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a b s t r a c t 

The h -index was proposed in 2005, to objectively measure the impact and relevance of individuals’ sci- 

entific output, based on their number of publications and citations. Since then, many works have studied 

the index’s advantages and limitations, in various contexts and viewpoints. Still, we contribute to such 

a vast literature, by adopting a multi-criteria perspective to this matter. More precisely, we study the h - 

index in light of the fundamental axioms of coherence. We show that the number of publications and 

the number of total citations alone do not compose a coherent criteria family for the h -index, because it 

does not follow the axiom of exhaustivity. Thus, in this paper, we study examples from the literature to 

propose a suitable third criterion for the h- index, specifically, the form of the citation distribution among 

publications, which is less obvious than the other two. We verify that, with all three criteria, the criteria 

family that forms the h- index becomes coherent. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

Measurement and evaluation of scientific work are an increas- 

ing concern in the scientific community ( Coccia, 2008; Huber, 

2002 ). From this standpoint, Hirsch (2005) proposed the h -index to 

objectively measure the impact and relevance of scientific output, 

based on an individual ́s publications and citations. As consequence 

of its importance and simplicity, the h -index became very popu- 

lar ( Franceschini & Maisano, 2010; Korhonen, Tainio, & Wallenius, 

2001 ). For a recent application of the h -index and other bibliomet- 

ric indicators, see Laengle et al. (2017) , for instance. 

From the literature perspective, this popularity yielded many 

studies on the h -index ́s limitations, such as Antonakis and Lalive 

(2008), Bornmann and Daniel (2007, 2009 ), Braun, Gla ̈nzel, and 

Schubert (2006), Castillo, Donato, and Gionis (2007), Egghe (2010), 

Harzing and Van der Wal (2008), Norris and Oppenheim (2010), 

Panaretos and Malesios (2009), Thompson et al . (2009) , among 

others. Other studies propose adjustments to the original in- 

dex, such as Burrell (2007), Franceschini and Maisano (2010), 

Schreiber (2008), Sidiropoulos, Katsaros, and Manolopoulos (2007) , 

or entirely new variants, such as Alonso, Cabrerizo, Herrera- 

Viedma, and Herrera (2010), Anderson, Hankin, and Killworth 

(2008), Batista, Campiteli, and Kinouchi (2006) Bornmann, Mutz, 

and Daniel (2008), Cabrerizo, Alonso, Herrera-Viedma, and Her- 

rera (2010), Egghe (2006a), Egghe and Rousseau (2008), Jin (2006), 
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Jin, Liang, Rousseau, and Egghe (2007), Kosmulski (2006, 2007 ), 

Tol (2009), Vinkler (2009), Wu (2010), Zhang (2009) . For reviews 

on the h -index and its variants, see Alonso, Cabrerizo, Herrera- 

Viedma, and Herrera (2009), Egghe, (2010), Norris and Oppen- 

heim (2010), Ruscio, Seaman, D’Oriano, Stremlo, and Mahalchik 

(2012) and Schreiber, Malesios, and Psarakis (2011) . 

The present work studies some h -index properties, using a dif- 

ferent perspective, more specifically, the multi-criteria perspective. 

In this paper, we analyse the h -index as a criteria family and 

formalize which criteria compose the index, so that they form a 

coherent criteria family ( Roy & Bouyssou, 1993 ). Certain studies, 

such as Benevenuto, Laender, and Alves (2016), Egghe (2010) and 

Franceschini and Maisano (2010) , have mentioned that the h -index 

combines two aspects. Particularly, Egghe (2010) affirms: “The h - 

index is a single simple measure that combines papers (an aspect 

of quantity) and citations (an aspect of quality i.e., impact).”

However, in this paper, we show that the number of publica- 

tions and citations alone do not follow the axiom of exhaustivity 

( Roy & Bouyssou, 1993 ). We explain that the h -index requires three 

criteria; the third, less obvious than the other two, being the form 

of the citation distribution among publications. Although Hirsch 

(2005) already mentioned that the relation between h and the total 

number of citations depends on the particular distribution, herein 

we show that the distribution form must be considered a for- 

mal criterion and elucidate any eventual confusion regarding this 

matter. 

