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Abstract

We study the geometry of a reduced canonical curve with a nondegenerate component. We
prove that the other components are rational normal curves in a certain configuration. In addition,
given a nonsingular point on a nondegenerate component, we analyze the relationship between
the Weierstrass semigroup and the intersection divisors of the osculating spaces with the curve.
We describe how these divisors vary and present an upper bound for their degrees. We study
in detail the curves that attain this bound. (©) 2002 Elsevier Science B.V. All rights reserved.

MSC: Primary: 14H55; secondary: 14H20

1. Introduction

Let N be a numerical semigroup, that is, a subsemigroup of the natural num-
bers whose complement is finite, say with g elements. Pinkham [14] constructed a
moduli space of pointed smooth curves of genus g whose Weierstrass semigroup
at the distinguished point is N. Using a variant of Petri’s analysis, Stohr [17] and
Oliveira and Stohr [12] constructed a compactification for the Pinkham’s space for
semigroups whose last gap is 2g — 1 or 2g — 2, respectively. In that case, the bound-
ary consists of reduced Gorenstein curves that, when canonically embedded, have
a nondegenerate component. Our aim is to show how to apply that construction
further.
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Let C be a nonhyperelliptic smooth curve of genus g. Then the canonical map,
given by the regular differentials on C, is an embedding. The image is nondegenerate
in P9~! (that is, not contained in any hyperplane) and of degree 2¢g — 2. Recall that the
Weierstrass semigroup of a point P of C is the set of pole numbers of rational functions
that are regular away from P. Its complement in the natural numbers consists of g
elements, say /) </, <--- </, called its gaps. For i=0,...,g — 2, the intersection
of all hyperplanes of P9~! that meet C at P with order at least /;,, — 1 is a subspace
of dimension i, called the ith osculating space of C at P.

We relate the gaps and the osculating spaces as follows. Let £,,,, be the intersection
divisor of the ith osculating space and the curve outside P (see Section 4). Pimentel
[13, Theorem 1.1] proved that the sequence E,, < E/, < --- < E, can vary only at
indices of a certain subset of the gaps. We improve his result in Theorem 4.1, proving
that subset can be restricted to the translation gaps / (that is, £ + n is a nongap for
every positive nongap ). In Corollary 4.3, we show that if the number of translation
gaps, called the zype, is at most two, then a divisor £/ is either zero or is equal to £.
In that case [13, Theorem 2.1], there is a certain basis for the spaces of the higher-order
differentials and the Oliveira and Stohr construction applies.

To deal with types greater than two, we stratify the moduli space according to
the behavior of the osculating spaces. In Theorem 4.5, we prove an upper bound on
the degree of divisors E,. In Section 5, we study the curves that attain that bound.
In this case, the type of the Weierstrass semigroup at P is maximal (see Definition
2.3). In (5.2) and (5.3), we present examples of such curves. Furthermore, we show
in Example 5.2 that, in general, the Weierstrass semigroup does not determine the
behavior of osculating spaces. In Theorem 5.5, we present a basis for the spaces of
the higher-order differentials on such curves, and conclude that they are arithmetically
Cohen—Macaulay.

Even if we are only interested in smooth curves, we are led naturally to consider
certain singular Gorenstein curves too, since they appear in the boundary of the moduli
space. More precisely, we consider connected, reduced, canonically embedded curves,
with a nondegenerate component. In Section 3, we characterize such curves. In Theorem
3.1, we show that each other component is a rational normal curve in the subspace that
it spans. The results stated above hold for such curves, provided that the osculating
hyperplane meets the curve only at nonsingular points.

In addition, we prove the following results. In Section 2, we deal with numerical
semigroups. In Proposition 2.1, we prove that every semigroup has a set of generators
determined by its translation gaps. In Proposition 2.5, we prove a lower bound on the
cardinality of sets of sums of gaps and show that this bound is achieved precisely by
the semigroups whose type reaches its maximal value.

In Section 6, we realize a certain family of semigroups of maximal type using
reducible curves. As a byproduct, we obtain certain Gorenstein curves containing an
irreducible component that is not Gorenstein, generalizing [11, Section 4]. In contrast,
we show in Proposition 6.5 that some semigroups of our family cannot be realized as
Weierstrass semigroups of a smooth curve.
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Below, by a semigroup we mean a numerical semigroup. All curves that we con-
sider are complete, reduced algebraic schemes of pure dimension one, defined over an
algebraically closed field K.

2. Numerical semigroups

Let N be a semigroup and g its genus, that is, the number of its gaps. We write
L={/\ <{; <--- <{,} for the set of gaps. Set d:=2g — 1 —¢,. The last gap satisfies
g</;,<29—1, and so we have 0 <d < g— 1. A gap ¢ is called special if £, — ¢ is
a gap. Since there exist g — 1 —d positive nongaps smaller than the last gap, there are
exactly d special gaps, say s < s < -+ < 84.

The positive integers ¢ such that 1 + n is a nongap for every positive nongap n are
called the translations of N (cf. [15, p. 457]). The type t of N is the number of its
translation gaps. We denote the translation gaps by

Ti={t) <th < - <t}

Note that the last gap is a translation and every other translation gap is special and so
I<t<d+1.

Below, we prove that every semigroup has a set of generators determined by its
translations gaps.

Proposition 2.1. Let ny be the smallest positive nongap of N. Then the following
statements hold.
(1) The semigroup N is generated by

{neN|n<f}U{m +t|teT}.

