of (7*N)| (> (—pi —a)),
where {p;, ¢;} = E; N E¢. Indeed, it is possible to define a homomorphism «
such that (X, L, «) is a limit square root. In the sequel, if no confusion may
arise, we denote a limit square root simply by (X, L). Let f: C — B be a
family of nodal curves over a quasi-projective scheme B and let N € Pic(C)
be of even relative degree. There exists a quasi-projective scheme Ef(,/\/’ ),
finite over B, which is a coarse moduli space, with respect to a suitable
functor, of isomorphism classes of limit square roots of the restriction of N
to the fibers of f. For more details, we refer to [CCC| Theorem 2.4.1].

Let C' be a nodal curve and N € Pic(C) of even degree. Denote by
Sc(N) the zero-dimensional scheme Sy, (N), where fo: C — {pt} is the
trivial family. In particular, Sc(IN) is in bijection with the isomorphism
classes of limit square roots of (C, N). If f: C — B is a family of curves and
N € PicC, then the fiber of Sy(N) — B over b € B is Sp-13)(N|-1()),
as explained in [CCCl, Remark 2.4.3]. Denote by ¥x the graph having the
connected components of X as vertices and the exceptional components as
edges. By [CCC, 4.1], the multiplicity of S¢(N) in € = (X, G, ) is 201(3x),

In [C], the author constructed the moduli space S_g of spin curves of
stable curves of genus g. The moduli space S_g is endowed with a finite map
¢: Sy — M,, of degree 229, Let Mg be the open subset parametrizing curves
without non-trivial automorphisms and let S_g be the restriction of S_g over
ﬁg. In this case, if f: C — B is a family of stable curves with moduli

morphism B — Mg, then Sf(wy) =Sy X, B-

Notation 2.1. Let C' be a stable curve with Aut(C') = {id} and nodes
P1,-..,ps. Let Def(C') be the base of the universal deformation of C', which
is a (3g — 3)-dimensional polydisc in Ci’iifmgig. Here {t; = 0} is the locus
where the node p; is preserved. In particular, locally analytically at C,
we have Def(C') C M. Denote by D¢ = Def(C) N C%i,...,t and by Dx =
¢~ 1 (D¢), where p: S; — M.

8

Lemma 2.2. Let C be a stable curve with two smooth components and 6
nodes with Aut(C') = {id}. Let & be a spin curve of C. Then, Sy is singular
at & if and only if £ is supported on the blow-up at the whole set of nodes of
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C'. In this case, locally analytically at &, the equations of Dx are of type:
(2.1) WiWjj = wizj, Wi Wjj Wil = WiW,pWik, for 1 <i < j <k <0.
The blow-up D% of Dx at the ideal (w11, w12, w13, ..., wis) is smooth.

Proof. Keep Notation 211 Let £ be a spin curve of C' supported on the
blow-up X of C at the nodes p1,...,py. Let p: Do — D¢ be given by:

p(tla S 790 7 S P at5) = (ti . atfzwth-i-l)- .- até)-
We have that Aut(&) acts on D¢ as subgroup of the group of automorphisms
of D¢, commuting with p, as follows. If h < §, then Xx is a graph with
one node and h loops. Thus Aut(¢) = {id} by [CCC|, Lemma 2.3.2, Lemma
3.3.1] and hence S_g is smooth at &. If h = 4, then X x is a graph with two
nodes and h edges. Again by [CCC| Lemma 2.3.2, Lemma 3.3.1], we have:

Aut(€) = {id, (t1, ... t5) > (—t1,...,—t5)).
By definition, Dx = D¢ /Aut(§). If we set w;; = t;tj for 1 < ¢ < j <6,
then locally analytically at &, the equations of Dx are as in (2.I]). Now, S_g
is given by Dx x (Def(C) N (Ci’f;f:iag%) and S, is singular at .
Let D% be the blow-up of Dy at the ideal (w11, w12, ...,wis). Cover D%
with § open subsets Uy, Us, ..., Us, such that the equation of Uy is:

W1; = QisWis 1<i<dfori+#s

wiiwjj:wizj 1<i<j<é

Wi W j Wk = Wij Wik Wik 1<i1<y< k<9
for every s =1,...,d. After few calculations, we get:

Wis = QlisWss I1<i<s

Wgi = QjsWss s<1<9

Wij = QisUjsWss 1< S]S o for 17] 7& S

In particular, Uy is smooth for every s, hence D% is smooth. O

Remark 2.3. Keep the notation of Lemma 2.2, with Dx singular. Con-
sider the map p: Dx — D¢. Of course, ¢ is a finite map of degree 29-1,
ramified over the coordinate hyperplanes of D¢o. Let R C D¢ be a line away
from the coordinate hyperplanes and containing the origin. By construc-
tion, ¢ !(R) is a union of 29=1 lines of Dx through the origin, intersecting
transversally. The group of the automorphisms of Dx commuting with ¢ is
isomorphic to (Z/2Z)°~" and acts freely and transitively on the set of 20!
lines. Let v: D% — Dx be as in Lemma 2.2 and let Pg_l = v~10) be the
exceptional divisor over the origin. The pull-back to D% of a line of D¢ is
a disjoint union of lines, intersecting ]P’g_l. Let H¢; C ]P’g_l, fori=1,...,9,
be the hyperplane such that the pull-back to D% of a line contained in
{t; = 0} C D¢ intersects ]P’g_1 in He ;. We see that ]P’g_1 — Ui<i<sHe; is a
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(2,)27,)°~1 x (C*)%~-torsor. Similarly, for every ¢ # I C {1,...,d}, we have
that MerHe i — UjgrHe i is a (2./22.)0~111=1 % (C*)*=HI=1_torsor.

3. ENRICHED SPIN CURVES

In [M], an enriched stable curve of a stable curve C' with irreducible com-
ponents C1,...,C, is defined as (C,T¢,,...,T¢c,), where Tg, = Oc(Ci)|c
and C is a general smoothing of C'. The line bundle T¢; is called a twister
induced by C; and C. Let o be the set of the enriched stable curves of C.
Let D¢ be as in Notation [Z1] In the following Lemma, we see that one can
obtain a parameter space for £, by taking a blow-up of D¢

Proposition 3.1. Let C be a stable curve with 6 nodes and two smooth com-
ponents Cy and Cy. Then Ec forms a (C*)9~-torsor, which is isomorphic
to the (C*)9~1-torsor of linear directions in D¢ through the origin, away
from the coordinate hyperplanes. The enriched curve corresponding to a line
R C D¢ is (C,Te,,Tc,), where Te, (resp. T, ) is the twister induced by Cy
(resp. C3) and any general smoothing C — B of C' such that, up to restrict
B, the induced map B — Def(C) has R as image.

For a proof of Proposition B, see [M, Proposition 3.4, 3.9]. We will
need the following result, characterizing the tuples of line bundles which are
twisters.

Proposition 3.2. Let C be a stable curve with irreducible components
C1,...,Cy and let Ty, ..., T, be line bundles on C. Then (C,Ty,...,Ty)
is an enriched stable curves of C if and only if the following conditions are
satisfied:
(i) T:®0¢; ~ Oc¢,;(=pix—-—pin;) and T;@0ce =~ Oce(pi1+- - +pin;)
for everyi=1,...,v, where {p;1,...,pin} = Ci NCF.
(i) ®,_,T; ~ Oc.

For a proof of Proposition 3.2} see [M| Proposition 3.16] or [EM, Theorem
6.10]. Similarly, we introduce enriched spin curves, showing that a parameter
space for these objects is obtained by the blow-up of Dx described in Lemma
Recall that, if X is a blow-up of a curve, we denote by X = X — UF,
for F running over the set of exceptional components.

Definition 3.3. Let C be a stable curve with two smooth components. An
enriched spin curve of C' supported on X is given by (X, L1, L), where X
is a blow-up of C at a proper subset of nodes and L; € Pic X, for i = 1,2,
with L;|p ~ Og(1) for every exceptional component E and

(Lilg)*? 2wz @ Te, , (L) © (Lalg) 2w

where T, is a twister of X induced by C; and a general smoothing of X ,
the same for ¢ = 1,2. An isomorphism between (X, L1, Lo) and (X', L}, L})
is an isomorphism o: X — X’ commuting with the blow-up maps to C' and
such that o*L; = L; for i = 1,2. Denote by [X, L;, Lo| the isomorphism
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class of an enriched spin curve, by S€¢ the set of the isomorphism classes
of enriched spin curves of C, by S€¢ the subset of the ones supported on C'.