In this study, we do not adopt a statistical perspective to- 

wards the h- index, as did Glänzel (2006) and Hirsch (2007) , 

for instance. Other studies, such as Anderson et al. (2008), 
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Lando and Bertolli-Barsotti (2014), Prathap (2014) , and Zhang 

(2009) , have even proposed new h- type indexes to improve its sen- 

sitivity to the form of the citation distribution. However, we do 

not assume any statistical distribution for citations herein, because 

this would conflict with the formalization of the criteria family. 

First, such an assumption would imply in loss of generality. Though 

most importantly, we would drive the attention away from the ci- 

tation distribution and towards the parameters used. Depending on 

the probability model, we might even disregard the form of the 

citation distribution for most cases. In fact, according to Burrell 

(2013) “a good estimate of the h -index can often be obtained 

knowing only the number of publications and the number of cita- 

tions”. In line with this, Bertolli-Barsotti and Lando (2015) develop 

a formula for the h -index using the number of publications and the 

mean of citations, whereas the maximum number of citations acts 

as a mere adjustment term. For these reasons, in this paper, we do 

not make any assumptions regarding the citation distribution form 

and show that this should be a formal criterion. 

Our study does not affect the h- index’s calculations or results. 

Our purpose is to analyse the index, using tools and concepts of 

Multiple Criteria Decision Making (MCDM). Billaut, Bouyssou, and 

Vincke (2010) , for instance, adopted a similar perspective with re- 

gard to the Shanghai ranking. Moreover, there are several works 

on the h -index and its variants, such as Bouyssou and Marchant 

(2014), Deineko and Woeginger (2009), Hwang (2013), Marchant 

(2009), Miroiu (2013), Quesada (2009, 2010, 2011 a, 2011 b), and 

Woeginger, 2008 a, 2008b ), which adopted a multi-criteria ap- 

proach, however, with a different perspective. These studies pro- 

posed axioms that described desirable properties of scientific im- 

pact indexes, and analysed which bibliometric indexes satisfy 

each condition. Despite their differences, the purpose of both the 

present work as well as these axiomatic studies is to help improve 

understanding of this popular bibliometric index, and assist univer- 

sities, journals, and other potential users of bibliometric indicators 

in their decisions. 

The next section briefly explains the h -index and highlights 

some disadvantages from the literature, related to the present 

study. The third section presents a literature review on axiomatic 

analyses of the h -index and its variants. The following section stud- 

ies the h -index with regard to the fundamental axioms of coher- 

ence. Finally, the last section presents concluding remarks. 

2. Considerations on the h -index 

The h -index ( Hirsch, 2005 ) is a simple measure of impact and 

relevance of an individual’s scientific research output, combining 

the number of publications and the number of citations. By def- 

inition, a scientist has index h , if h publications have at least h 

citations each, while the other publications have no more than h 

citations each. The h publications cited at least h times compose 

the so-called h -core. 

The h -index may be considered robust ( Orbay, Karamustafaoglu, 

& Oner, 2007 ), because of two main reasons. First, once a certain 

publication has entered the h -core, an increase in its number of 

citations does not affect the h -index. Moreover, publications with 

few citations do not influence the h -index either. 

However, this robustness may be considered weak sensitivity to 

highly cited papers, and therefore, be interpreted as a disadvan- 

tage ( Egghe, 2010; Schreiber, 2010 ). It relates to the index’s con- 

dition of non-strict monotony, in which an increase/decrease in 

the number of citations per paper is not associated with an in- 

crease/decrease in the h- index ( Franceschini, Galetto, & Maisano, 

2007 ). Moreover, the unfavourable robustness may also be related 

to the lack of consistency between rankings at different levels of 

aggregation ( Waltman & Van Eck, 2012 ). 