If ny >d + 2, then ny + ¢, can be excluded from this set.

(i) We have ny = t+ 1. If the equality holds, then {ny,n; + t;,n; + tp,...,n + 1.}
is a set of generators for N.

(iii) The set of translations of N is a semigroup generated by {neN |n < {;} UT.

Proof. (i) We must prove that each integer n satistying 4, + 1 < n < 4, + n; can be
written as a linear combination of the claimed generators. If 7, —n; <n—n; </, then
n—n €N or n—n; €T, since every gap greater than 7, — n; is a translation. Now,
if n=n; + ¢, and n; is greater than d + 2, then the number of pairs (r,n — r) with
m+1<r<{—-1=29—-2—d is greater than the number 2(g —n;) of gaps appearing
in these pairs, and so at least one such pair contains two nongaps.

(ii) Being translation gaps, the residual classes of #,%,...,¢ modulo n; are nonzero
and pairwise different and so n; > t+ 1. Suppose n; =7+ 1. Let n be a nongap and
t a translation gap with same residual classes modulo n;. Then n >t and so n is a
linear combination of »n; and ¢.

(iii) It is clear that the translations form a semigroup. The assertion about its gen-
erators follows directly from Statement (i). O
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Note that if #; =1, then n 4+ 1 is a nongap for every positive nongap »n and so the
gap sequence is 1,...,g.

Theorem 2.2. Suppose the gap sequence of N differs from 1,...,g. Then we can write
each re{2,...,4, — 1} as a sum of gaps a,b, in which at least one of them is not a
translation.

Proof. The existence of a partition of » as a sum of two gaps follows from [10,
Theorem 1.3]. We may assume r > #;. Since L#{1,...,g}, we have #; > 1 and so we
may assume » — 1 is a nongap.

Let I" denote the set of translations. We consider two cases.

Suppose » ¢ I'. Then r is a gap. So r — ¢, is a gap as well and, since I' is a
semigroup, it is not a translation. We are done in this case.

Suppose » € I'. Assume, by way of contradiction, that whenever » =a + b is a sum
of gaps, then a,b are translations. Let

N:={0lu{neN|r—nel}U{r+1,r+2,...}.

It is easy to check that N is a semigroup whose last gap is r. Let 7, be its smallest
positive nongap and S (resp. T) its set of special (resp. translation) gaps. If §is a
special gap of N, then

seL ifandonlyif r —s5€L

and so by our contradiction hypothesis we have § C I. We conclude that 7 C T,
since 7 C (SU {r}). On the other hand, it follows from Proposition 2.1 that

G={icN|i<ryu{i +1i|icT}

is a set of generators for N. Since /i; € N (as » — 1 is a nongap), we obtain G C N,
that is, N C N, which is a contradiction, because 4y € N. The theorem is proved. [J

Definition 2.3. A semigroup is said to be of maximal type if each special gap is a
translation, or equivalently, if t=d + 1.

We shall meet semigroups of maximal type in Section 5, as Weierstrass semigroups
of pointed curves whose osculating spaces intersect the curve “maximally”. Semigroups
of maximal type also appear as semigroups of values of certain one-dimensional local
rings and were named almost symmetric by Barucci and Froberg; see [2] for further
information.

Remark 2.4. Let s be a special gap and n be a positive nongap. If s+n is a gap, then
it must be a special gap and so

s€T < s —sisa gap for every special gap s’ > s.
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In particular, N is of maximal type if and only if s; —s; is a gap whenever j > 1.
Note that if d =0, then the semigroup has type one. Conversely, if d > 1, then the
last special gap is a translation and so the type is at least two.

A semigroup is called symmetric if /{; — / is a nongap for each gap 7/, that is, if
d=0. By Remark 2.4, a semigroup is symmetric if and only if it has type one. We
say that a semigroup is quasi-symmetric if it has only one special gap, namely g — 1.
Quasi-symmetric semigroups have type two and are also of maximal type.

For each n > 2, let

L,:= {Zai|a1,...,a,, EL}
i=1

be the set of sums of n gaps. Oliveira [10, Theorem 1.5] proved that a semigroup
with /, =2 is symmetric if and only if #L,=(2n — 1)(g — 1) for every n > 2. Below,
we give a lower bound on the cardinality of L, for nonsymmetric semigroups. The
semigroups that attain this bound are exactly those with maximal type.

Proposition 2.5. Let N be a nonsymmetric semigroup. For each n = 2, set
My={n,....(n = 1)} U{(n— 1), + /|l €L}.

The following statements hold.
(i) M, C Ly.
() Cn—1)(g—1)—(m—Dd+1<#L, <2n—1)g—1)—nd +g¢.
(iii) The following five assertions are equivalent:
(a) The semigroup N is of maximal type.
(b) L, =M, for some n = 2.
(¢c) L, =M, for every n = 2.
(d)#L,=C2n—1)(g—1)—(n—1)d + 1 for some n = 2.
() #L,=Q2n—1)(g—1)—(m—1)d + 1 for every n = 2.

Proof. Statement (i) follows from the proof of [11, Theorem 1.1], but we repeat the
argument here for the reader’s convenience. Let n > 2 and m€ {n,...,(n — 1)/,}. We
write m —n=1i({;—1)+(r—2) in a such way that 0 <i <n—2 and 2 <r </, Thus,
m=ity+(n—2—i)/y+r and so the inclusion M, C L, holds, since each r€{2,...,4,}
can be written as a sum of two gaps whenever N is not symmetric (cf. [10, Theorem
1.3]). Now Statement (ii) follows by observing that #M,, = (2n—1)(g—1)—(n—1)d+1
and L, C {n,n+1,...,n¢,}.