For every set of indexes I, denote by X; the blow-up of C at the nodes
{pi}icr of C. For a smooth curve C, denote by Jo(C) the group of the
two-torsion points of the Jacobian variety of C.

Proposition 3.4. Let C be a curve with 6 nodes and two smooth components
of genus at least 1. Let C” be the normalization of C'. Then, for every
I ¢ {1,...,0}, the set of the isomorphism classes of enriched spin curves
of C supported on X1 and SE5. are isomorphic Jo(C¥) x (2.)27)~11=1 x

(C*)O-MI=1_torsors.

Proof. ;From [Cl Lemma 2.1], a class [ X7, L1, L] is determined by the pair
(L] 5{?L2| % ), hence the set of the isomorphism classes of enriched spin
curves of C' supported on X; and S& X, are in bijection. Thus, it suf-
fices to show that S€& is a Jo(C¥) x (2270~ 11=1 x (C*)9~HI=1_torsor.
The set {()A(/[,w;a ® TCwW)'{I ® Tc,)} is in bijection with 55{1, hence by
Proposition Bl it is a (C*)%~HI=1_torsor. By definition, L] %, determines
L2|)71. For wg ® Tg, fixed, the set of square roots of wi ® Tg, is a
Jo(C¥) x (2./22Z)5~ 11 torsor, because C” is the normalization of X;. [

JFrom Proposition 4], we get a partition:
S€c = UIQ{L---,(;}SE.)?I‘

Remark 3.5. Let f: X — B be a smoothing of a nodal curve X and let N €
Pic(X). Let L € Pic(X) and let 1o be an isomorphism ¢q: L®? — N ® Oy.
By [CCC, Remark 3.0.6], up to shrinking B to a complex neighbourhood
of 0, there exists £ € Pic X extending L and an isomorphism ¢: £L%? — N
extending 9. Moreover, if (£',4’) is another extension of (L, ), then there
is an isomorphism y: £ — L', restricting to the identity, with ¢ = ¢/ o x®2.

Keep Notation 2] and the notation of Remark 2.3l Let C be a stable
curve with two smooth components and 0 nodes with Aut(C) = {id}. Recall
that Do = Def(C) N Cgl,...,t(s and Dx = ¢ }(D¢), where ¢: S; — M. Let
Séj"g be the set of the spin curves of C' such that Dx is singular. Recall that
Sémg is described in Lemma Now, Sémg is a Jo(CV)-torsor, where C”
is the normalization of C', then Ugesg"g (]P’g_1 — U1§i§5H§,i) is a Jo(C") x

(Z/27,)°~1 x(C*)*~'-torsor, where ]P’g_l and He¢; are as in Remark 23]
Theorem 3.6. Let C be a curve with § nodes and two smooth components of

genus at least 1. Assume that Aut(C) = {id}. Let C¥ be the normalization
of C. Then SE¢ and Ugegsing (Pg_l — Ui<i<sHe ;) are isomorphic Jo(CV) x
. <i<

(Z/27.)°~1 x(C*)9~-torsors.
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Proof. Let Cy,Cs be the components of C. Pick (C, Ly, Ly) € SE¢. By the
definition of S€¢, there exists a general smoothing f: C — B of C' such that
L2®2 ~ we®Tg, for i = 1,2, where T, (resp. T, ) is the twister induced by
C4 (resp. Cs) and C. Let D¢ be as in Notation 211 Let R C D¢ be the line
through the origin, away from the coordinate hyperplanes, such that, up to
restrict B, the induced map B — Def(C') has R as image. By Proposition
311 the line R does not depend on the chosen smoothing C — B.

Set S¢(wys) := Sy x g M. Pick the B-curves S¢(ws(C;)), for i = 1,2, as in
[CCC| Theorem 2.4.1]. Recall that the fiber of S¢(ws(C;)) — B over 0 € B
represents limit square roots of ws(C;)|c, for i = 1,2. Notice that L; is a
limit square roots of wy(C;)|c for i = 1,2. Let ¢; € S¢(w¢(C;)) be the point
representing L;. Since w¢(C;) and wy are isomorphic away from the special
fiber, the curves S¢(w(C;)) and Sf(wy) are isomorphic away from the fiber
over 0 € B. This implies that they have the same normalization S]’{ . Call:

Y S; — St(wy)
the normalization. By [CCC, 4.1], S¢(w(C;)) is smooth at ¢; for i = 1,2.
Therefore S% and S¢(wp(Ch)) (resp. S% and S ¢(w(Cs))) are isomorphic
locally at ¢1 (resp. locally at £3). In particular, we can regard ¢; and ¢5 as
points of S;.