Another disadvantage, related to the present study, is the im- 

plicit parameter, which the h -index is subject to ( Waltman & 

Van Eck, 2012 ). Although Hirsch (2005) affirmed that the h -index 

had the advantage of not depending on an arbitrary parameter, 

Waltman and Van Eck (2012) disagree. According to the latter, the 

requirement of having at least h citations for each publication in 

the h -core hides an arbitrary parameter. The index could have re- 

quired 2 h , h /2 or any other number of citations, which would lead 

to an entirely different index and ranking. 

3. Existing axiomatic analyses of the h -index 

As previously mentioned, many studies have pointed several 

disadvantages of the h -index, and proposed corrections or new 

variants. However, some of these studies may be considered my- 

opic because they focus on the index’s flaws and ignore other 

features ( Marchant, 2009 ). This approach may lead to new weak- 

nesses that the previous index did not present. 

This is why certain studies provided thorough analyses of the 

h -index, some of which included many other bibliometric rankings 

as well. Marchant (2009) , for instance, analysed a set of properties 

that entirely characterizes several different rankings, including the 

h -index. Seeing that there is no true ranking, this study presented 

the axioms that each one satisfies, in order to help select the most 

suitable ranking for different situation. 

Other studies also provided axiomatic analysis on the h -index, 

such as Deineko and Woeginger (2009), Hwang (2013) and Miroiu 

(2013), Quesada (2009, 2010, 2011 a, 2011 b), Woeginger, 2008 a, 

2008b ). However, they present limitations, because they use ax- 

ioms that are not easy to interpret and they analyse only one in- 

dex, instead of its entire family, e.g., index h’ defined as 100 times 

the h -index ( Bouyssou & Marchant, 2014 ). 

This is why Bouyssou and Marchant (2014) also used an ax- 

iomatic approach, though striving to overcome such limitations. 

Besides analysing the entire index family, the authors also con- 

tributed to the literature by studying indexes-induced rankings, as 

well as indexes. Compared to Marchant (2009) , they enlarged the 

list and also analysed indexes, not only rankings. Bouyssou and 

Marchant (2014) proposed axioms that are valid, easily interpreted 

and common to several indexes and rankings. However, the anal- 

ysis of the h -index required the definition of many new exclusive 

conditions. 

Although the present paper is based on axiomatic analyses as 

well, herein we consider the fundamental axioms of coherence 

( Roy & Bouyssou, 1993 ), instead of axioms developed from desir- 

able properties for bibliometric indicators, as explained in the next 

section. 

4. A multi-criteria approach to the h -index 

Considering the fundamental axioms of coherence, herein we 

show that the h -index is not based on a criteria family that de- 

pends solely on the total number of publications ( p ) and the to- 

tal number of citations ( N c ). Then, we introduce the third criterion 

and analyse the h- index as a criteria family. 

4.1. The h -index in light of the coherence axioms 

Previous works, such as Franceschini and Maisano (2010) , iden- 

tified that, although based on the number of publications and ci- 

tations, the h- index could evaluate scientific output in contrast to 

such measures. In other words, it is possible for a researcher to 

have a smaller h -index, and yet more citations and publications. 

Table 1 , extracted from Franceschini and Maisano (2010) , showing 

the rank frequency distribution for two scholars, consists in an ex- 

ample of such incoherence. 
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Table 1 

h -index in contrast to the number of publications and total 

citations. 

Paper rank Scholar a Scholar b 

Citations per paper Citations per paper 

1 12 20 

2 7 15 

3 6 10 

4 4 3 

5 3 3 

6 2 3 

7 1 3 

8 1 3 

9 1 3 

10 3 

11 3 

N c 37 69 

p 9 11 

h 4 3 

N c : Total number of citations. 

p : Number of publications. 

h : h -index. 

It is worth highlighting that this example is not unique. On the 

contrary, it is quite easy to find examples where the h- index evalu- 

ates researchers in a reverse order, when compared to their num- 

ber of publications and citations. This means that if the h -index 

were based on a criteria family that depended only on the total 

number of citations and on the number of publications, this two 

criteria family would be incoherent. 