Let us prove Statement (iii). We have (c¢) implies (b) and, by Statement (i), (b) is
equivalent to (d) and (c¢) is equivalent to (e).

(b) = (a): suppose L, =M, and let s be a special gap. If & is a positive nongap,
then (n — 1)/, + h does not belong to L,. So (n —2)/; + (4, —s)+ (s + h) is not a
sum of gaps, that is, s + 2 € N. Thus, each special gap is a translation and so N has
maximal type.
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(a) = (c): let ay,...,a, be gaps and 0 < r </, be such that Y 7, a;=(n—1)/,+r.
Note that ;, — a; is a translation for each i: indeed, either /, —a; is a nongap or it is a
special gap (hence a translation, as N is of maximal type). By writing a, = Z::ll(/g —
a;)+r, we conclude 7 is a gap. We proved L, C M, and now the result follows from
Statement (i). [l

3. Canonical curves with a nondegenerate component

The intrinsic geometry of an abstract curve can be translated in terms of the projec-
tive geometry of its canonical model. For singular curves, the canonical map is obtained
by replacing the canonical sheaf by the dualizing sheaf, whose global sections we now

describe.
Let C be a curve and Cj,...,C, its irreducible components. Let v:C — C be its
normalization. The curve C is the disjoint union of normalizations Cy,...,C, of the

components. The space of rational differentials on C is the direct product
1 _ ol 1
QC—QélX"'XQC,n

of rational differentials on each component. We say that w € Qlc is a regular differential
on C if for each P € C and for each regular function z of C at P we have

Z resp(V'z - w)=0. (D
oev=1(P)
We identify the global sections of the dualizing sheaf w¢ of C with the regular dif-
ferentials on C (cf. [6, p. 82]). In order to define a map of the regular differentials
to some projective space, the dualizing sheaf must be invertible, or equivalently, the
curve C must be Gorenstein. If g is the arithmetic genus of C, then by definition

g=14h'(C,00)— K (C,0c). (2)

By duality, 2°(C,w¢)=h'(C,O¢), and so the dimension of the space of regular dif-
ferentials coincides with the arithmetic genus if and only if C is connected. Given a
regular differential @ on C, we write

div(w):= Z ordp(®) - P
PECreg

for the corresponding Weil divisor supported on nonsingular points of C. If D is a
Weil divisor supported on Crg, then we shall, by abuse of notation, write

“(D)=H"(C,wg"(-D))

to denote the space of n-fold regular differentials ¢ such that div(¢) = D.

From now on, we assume that C is a connected Gorenstein curve of arithmetic genus
g and the canonical map is an embedding. We identify C with its image, thus obtaining
a nondegenerate curve in P9~! of degree 2g — 2.
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To any curve Z we associate a graph, defined as follows: to each component Y of
Z, take a segment and mark on it one point for each singular point of Z that belongs
to Y. Finally, identify the points belonging to more than one component. If Z is a
subcurve of C, we denote by Z¢ the subcurve of C given by the union of components
not contained in Z.

Theorem 3.1. Let X be a connected subcurve of C. Suppose X is nondegenerate in
P9=1. Then the following statements hold:
(1) Each connected subcurve of X has arithmetic genus zero and its singularities
are given by the intersection of smooth branches with independent tangents.
(it) The singularities of C outside X are ordinary nodes.
(iii) Each irreducible component Y C X€ is a rational normal curve (in the subspace
that it spans). In addition, the subcurve Y° is connected.

Proof. To begin with, let Z be any subcurve of C. Then the regular differentials on
Z are precisely those given by restriction of regular differentials on C that vanish on
Z°¢. Indeed, let Z=C;U---UC,. By (1), we have that (®,...,0,) € Qé is a regular
differential on Z if and only if (wy,...,®,,0,...,0) is regular on C.

Let Z be a connected subcurve of X¢. As X is nondegenerate, it follows that there
does not exist a nonzero regular differential on C vanishing on X. So, by our remark
above, the space of regular differentials on Z is the null space. Since Z is connected,
it follows from (2) that its arithmetic genus is zero. Now the assertion about the
singularities and the graph of Z follows from [3, Proposition 1.8]. Statement (i) is
proved. Since the curve C is Gorenstein, the number of branches centered on a singular
point of C — X must be two and so Statement (ii) follows as well.

Let us prove Statement (iii). Let ¥ be an irreducible component of X°. By Statement
(1), the curve Y has arithmetic genus zero, so it is isomorphic to a projective line.

Claim. The component Y is a rational normal curve if and only if Y° is connected.

