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We show that the vorticity distribution obtained by minimising the induced drag
on a wing, the so called Prandtl-Munk vortex sheet, is not a travelling-wave weak
solution of the Euler equations, as it is claimed by a number of authors in the
literature. However, the Prandtl-Munk vortex sheet is a weak solution of a non-
homogeneous equation, where the forcing term represents a “tension” force applied
to the tips of the vortex sheet.
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1. Introduction
(a) Background

Although vortex sheets cannot exist in Nature, they are important as an ideal
model to describe a variety of fluid dynamical phenomena where vortex dynamics
plays an important role, for instance, in the modelling of roll-up observed in the
wakes of bluff bodies or in the trailing vortices of wings.

One of such applications is the determination of the circulation distribution
that minimises the induced drag on a plane wing. The calculation can be done in a
number of ways, such as using Prandt!’s lifting-line theory (cf. Batchelor, 1967) or
energy methods (cf. Saffman, 1992). In any case, the result obtained is a 2-D vortex
sheet distribution supported on an interval. This distribution is known variously
as the Prandtl-Munk vortex sheet or the Elliptically Loaded Wing. This vortex
sheet is also related to the so-called Kaffeel6ffel thought experiment proposed by
Klein (1910), whereby a plate of a certain length is set in uniform motion and
then “removed”; a Prandtl-Munk vortex sheet would then be left in the fluid (see
Saffman, 1992).

The Prandtl-Munk vortex sheet is the archetypical vortex sheet initial condi-
tion that leads to roll-up and, as such, has been extensively studied, although its
evolution is not completely understood. In particular, it has been suggested by a
number of authors (for instance Krasny, 1987; Meyer, 1982) that the Prandtl-Munk
vortex sheet is a travelling-wave weak solution of the Euler equations, which would
entail non-uniqueness of weak solutions, given that, in numerical simulations, the
vortex sheet is observed to roll-up. It is also known that these 2-D line vortex sheets
are prone to a Kelvin-Helmholtz type instability (cf. Moore, 1976), and this insta-
bility could be the reason as to why the travelling wave solution is not observed



in the numerical experiments (cf. Meyer, 1982). On the other hand, it has also
been argued that the singularity in the velocity field at the tips would preclude the
Prandtl-Munk vortex sheet from being an equilibrium solution. Indeed, a careful
analysis by Saffman (1992) using fluid-dynamical arguments strongly suggests that
the Prandtl-Munk vortex could only be in dynamical equilibrium if it had a certain
amount of tension applied at its tips. The purpose of the present work is to support
Saffman’s argument by means of rigorous mathematical analysis. We will show that
the Prandtl-Munk vortex sheet gives rise to a travelling-wave weak solution of the
inhomogeneous Euler equation with precisely the forcing predicted by Saffman.

We remark that most of the stability analyses of vortex sheets are done through
the Birkhoff-Rott equation. Solutions to Birkhoff-Rott are known to be weak so-
lutions of the Euler equations when the curve describing the vortex sheet and its
strength are both smooth (see Marchioro & Pulvirenti, 1994). This is not the case
for the Prandtl-Munk vortex sheet, which has a singular strength distribution.

(b) Outline

The remainder of this work is organised as follows: in §2, we give a precise
formulation of the problem, and set up the necessary notation and preliminary
results. In § 3 we state the main result and we present its proof. Some conclusions
are drawn in §4.

2. Formulation

In what follows, we will use 2-D Cartesian coordinates given by (z1,z2).
Let wp be the initial vorticity describing the Prandtl-Munk vortex sheet:

wo(z1,%2) = wilQX(_m)(ml) ® do(z2), (2.1)
V1—z7
where x(_1,1) represents the characteristic function of the interval (—1,1) and & is
the Dirac delta at x5 = 0.

The velocity associated to the Prandtl-Munk vortex sheet through the Biot-
Savart law, when evaluated by means of a principal value integral at points on the
sheet, is constant and equal to (0, —1/2) (cf. Saffman, 1992). Hence we consider the
steadily translating vorticity profile given by:

t
w(@1,T2,t) = wo(z1, 22 + 5)- (2.2)
The standard weak formulation for the 2-D incompressible Euler equations is

given in the following definition:
Definition 1. A vector field u € L$° ([0, 00); (L2 (R?))?) is a weak solution of the

loc loc
incompressible 2D Euler equations with initial data ug € (L3,,)* if:

1. The identity div u = O holds for almost every time in the sense of distribu-
tions.

2. For any test function ¢ = (¢1,¢2) € (C°([0,00) x R2))? with div ¢ = 0 we

have:

/m/ (¢t-u+u-((D¢)u))dwdt+/ #(x,0) - ug(z)dz =
0 R2 R2
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_ / F - ¢dadt,
0 R2

where D¢ is the Jacobian matriz of the vector field ¢.