We show this, using the fundamental axioms of coherence 

imposed to any criteria family: exhaustivity, cohesion and non- 

redundancy ( Roy & Bouyssou, 1993 ). Specifically, it is the axiom of 

exhaustivity that would not be verified if the h- index were based 

on a two criteria family. 

Formally, Roy and Bouyssou (1993) define the axiom of exhaus- 

tivity as ( 1 ), where j is a criterion in the criteria family F ; a, b

and c are actions under evaluation; and g j (a ) and g j (b) represent 

the performance of a and b, respectively, with regard to criterion 

j. In the h -index context, j represents each criterion, i.e., number 

of publications and total number of citations; and a, b and c rep- 

resent researchers under evaluation. 

If ∀ j ∈ F , g j (b) = g j (a ) , hence for any c : 

cHb → cHa, ∀ H ∈ { I, P, Q, R, ∼, ≻, S } 
bH ′ c → aH ′ c, ∀ H ′ ∈ { I, P, Q, R, ∼, ≻, S } (1) 

In ( 1 ), H and H ′ represent binary relations which may be of 

type I, P, Q, R, ∼, ≻ or S. I means that both actions are indifferent, 

P means that the first action is strictly preferable to the second, Q 

means that the first is weakly preferable to the second (somewhere 

between indifference and strict preference), R means absence of a 

clear and positive relation between the two actions (incomparabil- 

ity), ∼ means that the actions are either indifferent or incompara- 

ble ( I or R ), ≻ means that the first action is either strictly or weakly 

preferable to the second ( P or Q ), and S means existence of a clear 

and positive relation, which may be of strict or weak preference, 

or indifference ( P , Q or I ), indistinctively. 

As a consequence of definition ( 1 ), we have the statement ( 2 ), 

which may be regarded as a particular case of ( 1 ), where action c 

is identical to action b ( Roy & Bouyssou, 1993 ). 

If ∀ j ∈ F , g j ( b ) = g j ( a ) hence b I a (2) 

In words, if two actions a and b perform the same in all criteria 

j in the criteria family F , then these actions should be considered 

indifferent to each other. 

However, it is possible to find examples where two researchers 

are equally evaluated in both criteria, number of publications and 

total number of citations, and yet have different h -indexes. 

Table 2 

The h -index’s lack of exhaustivity. 

Paper rank Egghe Egghe’ Egghe ′′ 

1 47 57 37 

2 42 51 33 

3 37 45 29 

4 36 43 29 

5 21 27 21 

6 18 23 21 

7 17 21 20 

8 16 19 19 

9 16 18 18 

10 16 17 18 

11 15 14 17 

12 13 11 16 

13 13 10 16 

14 13 9 15 

15 13 8 15 

16 12 6 15 

17 12 5 14 

18 12 4 13 

19 12 3 13 

20 11 1 13 

N c 392 392 392 

p 20 20 20 

h 13 11 15 

N c : Total number of citations. 

p : Number of publications. 

h : h -index. 

Table 1 shows a more extreme example for this situation, where 

the h- index is in reverse order with the number of publications 

and citations. However, Table 1 does not follow the statement’s hy- 

pothesis exactly. For that, we show in Table 2 , partially extracted 

from Egghe (2006b) , the rank frequency distribution for Egghe’s ci- 

tations, from January 2006, as well as for two fabricated variations 

(Egghe’ and Egghe ′′ ), with the same number of publication ( p ) and 

the same total number of citations ( N c ), yet different h -indexes. 

The example from Table 2 shows that if the h -index were 

based on a criteria family F , whose criteria ( j) are the total num- 

ber of citations and the number of publications, we would have 

g j (a ) = g j (b) = g j (c) ∀ j ∈ F , where a represents Egghe, b repre- 

sents Egghe’, and c represents Egghe ′′ . However, a, b and c are not 

indifferent, instead c P a P b, as shown in Table 1 . 