Proof (claim). Since Y C C are both Gorenstein curves, from [3, Lemma 1.12] we
obtain deg(wc|y)=deg(wy) + &, where & is the length of Oynye. So, ¥ C P9~! is
an irreducible curve of degree 6 — 2. Let r be the dimension of the space of the
regular differentials on Y. From (2), we have r=g' — 1 + h%(Y®, Oy:), where ¢’ is
the arithmetic genus of Y°. By our remark at the beginning of the proof, the curve Y
spans a subspace of dimension g —r — 1. On the other hand, the arithmetic genus of
Cisg=¢g +0—1 (cf. [7, Theorem 3]) and so

g—r—1=06—-2— (K'Y, Op) - 1).
Hence, Y is a rational normal curve if and only if W(YC, Ope)=1, proving the claim.

|

To finish the proof of Statement (iii), we need only to prove that Y is connected.
Let Z be a maximal connected subcurve of Y°. It suffices to prove that Z contains the
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subcurve X. Suppose that it is not so. Then it follows from Statements (i) and (ii) that
the graph of Z U Y is contractible and its singularities outside X are ordinary nodes.
Hence, there is a component £ C Z such that £ meets the subcurve (Z U Y) — E just
at one node. On the other hand, since the map induced by wc|g is an embedding and
E is smooth and rational, the component £ intersects its complement E¢ at least at
three points, counting the multiplicities. Therefore, E intersects the subcurve (Z U Y)°,
reaching a contradiction. The theorem is proved. [J

Remark 3.2. Suppose C has two distinct nondegenerate irreducible components, say X
and Y. Then their degrees are at least g — 1. Since C has degree 2g — 2, we conclude
that X and Y have degree ¢ — 1 and C=X U Y. So, X and Y are rational normal
curves and therefore each nonsingular point of C is noninflectionary. In characteristic
zero, Garcia and Lax [4] have shown that for every odd number n > 3, there exists an
irreducible rational curve with n ordinary nodes such that every nonsingular point is a
nonWeierstrass point.

4. Osculating spaces and Weierstrass semigroups

As before, let C be a canonically embedded Gorenstein curve of arithmetic genus g.
Let P be a nonsingular point of C and X the irreducible component of C containing
P. Let L be the set of integers / such that there exists a hyperplane H C PY~!, not
containing X, such that ordp(X.H )=/ —1 (that is, there exists a regular differential on
C vanishing with order /—1 at P). When C is smooth, L is the set of Weierstrass gaps.
To establish a common nomenclature with the smooth case, we call the elements of L
the gaps of C at P. The number of gaps is the dimension of the subspace spanned by
X plus one and so is, at most, g. We assume that there are g gaps at P or equivalently,
the component X is nondegenerate. In addition, we assume that the complement of the
gaps in the natural numbers is a semigroup and call it Weierstrass semigroup of C at P.

Let /) < /3 <--- </, be the gaps. Let T) be the intersection of all hyperplanes
of P9~! that meet C at P with multiplicity at least /;,, — 1. Each T\ is a projective
subspace of dimension i, called the ith-osculating space of C at P. So, T is the
point P, T is the tangent line and T9~2) is the osculating hyperplane of C at P. Put
d:=deg(C*.T¥=2)), where C* is the punctured curve C\ {P}. The contact order of the
osculating hyperplane and the curve at P is 4, — 1 and so /;=2g — 1 —d. We assume
that the osculating hyperplane meets the curve C outside P at least at one point, that is,
d > 1. In addition, we assume that C.79=2) consists only of nonsingular points of C.

When T C P91 is a projective subspace of codimension possibly greater than one,
we define the intersection divisor C.7 as the infimum of divisors C.H, where H is a
hyperplane containing 7. Thus, for i=0,...,g9 — 2,

cr= Z min{ordo(C.H) | H is a hyperplane, ordp(C.H) = £y, — 1} - O
oeCnTO-2
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or equivalently,

cr9= %" minfordg(w)| w € Q((Lis2 — HP)} - 0.
QecnTU-2)

We denote by w, a regular differential on C whose order at P is / — 1. Given a vector
space of regular differentials, a basis for it is called P-hermitian if the orders at P of
its elements are pairwise distinct.

Let {w/|/ €L} be a P-hermitian basis for the space of regular differentials on C.
Note that div(w,,) does not depend on the choice of the P-hermitian basis and it is
equal to C.TY=2). More generally, we have

c.r= Y minfordg(w/) |/ > lin}- QO (i=0,....9—2). (3)
QeC*NTW=2)

Put E,,,,:=C*.T") for each i. When C is smooth, Pimentel showed that the sequence
Es, < Esy < -+ < Ey can change only at indices given by special gaps. More precisely,
he proved [13, Theorem 1.1] that if E,, < Ey,,,, then /; is special. We improve his
result as follows.

Theorem 4.1. If E;, < E,,,,, then {; is a translation gap.

Proof. Assume /; is not a translation gap. Thus, there is a positive nongap # such that
/i +nis a gap. Let {w, |/ €L} be a basis for the regular differentials on C. By [13,
Proposition 1.6], we can assume, after an eventual change of basis, that div(w,/) > E/,
for nonspecial gaps ¢ (the proof there, for smooth curves, works also in our case,
since we are assuming the osculating hyperplane cuts C only at nonsingular points).
Therefore, we can assume that /; is special (otherwise E,, =FE,,, ), and in particular
that /; + n# ¢/,. Furthermore, we have div(w,,_,) > E, since 4, — n is nonspecial.

By the Riemann—Roch theorem, the vector space ch(div(w/;/)) has dimension g and
so {wswy, |/ €L} form a P-hermitian basis for it. Now, the sets

Wi={wswy | > 1} U{ws 0w -—n} and Wa={wswy |4 =4}
span the same subspace of ch(div(c%)). Hence

> minfordg(p)[@eW}-0= > minfordg(e)| e W} -0,

0eC*NT=? 0eC*NT=2

that is,

E/on+E,=E/ +E,

reaching a contradiction. The theorem is proved. [l
Let t)y <t < --- <t =/, be the translation gaps of C at P.