Although the vorticity associated to the Prandtl-Munk vortex sheet has the
particularly simple form (2.1), the associated velocity is fairly complicated. For this
reason, we choose to work with the vorticity equation and we will use the weak
vorticity formulation, as introduced by Schochet (1995), given below:

Definition 2. 4 measure w € L*®([0,00); BM(R?) N H, 1 (R?)) is a weak solution

loc
of the wvorticity formulation of the incompressible 2D Euler equations with initial

data wo € BM(R?) N H=Y(R?) if, for any test function p € C°([0,00) x R?), we
have:

/00" (/Rz prdw(z,t) +/R2 . H,dw(z,t) ®dw(y,t)> dt + /R2 o(z,0)dwo(z) =

/ Vip-dF(z,t)dt,
0 R2
where

V(z,t) = Voly,t) (z—y)*

H t) = .
<P(:L':y: ) 47r|a:—y| |:c—y|

This formulation is equivalent to the one given in Definition 1, as long as the
velocity is (LE .(R?))? (Schochet, 1995, Lemma 2.1). The original equivalence result
was stated for the homogeneous system, but the proof carries over in a straightfor-
ward manner to the inhomogeneous case.

Finally, for n € N, we recall the notation

n n

@n)!' =[] (20), and (2n 1)1t =J](2¢-1).

=1 =1

3. The governing equation

In what follows, we shall show that the velocity associated to (2.2) solves, in a weak
sense, the system of equations:

u+u-Vu=-Vp+F
{ div u =0, (3.1)
with the forcing term
0(z1 — Lza +t/2) — 6(z1 + 1,22 + t/2)
F(z1,22) = —7/8 , (3.2)

0

where § represents the Dirac point mass at the origin in the plane.
More precisely, we have:



Theorem 3.1. The steadily translating vorticity (2.2) is a weak solution of the
vorticity formulation of the inhomogeneous incompressible 2D Euler equations, with
forcing term (3.2).

The multiplying constant in (3.2) should be compared with equation (7) in §6.3
of Saffman (1992)7. Thus, in accordance with Saffman’s analysis, the forcing given
by (4) can be thought as a tension applied near the tips of the vortex sheet.

To present the proof of this result we need to prove first a pair of lemmas.

Lemma 3.2. Set

(2n + 1)1 +1
= ent+o) T 2

z": (2n +1—20)! (26— ni

13:1 2n+2-2011 (20"
forn > 2, and set ag = ax =1/2. Then, for alln =2,3,..., ap, =1/2.
Proof. Write:

b, = (2n + 1)!!.

(2n +2)!!

Then, with this notation we have:

1 n
an = by + 5 Z bn—ébl—la
=1

so that what we want to show is that the right hand side of the equality above
is identically equal to 1/2, for n = 2,3,.... We will use a generating function
argument.

We introduce the function:

oo
= Z bx™.
n=0
It can be easily checked that
1 1
=—|(—-1).
f@=1(H=-1)

The identity sought reduces, through term-by-term identification of the Taylor
coeflicients, to the following algebraic identity:

O

We introduce the compactly supported distribution S, which paired with any
test function n € C*°(R) gives:

dzdy.

<S’">:%/11”($) Vi // :v—y \/lgi—:c“’\/ly——y2

t For comparison purposes, we observe that, in our case, we have U = 1/2 and a = 1.
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Lemma 3.3. The following identity holds:
T
=—(6 —4_
8( 1 1),

where for any a € R, &, is the Dirac measure at the point a.

Proof. We start by observing that the support of S is obviously contained in the
closed interval [—1,1].

Next we observe that S is an odd distribution, that is, if 5 is an even test
function then (S,n) = 0. Indeed, the first integral vanishes trivially, whereas to see
that the second vanishes it suffices to use the change of variables (z,y) — (—z, —y).

Now we show that (S, n) vanishes for any 7 which is a polynomial vanishing at
z = 1 and x = —1 simultaneously. Clearly it is enough to verify this for all test
functions of the form 7, (z) = (1 — z%)z?"~ 1.

First observe that, for all k =1,2,...:

Lg%k 4 ok (2k — 1!
/;1 ﬁd.’l] = /0' (COS 0) dé = WTF,

where the second equality is a well-known calculus identity (see Ryzhik & Grad-
shteyn, 1994).
We compute:

! T _((@n=DI'  (2n+ DI
[ ) ﬁdm‘”< Gl <2n+2)!!>’ (3:3)
ﬂn(ﬂf)—ﬁn(y) 2 2n 2—¢ £, 2n— e
e = (3.4)
r—yY ; Z.’L‘

hence, using (3.4) in the double integral we obtain, after noticing that the even
powers integrate to zero:

dzdy =

/_1/_1% xa)::zn(y)\/lai_ﬂ\/ly__yz

n—1 .1 1
20—1, 2n—1—2¢ z y
T Y dxdy+
;/—1/—1 V1—12 /1 —92

nooapl

20-1, 2n+1-2¢ T y .

- x Y dzxdy =
;/1/1 V1—22./1—y?

T —nn o —
=~ (20) (2n —2¢) — (2n — 20+ 2)!