We may find countless examples with the same characteristics, 

i.e., same p and N c , yet different h -indexes. Given one researcher 

with p publications, N c citations and an h- index, it is possible to 

find smaller h- indexes, with the same p and N c , by varying the 

distribution of citations inside the h -core and leaving one or more 

publication with less than h citations. It is also possible to find 

higher h -indexes, with the same p and N c , by redistributing some 

of the citations from publications inside the core, to publications 

outside the core. In other words, if the h index were based on 

a criteria family of p and N c , we could easily observe that the 

exhaustivity axiom would be violated, thus rendering the criteria 

family incoherent. 

According to Roy and Bouyssou (1993) , this problem could be 

solved by redefining the existing criteria, or in the simplest case, 

with an extra criterion. As it does not seem possible to redefine 

either criteria, number of publications or number of citations, so 

that exhaustitvity is ensured, we define, in the next section, a third 

criterion for the h -index. 

4.2. About the third criterion 

In this section, we explain that a suitable third criterion relates 

to the citation distribution, which is less obvious than the number 

of total citations and number of publications. 
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Table 3 

Number of citations for each publication. 

Paper rank Egghe Rousseau Leydesdorff White Martin Van Raan 

1 47 25 79 128 156 108 

2 42 18 32 106 74 51 

3 37 18 26 103 52 49 

4 36 16 24 45 38 41 

5 21 16 23 37 35 35 

6 18 15 22 28 33 32 

7 17 15 19 22 33 31 

8 16 14 17 21 30 30 

9 16 13 17 20 29 25 

10 16 13 16 15 28 25 

11 15 13 15 14 24 23 

12 13 13 13 14 23 22 

13 13 13 13 12 22 22 

14 13 12 13 12 20 21 

15 13 12 11 12 19 20 

16 12 12 11 12 18 19 

17 12 11 11 16 19 

18 12 10 10 16 19 

19 12 10 8 16 19 

20 11 9 6 16 18 

21 5 14 18 

22 5 14 17 

23 5 11 17 

24 5 9 17 

25 4 9 15 

26 4 9 14 

27 6 14 

28 4 14 

N c 392 238 391 664 774 755 

p 20 16 20 26 28 28 

h 13 13 13 12 16 19 

N c : Total number of citations. 

p : Number of publications. 

h : h -index. 

For this purpose, we use the example in Table 3 , extracted from 

Egghe’s (2006b) citation database, from January 2006, also studied 

in Rubem, Moura, and Soares de Mello (2015) , for instance. Table 

3 presents the rank frequency distribution for six authors, namely 

Leo Egghe, Loet Leydesdorff, Ronald Rousseau, Howard D. White, 

Ben Martin, and Anthony F. J. Van Raan. Table 3 also presents the 

number of publications, total citations, and the h- index, for each 

author. 

We may observe that Rousseau presents the least number of 

total citations and publications, though his h -index is higher than 

White’s. The reason for this is that White’s citations are consid- 

erably concentrated – half of all citations are concentrated on 

three publications, whereas Rousseau’s citations are very well dis- 

tributed. Moreover, Rousseau’s h -index is the same as Egghe’s 

and Leydesdorff’s, who present 64% more citations than Rousseau, 

though with higher concentration. Particularly, 20% of Leydesdorff’s 

citations are attributed to a single publication. 

To further illustrate this less explicit criterion, we redistributed 

citations from Table 3 to maximize the h -index, as shown in Table 

4 . We should highlight that such redistribution is not possible for 

actual researchers and their scientific output. In other words, the 

researchers shown in Table 3 would never have their scientific out- 

put as shown in Table 4 . The purpose of this modification is simply 

to help illustrate the importance of the citation distribution crite- 

rion for a researcher’s h -index. 

Comparing Tables 3 and 4 , we could observe that citations were 

dispersed, which led to an increase of the h -index. Clearly, this 

is not the single citation distribution that leads to this maximum 

h -index. If Egghe had a single citation for his 20th publication, 

19 citations for each publication, from the second to the 19th 

publication, and 49 citations for the first publication, for instance, 

his h -index would also be 19, as in Table 4 . 