We are able to describe ¢(¢1) and ¥(£2). Set C1 N C2 = {p1,...,ps}. By
definition, Ly ~ Ly ® T¢,. Let £ = (X,G) € SZ™ be a spin curve of C,
where X is the blow-up of C' at the whole set of nodes and G is given by
the following data, for every exceptional component E of X:

(32) Glg~0pQ1), Gle, ~ (Lile, ~ (Ls=i)lc,(— > ps) fori=1,2.
1<s<6
Take the Cartesian diagram:

X —— 0 ——C

b

BB
where ¢ is the degree 2 covering of B, totally ramified over 0, and X is the
blow-up at the nodes of C, so that X is a smoothing of X. Call 7: X — C
the composed map. Let £; (resp. L3) be the line bundle of C such that
Li|lc =~ Ly and 5?2 ~ws®Te, (resp. La|lc ~ Ly and 5592 ~wr®Te,), as
in Remark Of course, £1 ~ Lo @ T¢,. Set G; := 7*L; @ Ox(Cs—;), for
i = 1,2. By construction, for every exceptional component £ C X we have:

Gilg ~Glg, Gilp ~ Glg ~ 0p(1).

This implies that L; (resp. Lg) is isomorphic to a line bundle G; (resp.
G2) in the isomorphism class of £. Therefore Ly and Gy (resp. Lo and Gs)
are limits of the same family of theta characteristics, hence £1, fo € 1 ~1(&).
Since L1 ~ L9 ® T, then also Ly and Ly are limits of the same family of
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theta characteristics, hence ¢; = 5 € ¥ ~1(&) C S;. Let D% Y Dx 5 D¢
be as in Remark 23l By construction, Sy(wy) is given by ¢~ (R), locally
at £. In particular, the strict transform (v o ¢)*(R) of R is contained in S}

and /1 =¥y € ]P)g_l — UlgigéHf,i- Define:
x: SEC — UEESgng (Pg_l — UlgigéHf,i)

as X(C,Ll, Lg) = 61 = 62.

We show that y is surjective. Consider £ € ]P’g_l — Ui<i<sHe¢ ;, where
¢ = (X,G) € S&™. Let R C D¢ be the line corresponding to ¢. Then
t € (vop)*(R), hence £ € S7 and ¢(I) = £ By [CCC, Lemma 4.1.1], we
have [¢p~1(€)] < 2071, Being G fixed, the data ([B2) determine a set Fi
(resp. F2) of 29~! non-isomorphic line bundles represented by 2°~! different
smooth points of Sy(ws(C1)) (resp. Sp(w(C2))). Thus [¢p~1(€)] = 2°~1 and
the subset of S(ws(C1)) (resp. Sf(wr(C2))) representing Fo (resp. Fa) is
»~1(€). In particular, £ represents two line bundles Ly, Ly appearing in a
enriched spin curve and x(C, L1, Ly) = £.

We show that x is injective. Assume that x(C, L1, Ly) = x(C, L}, L}).
In particular, if ¢; and ¢; are the points of S; representing L; and L}, for
i = 1,2, then ¢; = ¢/, which implies that L; ~ L}, for i = 1, 2. O

Theorem 3.7. Let C be a curve with § nodes and two smooth components
of genus at least 1. Assume that Aut(C) = {id}. Then for every () #
I ¢ {1,...,8} we have that UfeSgng(ni€[H§7i — UigrHe i) and SE, are

isomorphic Jo(CV) x (Z/27)~11=1 x (C*)5~HI=1_torsors.
P (

Proof. First step. Without loss of generality, let I = {1,...,h} and X be
the blow-up of C' at the first h nodes. From now on, £ = (X,G) € SZ™ will
be a fixed spin curve of C, where X is the blow-up of C at the whole set of
nodes. Pick £ € NjerHe; — UjgrHe . Let Do be as in Notation 2.1 Now, ¢
corresponds to a line of D¢ with parametrization:

(07 0,...,0, tha1, Opyotht1, Opy3thys .- - >a6th+l)7

for some «; € C*. Consider the curve R C D¢ with parametrization:

2 2
(3.3) (thats > Uiyt tha 1> Ohgatng 1, Opgsthgt, - - o Qsthyr)-

Let f: C — B be a smoothing of C' such that, up to restrict B, the induced
map B — Def(C') has R as image. Notice that ¢ is contained in the strict
transform (v o ¢)*(R) of R. Locally at the first h nodes of C, the surface
C is given by {xy — t%H =0} C Ciy,thﬁ' Let X1 — C be the resolution of

this singularities. The special fiber of h: X7 — B is X; and A7 is smooth.
Pick the B-curve Sy(wy) = Sy x g M, and its normalization:

w: S? — gf(wf).
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Now, S¢(wy) is given by ¢ 1(R), locally at &, and as in Theorem B.6}, the
strict transform (vop)*(R) of R is contained in S%. In particular £ € ().

Second Step. Consider the smoothing h: X1 — C of X;. For i = 1,2, pick
the B-curves Sy, (wp,(Cy)), as in [CCC|, Theorem 2.4.1], which are isomorphic
to Sy(wy) away from the special fiber. The fiber of Sy (wp(C;)) — B over
0 € B represents limit square roots of (Xr,wp(C;)|x,). In the Second Step,
we define points ¢; € Sy (wi(C;)) such that ¢; € p=1(¢), for i = 1,2.

Pick the following limit square roots of (Xr,wpn(Ci)|x,). Let Ei,...,Ep
be the exceptional components of X;. For ¢ = 1,2, let Y; be the blow-up of
X7 at thenodes C3_;NEq,...,C3_;NE} and call F3_;1,...,F3_; ) the new

exceptional components, as in Figure 1. Set {pp11,...,ps} := C1 N Co.
C;
I3 41
Y;
C3_; =
Figure 1

Let (Y3, L;), for i = 1,2, be a limit square root of (X7, ws(C;)|x,) defined
by the conditions L;|g; ~ OF, , Lilp,_, ; ~ Op,_, ;(1), for 1 < j < h, and:

(3.4) Li‘C’i = G’Cz ) Li‘C’sﬂ' = G‘Csfi( Z Ps)-

h<s<é
Let ¢; be the point of Sj,(wp(C;)) representing (Y, L;), i = 1,2. Since
1 < h < 4, the graph Xy, has one node and h loops, Sp(wp(C;)) — B is
étale at £;, i = 1,2, by [CCC| 4.1]. Thus S}, (wp(C;)) and 5% are isomorphic,
locally at £; and we will show that ¢; € 9 ~1(€), i = 1,2. Take the Cartesian
diagram:

zZ—"5 0 X7 X1 C

[N e o
3 Y h

X Vo B —=B

where g is the degree 2 covering of B, totally ramified over 0, J; — A7 is
the blow-up at the nodes C3_; N Ey,...,C3_; N By for i = 1,2 and Z is
blow-up at the remaining nodes of X;. We will specify the map 73 later.
Notice that Yj is the special fiber of ); — B’ for i = 1,2 and Z is smooth.
Denote by Z the special fiber of Z — B’ and let Fj1,...,F;,, Ey ..., E5 be
the exceptional components of 7;, for ¢ = 1,2, as in Figure 2.

Fi1

E
Ci 3

03—7; Ez
F3_;1

Figure 2



ENRICHED SPIN CURVES ON STABLE CURVES WITH TWO COMPONENTS 11
Let p;: Y; — X1 be the blow-up map and £; € Pic();) be such that:

(3.5) Lily, ~ Li, L ~wy p(— Y Fi_i;) ® pf(Ox,(C)|x;)
1<5<h

as in Remark B.5] for ¢ = 1,2. The second condition of (8.5) comes from the
very definition of limit square root. Let m3: Z — X be the contraction of
Fj; for i = 1,2 and j = 1,...,h. In particular, the special fiber of X" is the
blow-up X of C at the whole set of its nodes. For ¢ = 1,2, define:

(3.6) Gi = (m3)u(mfLi ® Oz(Cai+ Y Fiij)).

1<j<h
By construction, m/ L£; ® Oz(Cs—; + 1< j<, F3—i ;) has degree 0 on each Fjj,
hence G, restricts to a line bundle on X. Furthermore, Gilg ~Glg, Gilp ~
Og(1) for every exceptional component £ C X. As in Theorem [3.6] we have
that L; and a line bundle in the equivalence class of ¢ = (X, G) are limits

of the same family of theta characteristics, hence ¢; € ¥~1(¢), for i = 1,2.
Third Step. In this Step we define an isomorphism:
MierHe; — UigrHe ;) — SE%,.