2["5 (20— 1)1 (2n — 20— 1)! i (20— 1)1 (2n — 20 + 1)1



What we wish to prove is that

B 1 ((n—D1  (@2n+ 1)
°‘<S”7">‘§“< @n)ll _(2n+2)”>+

n

1 L[ @e-niEn-20-1)1 (20 — 1)1 (2n — 20 + 1)1
in" Z @O (2n—20)!! Z @O (2n—20+2)

=1

In the notation of Lemma 3.2 this can be written as a, 1 — a, = 0, which clearly
holds.

The polynomials which vanish at the endpoints of the interval [—1, 1] are dense
in C°((—1,1)) and hence S vanishes against any such test function. It follows that
the support of S is contained in the set {—1,1}. A distribution with support in a
finite set of points is a finite sum of Diracs and its derivatives. Using the fact that
S is odd, we write:

N
S=5"ar@ - (-1)ks®).

If N > 1 we can use the polynomial p(z) = z(1 — 22)" as test function to show

that ay = 0. This implies that S = ag(d; — d_1).
Finally, considering n(z) = z we conclude that ag = /8, as we wished.

We now give the proof of our main result.

Proof of Theorem 1. We will reduce the proof to Lemma 3.3. Let us begin by choos-
ing a test function of the form

lar,an,t) = a()¢ (1,224 3 )

where o and ¢ are C2° in [0, 00) and R?, respectively. We then compute:

(i)
/ooo /]R2 prdw(z, t)dt =

/ / ( S, )+a(t)%(w2($l,0)> \/17_—$1da:1dt

1
—/ a(0)¢(z1,0 da:l + / Cuy (21,0 dxldt;

1 -7 _371
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(i)
/ / H,dw(z,t) ® dw(y,t)dt =
0 R2 JR2
RPN 1/14 (#1,0) = Goy (1,0) a1 Y1
at) L a3 (71,0) = Gao (U1, da1dy, dt;
/0 ()47r/,1 1 T =Y V1—at /1-y e
(ifi)

/R ol 0)dwn () = / 00—

Therefore, adding the three terms and using the notation of Lemma 3.3 we obtain:

/000 (/R2 prdw(z,t) + /R2 » Hydw(z,t) ® dw(y,t)) dt + /R2 (2, 0)dwo () =

/0 " ()0, Cou (- 0))dt =

/Ooo o(t) (5a(1,0) = 5Gu(~1,0)) dt:/ooo [ Ve dF .o,

as we wished. We then observe that finite sums of test functions having the form
we used are dense in the set of all C°([0,00) x R?) test functions.
|

4. Conclusions

Our result is a rigorous confirmation of the conclusion obtained from a fluid dynam-
ical standpoint by (Saffman, 1992, §6.2). The need for an external force to keep the
Prandtl-Munk vortex sheet from rolling-up is due to the rather strong singularity
of the vorticity at the tips.

Another example of vortex sheet generating a flow which keeps a constant shape

vorticity profile is
wo = X[-1,1)(x1)y/1 — 2 ® do(22),

which rotates with constant angular velocity 1 about the origin (see Saffman, 1992,
§9.3). Saffman argues that the singularity at the tips of the vortex sheet in this case
is not strong enough to produce a force imbalance, so that this steadily rotating
vortex sheet generates a physically correct flow. This can also be confirmed rigor-
ously, since this vorticity configuration is a limit of a sequence of Kirchhoff ellipses,
which are known steadily rotating weak solutions of the incompressible 2D Euler
equations (again see Saffman, 1992, §9.3). Hence, the weak limit of such a sequence



of approximations must also be a weak solution, which follows by applying any
of a number of results, see for example, DiPerna & Majda (1987); Delort (1991);
Lopes Filho et al. (2000). We also observe that a tip singularity is not an essential
condition for roll-up of vortex sheets with finite length: Schwartz (1981) presents
calculations with vortex sheets without singularities that evolve to a roll-up.

Further, the result presented here raises a number of interesting issues. First, it
rules out the Prandtl-Munk vortex sheet as a natural example of non-uniqueness
of weak solutions to the Euler equations. Recent numerical evidence of such non-
uniqueness has been found by Lopes Filho et al. (1999). Also, the implications of
this result to calculations of vorticity distributions that minimise the induced drag
on a wing (for instance Munk, 1919) are not entirely clear.

Finally, this results also suggests that not every solution to the Birkhoff-Rott
equation is a solution (even in the weak sense) to the Euler equations, contrary
to an apparently common wisdom that the Birkhoff-Rott equation would give a
full description of the evolution of a vortex sheet (see for instance Saffman, 1992,
pg. 142). In particular, we observe that, as far as the Birkhoff-Rott evolution is
concerned, if we exclude the points z = +1 from the domain, then the translating
Prandtl-Munk vortex sheet is a bona-fide solution. While such a solution is probably
not relevant for the physical problem, it raises the question of what are the classes of
solutions for which there is an equivalence between the Euler and the Birkhoff-Rott
equations.

The authors would like to thank Robert Krasny and Oscar Orellana for their helpful
comments. Part of this work was done during a visit of the third author to the first two,
who thanks the financial support and the hospitality during the visit.
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