From these examples, we could observe that the citation dis- 

tribution is an essential aspect for the h -index criteria family. We 

show that the h- index depends on three different and independent 

aspects, i.e., number of publications, number of citations, and how 

these citations are distributed among publications, which should 

be defined as separate criteria. Thus, the h -index requires three cri- 

teria, the third being the form of the citation distribution, herein, 

referred to as c ∼. In other words, for a given form of citation dis- 

tribution, the h -index varies depending on the number of citations 

and publications. 

For a given number N c of citations and p publications, the 

h -index will be higher when more n c citations are equally dis- 

tributed among 
√ 
n c publications, where n c ≤ N c and 

√ 
n c ≤ p. In 

this case, all 
√ 
n c publications would have at least 

√ 
n c citations 

each, which leads to an h- index of 
√ 
n c , according to its definition. 

The other N c − n c citations could have any distribution. In Egghe’s 

redistributed example from Table 4 , there were 19 citations equally 

distributed among 19 publications, whereas the other 31 citations 

could have been attributed to any publication, either concentrated 

on this first, or somehow distributed among various publications, 

without affecting his h- index. 

Consequently, the highest h -index for a researcher with N c cita- 

tions and p ≥
√ 

N c publications is 
√ 

N c , if all citations are equally 

distributed among 
√ 

N c publications. More precisely, it is the high- 

est natural number h ≤
√ 

N c . This situation is illustrated in Table 

4 for all authors. For Egghe, 
√ 

N c = 
√ 
392 ∼= 19 . 8 , thus Egghe’s 

highest h -index with the same number of citations and the same 
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Table 4 

Redistribution of citations to maximize the h -index. 

Paper rank Egghe Rousseau Leydesdorff White Martin Van Raan 

1 20 15 20 26 28 28 

2 20 15 20 26 28 28 

3 20 15 20 26 28 28 

4 20 15 20 26 28 28 

5 20 15 20 26 28 28 

6 20 15 20 26 28 28 

7 20 15 20 26 28 28 

8 20 15 20 26 28 28 

9 20 15 20 26 28 28 

10 20 15 20 26 28 28 

11 20 15 20 26 28 28 

12 20 15 20 26 28 28 

13 20 15 20 26 28 28 

14 20 15 20 26 28 28 

15 20 15 20 26 28 28 

16 20 13 20 26 28 28 

17 20 20 26 28 28 

18 20 20 26 28 28 

19 20 20 26 28 28 

20 12 11 26 28 28 

21 26 28 28 

22 26 28 28 

23 26 28 28 

24 26 28 28 

25 26 28 28 

26 14 28 27 

27 28 27 

28 18 1 

N c 392 238 391 664 774 755 

p 20 16 20 26 28 28 

h 19 15 19 25 27 27 

N c : Total Number of Citations. 

p : Number of Publications. 

h : h -index. 

Fig. 1. Illustrative examples of different citation distribution. 

number of publications is h = 19, as shown in Table 4 . Similarly, 

for Martin, 
√ 

N c = 
√ 
774 ∼= 27 . 8 , thus his highest h -index, is h = 27, 

which is also presented in Table 4 . 

When p < 

√ 

N c , which is unrealistic according to Hirsch (2005) , 

and not true for any author from Tables 2 and 3 , the maximum 

h -index would be p, if n c = p 2 citations were equally distributed 

among the p publications. In this case, the other N c − n c citations 

could also have any distribution. 

To illustrate these definitions graphically, let us suppose there 

are a total of N c = 64 citations and p = 8 publications, as shown in 

all cases of Fig. 1 . The dark grey area represents the n c citations 

that are equally distributed, which affect the h index, and the light 

grey area, in the second and third illustrations, represent the N c −
n c citations that do not affect the index. 