Definition 4.2. The ascending sequence E;,E,,...,E, is called the sequence of
(canonical) osculating divisors of C at P.
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As we have seen in Remark 2.4, a semigroup has type one if and only if every
gap is nonspecial, that is, d =0. So, if the type of Weierstrass semigroup is one then
the osculating hyperplane does not cut the curve outside P. In this case, £, =0 for
every gap /. For semigroups of type two, we have the following result, which is a
generalization of [13, Proposition 2.4].

Corollary 4.3. Suppose the type of Weierstrass semigroup of C at P is two and let
s be its last special gap. Then for each gap £, we have E; =0 if £ <s and E;=E,,
otherwise.

Proof. It follows from Theorem 4.1 that £, =E, for each gap />t and E, =0,
since E;, =0. For semigroups whose type is greater than one, we have s=¢,_;. Since
the type is two, the result follows. [J

Lemma 4.4 (Pimentel [13, Lemma 1.3]). Let /,/’ be gaps such that {+/¢' ={,. Then
div(w,) + div(ws) 2 E/y.

Proof. By the Riemann—Roch theorem, the vector space ch(div(w/;/) — P) has dimen-
sion g. Hence, the quadratic differentials {cw/ @, |i=1,...,g} form a P-hermitian basis
for it. Since / + ¢’ does not belong to /, + L, we obtain that w,w, does not belong
to Qé(div(w/ﬂ) — P) and so the lemma follows. [J

Let 51 <s3 <--- <5y be the special gaps of C at P. Now, we prove an upper
bound on the degree of divisors E,.

Theorem 4.5. For each i=1,...,d, we have deg(E,,) <i— 1.

Proof. For i=d, by applying Lemma 4.4, we obtain
div(wm) + diV(de) } E/;,

and so deg(E,,) < d — 1. The general case follows by a similar argument. Indeed, let
Dj:=E; — E,,,,_, for j=1,...,d. So, for a given i, we must prove that deg(D;) > i.
Consider the following set of i differentials

W.={ws,, 0,,..., 0}

By Lemma 4.4, we have div(wy,) 2 D; for each j. Since D; < D; whenever j < i, we
obtain div(w) % D; for each w € W. Suppose now that deg(D;) <i. Write D;:= )", a; O
with each a; positive. By doing a normalization (that is, a change of the P-hermitian
basis), we can assume that the differentials of W have pairwise different orders at Q,
(cf. [13, Remark 1.2]). Thus, at most a; of them have order smaller than a; at Q.
Normalize the remaining differentials making their orders pairwise different at O,; at
most a; among these have order smaller than a;. By proceeding in this way, we con-
clude that there exist at least i — deg(D;) differentials w in W such that div(w) = D;,
reaching a contradiction. The theorem is proved. [
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5. Curves with maximal osculating divisors

Keep the assumptions of the previous section. We study pointed curves that intersect
maximally their osculating spaces, in the sense that the bound given in Theorem 4.5
is attained.

Definition 5.1. The sequence of osculating divisors of C at P is called maximal if
deg(E;,)=i—1fori=1,...,d.

Below, we present examples of curves whose sequence of osculating divisors is
maximal. Note that, in this case, it follows from Theorem 4.1 that each special gap is
a translation, that is, the Weierstrass semigroup is of maximal type.

Example 5.2 (Kummer’s extensions). Assume char(K)=0. Let n,» be coprime inte-
gers such that n >3 and 1 <r <n —r. Let C be the smooth curve whose function
field is K(x, y), where

V=X =) (- ) (X — ),

Here, x, y are transcendental over K and c,...,c, are constants pairwise different. Then
P, (the pole of x) and Py, Py,...,P, (the zeros of x,x — cy,...,x — ¢, respectively)
are exactly the places of K(x, y) that are (fully) ramified over K(x). By the Riemann—
Hurwitz formula, the genus of C is n(n — 1)/2.

For each j=1,...,n — 1, set k;:=[rj/n]. Note that nk; <rj — 1, as n and r are
coprime. It follows that the n(n — 1)/2 differentials
w; X =)l j=1,...,n—1,
Y Coi=j—ki— 1,2 — k-2,
are regular and have pairwise different orders at P,. So, they form a basis for the
space of the regular differentials on C. The gaps of C at P, are

{un+v|u=0,....n—2,0=1,....n—1—u}

or more conveniently,

1,...,(n—1),
n+1,...,2(n—1),
2n+1,....3(n—1),

(n—1)>%
Thus, /;=(n — 1)*>, d=n—2 and s;=j(n — 1) for j=1,...,n — 2. Therefore, the
Weierstrass semigroup of C at P, is of maximal type. On the other hand, the sequence
of osculating divisors depends on the value of r.

Assume r = 1. Then k; =0 for every j and so the sequence of osculating divisors of
C at Py is

0, Py, 2Py, ...,(d — 1)Py,dPy
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and so it is maximal. The osculating hyperplane meets C outside P., only at Py.
Suppose » > 1. Then the sequence of osculating divisors at P, is (note that n > 2r)

cees(n=2r—D)Py+(r—1P,(n—7r—1)Py+ (r — )P,

and so it is not maximal in this case. From these examples we conclude that, in general,
the gap sequence does not determine the behavior of osculating spaces (compare with
Corollary 4.3).