X: Usesézng (

Now, [1p~1(&)| < 20~h~1 by [CCC, Lemma 4.4.1], and (3.4) define 20~"~1
different limit square roots (Y7, L;) (resp. (Y2, L2)) of (X1, wp(C1)) (resp.
(X7,wn(C2))). These limit square roots are represented by points of 1)~1(€).
Hence |¢p~1(¢)| = 297"~ and each [ € ¢~ (£) represents a limit square root
(Y1,Ly) of (X1,wn(Cy)) and a limit square root (Ya, L2) of (X1, wp(C2)).
Define x(¢) = [Elel)’GaL2’)’§]- First of all, we show that x(¢) € S€ .
Set q3—; j := C3_; N F3_; j € C3_; for i = 1,2 and 1 < j < h. The definition
of limit square root implies:

(Lil )™ = (i)l (= Y a3-ij) 2wy, @ O (Ci)l5 (D i),
1<j<h 1<j<h
for i =1,2. Set M; = OXI(CZ')‘)’(“I(Zgjgh gij), for i =1,2. We have:

My @ My ~ Ox, (C1 + Ca)| 5, ( Z (g5 + a3-i4)) ~ O,
1<j<h

M; ® Oc, ~ {Ocj(_ Zh<sgaps) Z - ]

! OCj (Zh<s§6 Ps) i
for i = 1,2. By Proposition B.2] M; is a twister T, of )f(vj induced by C;
and a general smoothing of )f(vj, the same for ¢ = 1,2. To prove the second
condition of an enriched spin curve, take the families ); and ), which are
the same family away from the special fibers. Let 6;: ) — )); be the blow-up
of Vyat C;NEy,...,C;N Ey, for i = 1,2, and call Y its special fiber. Since
(Y1, L1) and (Y3, L) are represented by the same point of S%, up to change
L5 in the isomorphism class of (Y3, Ly), we have that Ly and Lo are limits of
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the same family of theta characteristics, given by the line bundles £; of (8.5]).
Set N := (07£1) ® (05L2) and N* := N*|y_y. Thus, N* ~ wy_y/p_q,
hence N' ~ wy/pr ® Oy(D), where D is a Cartier divisor supported on
components of Y. By B4), Nc;, ~wy/p @ Oc, (= > 1< <y, ¢ij), thus:

(L1® Lol = Nz, 2wyp ® O (— D (6 + B-ij)) 2wy, -
1<j<h

Then, [X],Lﬂ;{],Lg’)’{I] S 35)’{[

We conclude by showing that x is a bijection. The injectivity of x is
trivial. In fact, if we give (Y, L;) and (Y;, L}) such that Lilg ~ L;\ij, for
i = 1,2, then (Y;, L;) and (Y;, L}) define the same limit square root, for
i =1,2. To show that x is surjective, we show that the image of x has the
right cardinality. Indeed, an element of the image is determined by choosing
¢ in the set SZ™, which is a Jo(C")-torsor, by choosing R C D¢ in the set
of curves with parametrization as in (3.3)), which is a (C*)®~"~'-torsor and
I in the set ¢~ 1(¢), which is a (Z/27)%~"~1-torsor. O

Example 3.8. Consider a stable curve C' with two smooth components
C1,C5 and three nodes. Set C1 N Cy = {p1,p2,p3}. Assume that Aut(C) =
{id}. For every spin curve & of C, let Pg,Hg,l,H&Q,H&g be as in Remark
23l Let X; be the blow-up of C at p; with exceptional component E;, for
i=1,2,3 and let X;; the blow-up at {p;,p;}, with exceptional components
E;,E; for every {i,j} C {1,2,3}. Let Sg"g be the set of spin curves of
Theorem and Theorem B.7] The set SE¢ of enriched spin curves of C' is

stratified as shown in Figure 3, where £ runs over the set Sémg .

Strata Support of Strata
of SEc¢ enriched spin curves of Ug IP’?
\/
Séc _1N_
/ \
@ C2 Ug (P2—(He 1 UH¢ 2UHe 3))
C \/
‘95)?7- B / N\
o / 7N
Ug (He,i—(He jUHe 1))
SE— C1 ;Cz
Xij J o
|/
Ug (He,iNHe ;)

Figure 3
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