The highest possible h index occurs when the total number of 

citations ( N c = 64 ) are equally distributed among 
√ 

N c = 8 publi- 

cations. This is why the “ideal distribution” for Land and Bertoli- 

Barsotti’s (2014) h -type index, for instance, is squared-form. The 

second highest index occurs when n c = ( 
√ 

N c − 1 ) 2 = 49 citations 

equally distributed among 
√ 
n c = 

√ 

N c − 1 = 7 publications. Then, 

the following highest index occurs with n c = ( 
√ 

N c − 2 ) 2 = 36 ci- 

tations equally distributed among 
√ 
n c = 

√ 

N c − 2 = 6 publications, 

etc. 
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4.3. A three criteria family 

In this section, we define the criteria family that forms the h- 

index, in order to overcome the problem of incoherence shown in 

previous sections. 

Defined as a criteria family of N c , p and c ∼, it is not possible 

to find two cases ( a and b ) that are equally evaluated in all three 

criteria, i.e., presents the same number of publications, the same 

number of citations, and the same distribution of citations among 

publications, with different h -indexes. When all three criteria are 

fixed, the number of citations for each and every publication is also 

fixed, and, consequently, the number h of publications that has at 

least h citations each, while the other publications have no more 

than h citations each. By definition, the h- index for a and b would 

be the same, thus, a I b . Even if we consider a third case ( c ), the 

relation between a and c would be exactly the same as the relation 

between b and c , as shown in ( 1 ), because the h- index of a and b 

are identical. In other words, this criteria family follows the axiom 

of exhaustivity. 

The second fundamental axiom of coherence is cohesion, for- 

mally defined as ( 3 ), divided in two parts, ( 3.1 ) and ( 3.2 ), ( Roy & 

Bouyssou, 1993 ), where all variables are the same as in ( 1 ). 

For g j 
(

b k 
)

= g j ( b ) and g j ( a ) = g j ( a k ) , ∀ j � = k 

If g k 
(

b k 
)

≥ g k ( b ) and g k ( a ) ≥ g k ( a k ) , 
(3) 

where at least one of the inequality restrictions are strict, then: 

b P a → b k P a k , 

b Q a → b k ≻ a k , 

b I a → b k S a k 

(3.1) 

Observation: grouped relations ( ≻, S) could be replaced by one 

of the fundamental relations they could imply, i.e., ≻ could be re- 

placed by P or Q , and S could be replaced by P, Q or I. 

On the other hand, if g k (b) = g k (a ) and b 
k I k a k , then ∀ H ∈ 

{ I, Q, P, R, ∼, ≻, S } : 
b H a → b k H a k , 

a H b → a k H b k . 
(3.2) 

In ( 3.1 ), b k represents an improvement of b in criterion k and/or 

a k represents a deterioration of a in criterion k , whereas all the rest 

remains the same. In this case, if b P a , then b k P a k . In other words, 

if researcher b has a higher h -index than researcher a ( b P a ), and if 

b has an increase in the number of citations, for instance, whereas 

all the other attributes remain the same, it is certain that the h - 

index for b will continue to be higher ( b k P a k ) . Similarly, if re- 

searchers a and b have the same h -index ( b I a ) and if b has an 

increase in the number of citations, for instance, then the h -index 

for b will be higher than or the same as the h -index for a ( b S a ). 

These relations from ( 3.1 ) remain valid for any other criterion of 

the criteria family. 

In ( 3.2 ), a and b perform the same in a certain criterion and a 

slight positive change in b with respect to this criterion ( b k ) re- 

mains indifferent to a slight negative change in a with respect to 

the same criterion ( a k ) , then whatever relation between a and b 

remains unaltered between b k and a k . 

In the h -index context, although the relations in ( 3.2 ) are true, 

they do not make sense. For example, let us suppose that two re- 

searchers ( a and b ) present the same number of publications. It is 

not possible that b experiences a positive change with respect to 

the number of publications ( b k ) and/or a experiences a negative 

change with respect to the same criterion ( a k ) , and still have the 

same number of publications, i.e., it wouldn ́t be possible to have 

b k I k a k . 