Example 5.3 (Hermitian curves). Consider the plane curve C given by
Y9y =X

where g > 2 is a power of char(K) > 0. As a smooth projective plane curve, C has
degree ¢ + 1 and genus g(q — 1)/2. Let P be a nonWeierstrass point of C. Then the
gap sequence at P is {ug +v|u=0,...,g — 2, v=1,...,g — 1 — u} (see, e.g., [5]).
So, d =q — 2 and the special gaps are s;=i(q — 1) for i=1,...,g — 2. Note that this
is a gap sequence of a semigroup of maximal type (compare with Example 5.2). By
choosing a P-hermitian basis for the regular differentials on C (cf. [5, Section 1]), we
see that the osculating hyperplane of C at P meets C outside P at just one more point
and deg(£;,)=i—1 for i=1,...,d + 1. Hence, the sequence of osculating divisors at
P is maximal.

We write the intersection divisor of C* and the osculating hyperplane as
Ef,=dO1+ -+ duOn

and so > d;=d. If the sequence of osculating divisors is maximal, then there is a
partition on the set of special gaps, namely

S;i={sy |ordg,(Es, ) =ordg,(Es,,,) — 1} (i=1,....m),

where sy+1:=¢;. Put S;={s;1 <si2 <--- <s;q} After an eventual reordination of
the Q;’s, we may assume

Smdy < Sm—lyd,_y <0 <Sld =5d- 4

Proposition 5.4. Suppose the sequence of osculating divisors of C at P is maximal.
Let {w;|¢ €L} be a P-hermitian basis for the regular differentials on C. Then, for
each i=1,...,m and j=1,...,d;, the following assertions hold.
(i) ordg(ws,,;)=j— 1.
(i1) s + Sia, 11— =14

In addition, after an eventual change of the basis, the following also hold.
(iii) ordg,(w/) = d; for each gap ¢ & S;.
(iv) div(w,) = Ey, for each nonspecial gap ¢ .
Proof. Let D;:=E, —Ej,,,_, for j=1,...,d. We have deg(D;)=j, since the sequence
of osculating divisors is maximal. As we have seen in the proof of Theorem 4.5, we
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have div(ws,) 2 D; for each j. By (4), we have D1 = () and so ordg, (w;, ) =0. More-
over, we have div(w,) = Q) for each gap / > s, because otherwise we could normalize
s, + Wy, + cwy, for a suitable constant ¢ € K, in order to obtain ordg, (ws, ) > 0. So,
it follows from (3) that s; 1 =s;. Similarly, we have div(ws,) 2 D, and div(w,) = D;
for each gap 7 > s,. By (3) and (4), the gap s, is equal to s;» or 531, according to
D, —D; is Q) or O,. By proceeding in this way, we obtain successively for j=1,...,d,

D;—y < div(wy,), div(ws,) 2 D; and div(w,) = D; for each gap 7 > s;,

and conclude that (i) and (ii) hold.

Let us prove (iii). Let /7 be a gap and suppose 7 ¢ S;. We have proved that
ordg,(w;) > j — 1 whenever / > s;;. So, by normalizing w, — w;, + > _,
where s runs through S; and the ¢,’s are suitable constants, we get ordg,(w/) = d;,
as required. Since (iv) is a particular case of (iii), the proposition is proved. [J

cS CUS >

Below, we present a monomial basis for the space of n-fold regular differentials.
Such bases were given in [17, Section 2] for symmetric semigroups, in [11, Theorem
2.3] for the quasi-symmetric case and in [13, Theorem 2.1] for semigroups whose type
is two. To do that, we make local considerations not only at P, but also at the other
points of the intersection between the curve and the osculating hyperplane.

Suppose the set of gaps of C at P is not {I,...,g}. Given r€{2,...,4, — 1}, we
consider all pairs of gaps (a,b) such that

r=a-+b and a or b is not a translation.

By Theorem 2.2, there is at least one such pair. Let (a,, b,) be the pair with the smallest
a. For r=¢,, set a;, =s11 and b, =51 4,. Note that, as we have seen in the proof of
Proposition 5.4, 51,1 =s;.

Theorem 5.5. Preserve the above notation. Suppose the sequence of osculating divi-
sors of C at P is maximal. Assume L#{1,...,g} and d = 2. Let {w,|/ €L} be a
P-hermitian basis for the regular differentials on C as given by Proposition 5.4. Then,
for each n = 2, the 2n — 1)(g — 1) monomial expressions

k n—2—k

Wp, Da, Op, Oy , k=0,...,n=2, r=2,...,4,
n—1 .

w0, j=1,....9,

k41 n—2—k . .

W, W, Oy , i=1,....,m, j=1,...,d;,

k=0,....,n =2, (i,j,k)#(1,d;,0),

form a basis for the n-fold regular differentials on C.

Proof. By the Riemann—Roch theorem, the space of the n-fold regular differentials on
C has dimension (2n — 1)(g — 1). Therefore, we need only to show that the above
differentials are linearly independent.

The differentials in the two first rows have pairwise different orders at P and so are
linearly independent. Let ¢ be a differential in the first row with r # /,. The sequence
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of osculating divisors is maximal and so every special gap is a translation. Thus, we
have that a, or b, is not a special gap. Hence, it follows from Proposition 5.4 (iv)
that div(¢) > (n — 1)E,,. On the other hand, if ¢ is in the first row and » =/, then
div(p) = (n— 1)E; — O1. Now, let y; j,k::wfiyf'ws,_,fw’;;z*k be a differential in the last
row. By Proposition 5.4, we have for each i, J,k,

ordg,(Vij )= — D+ (n—2—k)d; <(n—1)d,
and

ordp, (Wi jx) = nd, for ui.