This does not mean that the h -index does not follow the re- 

lations in ( 3.2 ). This simply means that if both researchers re- 

mained indifferent to each other with regard to a certain criterion 

( b k I k a k ) , then no modification would have occurred with regard 

to such criterion, as shown in ( 4 ). 

g k 
(

b k 
)

= g k ( b ) and g k ( a ) = g k ( a k ) (4) 

Seeing that we originally defined in ( 3 ) g j ( b 
k ) = g j (b) and 

g j (a ) = g j ( a k ) , ∀ j � = k , together with ( 4 ), we have g j ( b 
k ) = g j (b) 

and g j (a ) = g j ( a k ) , ∀ j ∈ F . From the exhaustivity axiom in ( 2 ), this 

implicates that b k I b and a I a k . Now, it becomes simple to check 

that the h -index follows ( 3.2 ): if researchers b k and b have the 

same h -index (l) and researchers a and a k have the same h -index 

(m ) , whatever relation holds between the h -index of b and a (i.e., 

between l and m ) holds between the h -index of b k and a k (also l

and m ). 

Seeing that the h -index follows ( 3.1 ) and ( 3.2 ), the criteria fam- 

ily follows the axiom of cohesion. 

The third and last fundamental axiom of coherence is non- 

redundancy. A criteria family F is non-redundant if the subtraction 

of any criterion h from F renders the criteria sub-family F \{ h } ei- 
ther non-exhaustive or non-cohesive. 

We have already shown in the previous section that the sub- 

traction of the citation distribution criterion renders the h -index 

non-exhaustive. Similarly, if we ignore a researcher ́s number of 

publications or number of citations, the h -index would also be- 

come non-exhaustive. After all, for a fixed number of citations and 

distribution of citations, there could be different h -indexes, de- 

pending on the number of publications; and for a fixed number of 

publications and distribution of citations, there could be different 

h -indexes, depending on the number of total citations. 

As a result, the subtraction of any criterion would render the 

criteria family non-exhaustive. Thus, by definition, the h -index is 

based on a non-redundant criteria family. Seeing that it is also ex- 

haustive and cohesive, such three criteria family is cohesive. 

5. Conclusions 

The h- index measures the scientific output of researchers, ac- 

cording to their number of publications and number of citations. 

Possibly due to its simplicity and importance, this bibliometric in- 

dex became very popular, yielding many studies on its strengths 

and limitations. Still, this paper contributes to the existing litera- 

ture, by adopting a different perspective. Herein, we have used a 

multi-criteria approach to study the h -index as a criteria family, in 

light of the fundamental axioms of coherence, namely, exhaustiv- 

ity, cohesion and non-redundancy. 

We find that if the h -index were only a two-criterion family, 

depending on the number of publications and citations, it would 

lack exhaustivity, and therefore coherence. Thus, we acknowledge 

a third, less explicit, criterion, specifically, the form of the citation 

distribution, to overcome such problem. 

The elicitation of this third criterion does not affect any of the 

h- index ́s advantages or disadvantages, widely studied in the litera- 

ture. However, elucidating this matter might contribute to discus- 

sions. For instance, this third criterion explains why an increase 

in the number of publications and/or citations may not lead to 

a higher index. It is also related to the unfavourable robustness 

identified in Egghe (2010) and Schreiber (2010) , as well as to the 

non-strict monotony explained in Franceschini et al. (2007) . Sim- 

ilarly, the h- index is not suitable for aggregations, as pointed out 

in Waltman and Van Eck (2012) and Rubem et al. (2015) , because 

it does not depend only on the aggregated amount of citations 

and publication, but also on the aggregated citation’s distribution. 

Moreover, Waltman and Van Eck’s (2012) hidden arbitrary parame- 

ter is intimately related to our third criterion. The fact that Hirsch 

(2005) required that each publication in the h- core had at least 

h citations each, instead of h /2 or 2 h , also defines what type of 
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citations distribution is preferred. If the index had a different pa- 

rameter, then the preferred citation distribution would also be dif- 

ferent. 

Future works could provide similar multi-criteria analyses to 

other h -type indexes and their rankings. 
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