So, the differentials {y; ;} are linearly independent. Since ordp, (Y1 ;) < (n—1)d;—1
for j #d; or k #0, we conclude that all the differentials listed are linearly independent,
as required. [J

It follows from Theorem 5.5 that the map
K[Wy,...., W], — Q¢(0)

given by W, — wy,, is surjective for each n > 2, which is known as Noether’s The-
orem. In particular, the canonical curve C C PY~! is arithmetically Cohen-Macaulay.
If C is smooth, this means that C is projectively normal.

Corollary 5.6. Let i,j,k be positive integers such that i <m and j+ k < d;. Then
Sijrk < 8ij + Sik. Moreover, if s;; + s is a gap, then the equality holds.

Proof. Let {w,|/€L} be a P-hermitian basis as given by Proposition 5.4. The quadratic
differential wy, g, oy, ,, has order k — 1 + d; at Q; and order greater than /;, — 2
at P. By Theorem 5.5, it belongs to the space spanned by {w/w, |/ < s}, since
ordg,(ws,)=d; and ordg,(w/) > k — 1 for each £ > s; ;. So, £y —s;; +5i 1k < Sik+4
and the result follows.

Assume now that s;; + 5,1 is a gap. By Theorem 5.5 we can write

w/qus‘;jws,_/+s,-,k = Z a/w/‘c% (a/ 7& O)
(=58,

Since the right-hand side has order k —1+d; at Q;, we have ordg,(ws, 45, ) =k+/j—1,

that is, Sij + Sik = Sijtk- [l

Remark 5.7. The semigroup N\ {1,2,3,5,7}, or more generally the semigroups
N\ {L,2,....2k — 1,3k — 1,4k — 1} for k > 2,

are examples of semigroups of maximal type that do not satisfy the conditions of
Corollary 5.6. So, they cannot be realized as a Weierstrass semigroup of a pointed
curve whose sequence of osculating divisors is maximal.
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6. Certain Gorenstein curves

As we have seen in Remark 5.7, there are semigroups of maximal type that cannot be
realized by pointed curves whose sequence of osculating divisors is maximal. However,
Theorem 3.1 and Corollary 5.6 suggest how to realize a certain family of them (see
Definition 6.2 below) by using reducible canonical curves. On the other hand, some
semigroups of this family cannot be realized as Weierstrass semigroups of smooth
curves, as we shall see in Proposition 6.5.

Let N ={0,ny,n,,...} be a nonsymmetric semigroup. Let L={/},/2,...,4,} be its
set of gaps, where £, =2g—1—d. Let I' be the set of translations of N and ¢#,,%,...,t
be the translation gaps. We assume that N is of maximal type, that is, t=d + 1 and
so every special gap is a translation.

We associate to the semigroup N the projective monomial curve

X::{(a‘”lflb/?f*/1 cal?TIp T g ey e Y [(a:b)e IPI}.

Thus, X C P9~! is a nondegenerate, irreducible rational curve of degree 2g — 2 — d.
Its function field is generated by the function ¢ given by

O=Apla=l0 o pla=ply—ta o =1 ply—l a
(@b 1a?mb R A ) — b
This function is a local parameter of X at the nonsingular point (1 :0:---:0). The
contact orders of X and hyperplanes “x;, =0 at this point are /; — 1 for i=1,...,g.
The curve X has just one singular point, namely the unibranched point (0 :---:0: 1).

We use the local parameter x:=1/¢ to study the local ring of this singularity.

Proposition 6.1. The completion of the local ring of the curve X at its singular point
is

{Zdix"el([[x]]|d/:0, /EL\{tl,tz,...,tr}}.

i=0

This ring is Gorenstein if and only if ny =1+ 1.

Proof. Let S be the set of special gaps of N. The completion of the local ring is
K[[x=",x%=", . xf=/1]]

and so its semigroup of values is generated by
{neN|n<}US={neN|n </} U{tt,....t:}

since N is of maximal type and nonsymmetric. So, by Proposition 2.1 (iii), the semi-
group of values is I' and the completion is as asserted.

The local ring of an irreducible branch is Gorenstein if and only if its semigroup
of values is symmetric (cf. [9]). The semigroup I' has genus g — 7 and its last gap
is /; — ny and so it is symmetric if and only if 2(g — 1) — 1=2g — 7 — n,, that is,
m=t+1. 0O
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By Proposition 6.1, the singularity degree of X at its singular point is g — 7. Since
X is rational and does not have other singularities, its arithmetic genus is g — t (cf.
[7, Theorem 2]). So, a basis for regular differentials on X is given by {#/~'dt|/ €L\

{t1,t2,...,t:}}.

Definition 6.2. Let dy,...,d,, be positive integers such that > d;=d. A semigroup of
maximal type is called (di,...,d,)-symmetric if there exists a partition U:"zl S; of the
set of special gaps, say S; = {s;1,Si2,...,5i4,}, such that 5; ; = js; | for j=1,...,d; and
ty=(d; + 1)s;; for each i.

From now on we assume that N is a (dy,...,d,)-symmetric semigroup whose gap
sequence is not 1,...,g. For convenience, set s; 4,41:=¢, for each i.
For i=1,...,m, consider the rational normal curve

/=0 if /¢S U{4) }

Y= Do pe-! A A
{(c‘“ )€ ey, =@ BT for j=1,....d; + 1

where (a : b) €P!. As a generator of K(Y;) we take the function y; defined by

Csi

(e, :~--:c/;/)»—>
Si,2

This is a local parameter of Y; at the point (0 : --- : 0 : 1). Let C C P9~! be the
reduced curve given by the union of curves X, Y1,..., Y,,. Since these curves meet only
at the point (0 :---:0: 1), this is unique singular point of C. The algebra of rational
functions on C is K(C)=KX)x K(Y1)x -+ xK(Y;))=K(x) xK(y1) X -+ X K(¥m)-

Proposition 6.3. Let A:=K[[x]] X K[[y1]] X -+ X K[[ym]]. The completion of the local
ring of C at its unique singular point is
c, =0, /EL\ {l],fz,...,lf}
N N : Co=er0="""=emo
x ) Yy > >
chxazelyjyls"'szem,jym GA Cs‘-:eij,jzlwu,di
i=0 j=0 j=0 hJ >
Cf,=e€1d+1+ +emd,+1

This is a local Gorenstein ring whose singularity degree is g + m.

Proof. Let R:==(0:---:0:1). The image of completion ring
Ocr — Oxp x Oy g x -+ x Oy, 2

consists of elements ( fo, f1,..., fm)E A where
So=fWe),...,u(Wy,_)),
fi=f@Ws),...,ui(Wy,_)) fori=1,...,m,

for some fe€K[[W;,,...,W,,_,]] and

if /; ¢ S;U{4}

, 0
W, )i=x"1=", (W, )= . .
u(Wy,)=x ui(Wy,) {y;ilﬂk i/ = s k=1,....d;
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and so the asserted relations between the coefficients hold. In particular, the singularity
degree of the local ring of C at R is at most

m
g—f—i—m—i—Zd,-—i— l=g+m.
i=1
On the other hand, the codimension of its conductor in its integral closure 4 is at
least 29 —d + > ,(d; +2)=2g + 2m. Since this codimension is at most twice the
singularity degree (e.g. [16, p. 80]), it follows that the equality holds. Therefore, there
are no other relations between the coefficients and (¢ r is Gorenstein, as required. [

Corollary 6.4. The curve C C P9=! is a canonical curve of arithmetic genus g whose
gaps at the point (1:0:---:0) are the integers 1,(,...,¢,. Moreover, its sequence
of osculating divisors at this point is maximal.

Proof. The normalization C of C is the disjoint union of the rational nonsingular
curves X, Y,,...,Y, and so C has arithmetic genus —m. We conclude that the curve
C has arithmetic genus ¢ (cf. [7, Theorem 2]). By Proposition 6.3, the g differentials

(t'71d1,0,...,0), €L\ {ttr....t:},
(#971d 0,y 7 dy,0), i=1,....m, j=1,....d;,
(= e,y ey 2 dyn)

form a basis for the regular differentials and so C is a canonical curve. From the
differentials on the second line we conclude that the sequence of osculating divisors is
maximal. [

As is well known, a necessary condition to a numerical semigroup is realizable as
a Weierstrass semigroup of some smooth pointed curve (the “Buchweitz’s criterion)
in that its sets of sums of gaps must satisfy #L, < (2n — 1)(g — 1) for n = 2. See [8]
for examples of semigroups that do not satisfy this condition. By Proposition 2.5 (iii),
these inequalities are satisfied for semigroups of maximal type. However, as has been
shown in symmetric and quasi-symmetric cases (cf. [18, Scholium 3.5; 11, Theorem
5.1], respectively) this condition is not always sufficient. This is the case for some
other semigroups of maximal type.

Proposition 6.5. Let p be a prime number. Let H be a nonrealizable semigroup of
genus h. Let g be an integer such that g > 2p — 1)(ph+ p— 1) and p — 1 divides
2g but p does not divide s, where s:=(2¢g/(p — 1)) — 1. Let

N:=pHU(s+ pNTHYUQs+ pNHYU---U((p —2)s+ pNT)
UW(p—Ds—pjljeZ\ H},

where N is the set of the positive integers. Then N is a (p—2)-symmetric semigroup
of genus g which is not realizable as a Weierstrass semigroup of a smooth curve.
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Proof. Since the prime p does not divide s, the classes of p,s,2s,...,(p—1)s modulo p
are pairwise different. Thus, the above union is disjoint, and therefore N is a semigroup.
Its last gap is (p — 1)s=2g — 1 — (p — 2) and its special gaps are s,2s,...,(p — 2)s.
So, N is a (p — 2)-symmetric semigroup of genus g.

Now we argue as in the quasi-symmetric case (see [11, Theorem 5.1] for details):
suppose C is a smooth curve whose Weierstrass semigroup at P is N. Let f be
the morphism associated to the base-point-free linear system |nj ,P|. It follows from
Castelnuovo’s bound [1, p. 116] that f is not birational. So, f is a morphism of degree
p (since p is prime) that carries C onto a smooth curve having at f(P) the semigroup
H (for the last step one uses Puiseux’s Theorem), reaching a contradiction. [

As Prof. Torres pointed to me, the semigroups given in Proposition 6.5 appear
implicitly in the family given by him in [19, Corollary 4.2.1].
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